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Abstract

Let G be a group. A subset N of G is a set of pairwise noncommuting elements if xy # yx for
any two distinct elements x and y in N. If |[N| > |M| for any other set of pairwise noncommuting
elements M in G, then N is said to be a maximal subset of pairwise noncommuting elements. In this
paper we determine the cardinality of a maximal subset of pairwise noncommuting elements in a three-
dimensional general linear group. Moreover, we show how to modify a given maximal subset of pairwise
noncommuting elements into another maximal subset of pairwise noncommuting elements that contains
a given ‘generating element’ from each maximal torus.
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1. Introduction

Let G be a nonabelian group and Z(G) be its centre. We call a subset N of G
a set of pairwise noncommuting elements if xy # yx for any distinct elements x, y
in N. If |[N| > | M| for any other subset of pairwise noncommuting elements M in G,
then N is said to be a maximal subset of pairwise noncommuting elements. The
cardinality of such a subset is denoted by w(G). By a famous result of Neumann [9]
in answer to a question posed by P. Erdés, the finiteness of w(G) in G is equivalent
to the finiteness of the factor group G/Z(G). Mason [8] has shown that any finite
group G can be covered by at most [|G|/2] + 1 abelian subgroups, so we also have
w(G) <[|G|/2] + 1. Moreover, w(G) is also related to the index of the centre of G:
as Pyber [10] has shown, there is some constant ¢ such that |G : Z(G)| < c?(©) For
a prime number p, a finite p-group G is called extra-special if the centre, the Frattini
subgroup and the derived subgroup of G all coincide and are cyclic of order p. The
cardinalities of maximal subsets of pairwise noncommuting elements of extra-special
p-groups are important as they provide combinatorial information which can be used
to calculate their cohomology lengths. (The cohomology length of a nonelementary
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abelian p-group is a cohomology invariant defined as a result of a theorem of Serre
[11].) Chin [4] has obtained upper and lower bounds for w(G) for extra-special p-
groups G, for odd prime numbers p. For p =2, it has been shown by Isaacs (see
[2, p. 40]) that w(G) =2n + 1 for any extra-special group of order 22"*+!. Also,
in [1, Lemma 4.4], it was proved that o(GL(2, q)) = q2 + g + 1. In this paper we
determine w (GL(3, q)).

THEOREM 1.1.
q°+¢ +3¢* +3¢° +q° —q—1 ifg=4,
w(GL(@3, q)) = 41067 if g =3,
57 ifg =2.
We believe that a similar result may hold for higher dimensions.
CONJECTURE 1.2. Let G = GL(n, q), where ¢ = p* >4 and g > n + 1. Then
G| G|

Gy > o2 .
@(G) 24 +q(q—1)n+q(§)(q_1)z

We show in Section 2 that each maximal subset of pairwise noncommuting
elements N of G = GL(3, ¢g) can be modified to contain a given generalized Singer
generator or pseudo Singer generator for each maximal torus (see Definition 2.5). This
information, together with information about the p-singular elements in N, leads to
our determination of w(G). We use the usual notation: for example, Cg(a) is the
centralizer of an element a in a group G, Ng(H) is the normalizer of a subgroup H
in G, GL(n, q) is the general linear group of dimension n over a finite field of order ¢,
and S, is the symmetric group of degree n.

2. Pairwise noncommuting elements of GL (3, q)

In this section we construct a large subset of pairwise noncommuting elements
in GL(3, gq). For this purpose we introduce Singer generators and pseudo Singer
generator elements.

2.1. An exchange lemma In this subsection we first show a connection between
subsets of pairwise noncommuting elements and abelian centralizers, and then
determine w (GL(3, g)) for g < 3.

LEMMA 2.1 (Exchange lemma). Let N be a set of pairwise noncommuting elements
of a group G, and let g € G be such that Cg(g) is abelian. Then either N U {g} is a
set of pairwise noncommuting elements, or there is an element x € N N Cg(g) such
that (N \ {x}) U {g} is a set of pairwise noncommuting elements.

PROOF. Since Cg(g) is abelian, [N N Cg(g)| < 1. If N N Cg(g) = ¥ then, for each
x €N, xg #gx. Thus N U {g} is a set of pairwise noncommuting elements. So,
let x € NN Cg(g). We show that (N \ {x}) U {g} is a set of pairwise noncommuting

https://doi.org/10.1017/5S0004972709000057 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972709000057

[3] Maximal subsets of pairwise noncommuting elements 93

elements. Suppose that a, b are distinct elements of (N \ {x}) U {g} such that ab = ba.
Since N \ {x} consists of pairwise noncommuting elements, we can assume that
ae N\ {x} and b =g. It follows that a € C5(g). Thus N N Cg(g) contains both
a and x, which is a contradiction. |

We note some simple facts about w (G) without proof.

LEMMA 2.2. Let G be a finite group. Then:

(1) for any subgroup H of G, w(H) < w(G);
(1) for any normal subgroup N of G, w(G/N) < w(G).

Next we compute w (GL(3, g)) forg =2, 3.

LEMMA 2.3.
wGLG, gy =] TI=2
1067 if g = 3.

PROOF. We have GL(3,2) = PSL(2,7) and, by [1, Lemma 4.4], o(PSL(2,7)) =
57. Let G=GL(3,3). A computation using GAP [5] shows that the set of orders
of elements of G is {1, 2,3,4,6,8,13,26} and if A={Cg(g) | g€ G, |Cs(g)| =
12}, B={C(8)|g€G.ICc(g)l =16}, C={Cc(g)|g€G,I|Cs(g)=18) and
D={Cg(g)| g€ G, |Cg(g)| =26}, then |A| =468, |B|=2351, |C|=104 and
|D| = 144. It follows that there exist elements a;, b;, ¢k, d; € G such that
|Cg(a;)| =12 for 1 <i <468, |Cg(b;)| =16 for 1 < j <351, |Cg(cx)| =18 for
1 <k<104 and [Cg(d)|=26 for 1 <I<144. Set X ={a;,bj,cr,d|1=
i <468,1<j<351,1<k<104,1<I[<144}. Now each subgroup in AU B U
C U D is abelian and G =,y Cg(x). We show that X is a subset of pairwise
noncommuting elements and w(G) = | X|. Let x, y € X and x # y such that xy = yx.
Then x € Cg(y). Since Cg(y) is abelian, it follows that Cg(y) € Cg(x). Similarly,
Cg(x) € Cg(y). Hence Cg(x) =Cg(y), a contradiction. Thus X is a subset of
pairwise noncommuting elements and hence | X| < w(G). On the other hand, suppose
N is a set of pairwise noncommuting elements of G of size w(G). Then N C G =
U,ex Co(x). For each a € X, Cg(a) is abelian, and hence, [N N Cg(a)| < 1. It
follows that w(G) < | X|. This completes the proof. O

2.2. An audit of the elements of GL (3, ¢) For larger ¢ we generalize the approach
used for the proof when ¢ = 3. By considering the actions of elements of GL(3, q)
on V =V(3, q), we see that there are five conjugacy classes of abelian element
centralizers in GL(3, gq).

Let g€ GL(3,gq) and V = @f V¢ be a primary decomposition of V as F(g)-
module, where the sum is over all monic irreducible polynomials f € F[t] (see [0,
Theorem 7.1 and Lemma 8.10]). Thus each Vj is g-invariant and if V; % 0 then
the restriction g |y, to V¢ has characteristic polynomial f“/ for some ay > 1. We
enumerate the possibilities:
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(i) gisirreducible, V =V, wheredeg f =3,ay = 1.

(i) V=Vy ®Vy,wheredeg fi=1,deg fr=2anday =ap =1.

(iii) V=Vy @&V, @ Vg, wheredeg fi =1=ay, fori =1, 2, 3;in this case g > 4.

(ivy V=Vy ®Vy, where deg fi=1 for i =1,2, as, =1 and ay, =2. Thus
fi®) =t — pwand fo(t) =t — A, where X # . There are two possible actions
of g on V, namely g is conjugate to one of the matrices

A1 0 A 0 O
Al = 0O X 0 , Apy= 0O x O s
0 0 un 0 0 un

where A £ u, A #0and p #£0:

(a) g is conjugate to A; and CgL(3,4)(g) is abelian of order g(g — 1)?
consisting of all matrices of the form

A=

S O R
O R ™
X © O

with o £ 0 and y # 0.
(b) g is conjugate to A; and Cgr3,9)(8) =GL(2,q9) x GL(1,q) is
nonabelian of order g(g> — 1)(g — 1)?; moreover, each of these elements
g centralizes an element of type (ii).
(v) deg f=1,ar=3and f(t) =t — A, for some A # 0. There are three possible
actions of g on V, namely g is conjugate to one of the matrices

A1 0 A1 0 A 0 O
Bi=1 0 A 1 , Bp=1 0 A O , B3=1 0 A O
0 0 A 0 0 A 0 0 A

(a) g is conjugate to By, and Cgp(3,4)(g) is abelian of order qz(q — 1) (see
Lemma 4.6).

(b) g is conjugate to By, and CgL(3,4)(g) is nonabelian of order q3(q —D?
moreover, each of these elements centralizes an element of type iv(a), for
example B; centralizes the matrix A;.

(c) g is (conjugate to) Bz with nonabelian centralizer G L (3, ¢); in particular,
g centralizes every element of GL(3, g).

LEMMA 2.4. Let G =GL(3,q) and I = {i, ii, iii, iv(a), v(a)}, and, for k €I, let
Sk)={C:;L3,9)(8) | g of type «}. Then:
(@ G= UKEI(UXES(K) X);

b)) 0(G) <) er 18U
PROOF. Part (a) follows from the discussion above. Let N be a maximal subset of

pairwise noncommuting elements of G, so w(G) = [N|. Let X € | J,¢; S(k). Since X
is abelian, [N N X| < 1 and hence w(G) = [N| <) o; |S(k)]|. O
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2.3. Generalized Singer elements in general linear groups Every element in
GL(3, g) has one of the forms as listed in Section 2.2. In this section we introduce
Singer generators and pseudo Singer generators, and prove that their centralizers are
abelian.

DEFINITION 2.5.

(a) Letge GL(n, q) where g = p*, pisprime, and |g| = ¢g" — 1. Then (g) is called
a Singer cycle subgroup of GL(n, q).

(b) Let V be a vector space over a finite field F of dimension 3 and let n =
(n1,...,nr) be 3),(1,2) or (1,1,1). Wecal V=V, & ---®V, an
n-decomposition if, fori =1, 2, ..., k, V,, is a subspace of V of dimension 7;.

(c) An element g of GL(3, q) is called an n-Singer generator if there is an
n-decomposition V. =V,, @ --- ® V,, of V suchthat g = g, gn, - - - gn, Where,
(1) for each i, (g,;) is a Singer cycle subgroup of GL(Vy;),orn= (1,1, 1) and
gn, has eigenvalue 1, and (i) if n; = n; withi  j, then cg, (1) # Cen, (1), where

Cg,. (1) is the characteristic polynomial for g,, on V,,,. We call ]_[ile(gni) the
g—nlzaximal torus corresponding to g.

(d) An element g of GL(3, q) is called a (1, 2)-pseudo Singer generator if there
is a (1, 2)-decomposition V = V| @ V, and distinct primitive elements «, 8 € F
such that g = g1g», where g1 e GL(V}) acts as g1 : v+ Bv and g» € GL(V3)
is conjugate to a matrix (& 1). We call (g1) x Cgr(vy)(82) the (1, 2)-maximal
pseudo torus corresponding to g.

Note that GL(3, ¢) has no (1, 1, 1)-Singer generator unless ¢ > 4, and no (1, 2)-
pseudo Singer generator unless ¢ > 3. Recall the definition of S(x) in Lemma 2.4.

LEMMA 2.6. Let G = GL(3, q), where g = p* > 4.

(a) Suppose that g € G is an n-Singer generator, where n= (ny, ..., ny) is
3), (A,2)or (1,1, 1). Then Cg(g) = ]_[le(gni) € S(x) is a subgroup of order
]_[le(q"i — 1), for k = (i), (ii) or (iii) respectively. In particular, p does not
divide |Cg(g)|.

(b) Suppose that g =g182 € G is a (1,2)-pseudo Singer generator relative to
V=V, ® V2. Then C;(g) =(g1) X B, where B=CqGr(v,(82) =2y -Z4-1 €
S(iv(a)) and is conjugate to {(g g) |a, B € F,a #0}. Moreover, Cg(g) has
order q(q — 1)? and does not contain an n-Singer generator for any n.

PROOF. (a) Suppose that V is a three-dimensional vector space over a finite field F
with size g. So by Definition 2.5, we have one of the following:

(1) If g is a (3)-Singer generator of G then g = g3. So, by [7, Satz 7.3], Cg(g) =
(g) € S() of order ¢° — 1.

(2) If g isa (1, 2)-Singer generator of G then by Definition 2.5, there is a g-invariant
(1, 2)-decomposition V =V; @ V, such that gly, =g;, for i=1,2, and Z, | X
Zpy = (g1) x (g2) S Ci(g). Suppose that h € Cg(g). Now g leaves invariant
a unique decomposition V = V| @ V, with dim V| =1, dim V, =2, and moreover,
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(Vih)g = (Vihgh l)h = (Vig)h = Vl.h, fori=1,2,and V = Vlh @ Vzh. It follows that,
fori=1,2, Vl.h = V; and hence there exist i1 € GL(Vy) and hy € GL(V;) such
that h = h1hy. Now gh =hg if and only if g;h; = h;g;, for i =1, 2. Therefore
h,‘ € CGL(V,-)(gi): fori = 1, 2. By [7, Satz 7.3], CGL(Vi)(gi) = (g,'>, fori = 1, 2. Thus
h € (g1) x (g2). Hence Ci(g) = [1;—;(gi) € S(ii) of order (g — 1)(g> — 1).

(3) If g is a (1,1, 1)-Singer generator of G then, by Definition 2.5, there is
a g-invariant (1, 1, 1)-decomposition V = V| @ V, @ V3 such that gly. = g;, (g;) =
Z4-1, and the characteristic polynomials of g;, g> and g3 are pairwise distinct. So g
is conjugate in GL(3, g) to a diagonal matrix with pairwise distinct diagonal entries.
It is straightforward to prove that Cg(g) = ]_[f’: 1{gi) € S(ii) of order (g — 1)3.

(b) Let g=g182 and V=V @ V, be as in Definition 2.5(d). Then Cg(g)
leaves both V| and V; invariant and hence Cg(g) = (g1) X B € S(iv(a)), where B =
CGL(v,)(g2) and B is conjugate to {(g g )|a, B € F, a # 0}. In particular, |Cg(g)| =
q(g — 1)*> which is not divisible by ¢> — 1 or g> — 1, and so C(g) does not contain
an n-Singer generator for n = (3) or (1, 2). Also each element of C(g) has at most
two distinct eigenvalues and so C (g) does not contain a (1, 1, 1)-Singer generator. O

LEMMA 2.7. Let G = GL(3, q), where g = p* > 4. Let x, v, z, u be a (3)-Singer
generator, (1, 2)-Singer generator, (1,1, 1)-Singer generator and (1, 2)-pseudo
Singer generator of G, respectively. Then {x, y, z, u} is pairwise noncommuting.

PROOF. If xw = wx, where w € {y, z, u}, then x € Cg(w) and hence ¢> — 1 = |x|
divides |Cg(w)|, which is a contradiction by Lemma 2.6. If yw = wy, where
w € {z, u} then y € Cg(w) and hence q2 — 1 =y| divides |Cg(w)|, which again
contradicts Lemma 2.6. Finally, suppose that zu = uz. Then u € Cg(z) with |u| =
p(lg —1)and |Cg(2)| = (g — 12, again a contradiction. O

LEMMA 2.8. Let N be a maximal subset of pairwise noncommuting elements of
G =GL(@3, q), where g >4, let n= (ny, ..., ng) be (3), (1,2) or (1, 1, 1) and let
g be an n-Singer generator or n-pseudo Singer generator (if n = (1, 2)) relative to
the n-decomposition V.=V, @ - - - ® Vy,, where dim V,,, = n;. Then N contains an
element x € Cg(g) such that:

1) (N \ {x}) U{g} is also a maximal subset of pairwise noncommuting elements of
G;

(ii) if g is an n-Singer generator then x acts irreducibly on V,,, for each i;

(i) ifgisa (1, 2)-pseudo Singer generator then p divides |x]|.

PROOF. By Lemma 2.6, Cg(g) is abelian. By Lemma 2.1, the maximality of
N implies that there exists x € N N Cg(g) such that N := (N \ {x}) U{g} is a
maximal subset of pairwise noncommuting elements (possibly x = g). Suppose
first that g is an n-Singer generator. We claim that x acts irreducibly on V,, for
each i. Let g =g - - - gk so that x lies in Cg(g) = [[o_, (gi), say x =g - - - gi*.
Suppose without loss of generality that gi” acts reducibly on V,,. Since, by
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Lemma 2.6, the order of gi” is not divisible by p, it follows from Maschke’s
theorem that V,,, =U; @ -- - @ U;, where t > 2, U; # 0 and U; is gfl—invariant. Let

dim U; =m;. Then there exists an (my, ..., my, na, ..., ng)-Singer generator h
for a maximal torus 7 = (hy) x - - - X (h;) % (]_[fzz(g,-)) containing x relative to the
(my, ...,my, ny, ..., ng)-decomposition

V=(Ul@"'@Ut)@(vngea"'@vnk)-

Note that x € Cg(h) =T and T is abelian. By Lemma 2.1, there exists y € N’
such that y € Cg(h) and (N’ \ {y}) U {h} is maximal pairwise noncommuting. If
y =g then g; (of order ¢"!' — 1) lies in CGL(an)(h |Vn1) = ]_[ﬁzl(hi), which is a
contradiction. Hence y € N \ {x} and as N is noncommuting, yx # xy. However,
it follows from the definitions of & and y that both x, y € Cg(h) and Cg (h) is abelian.
Thus xy = yx, which is a contradiction.

Finally let g be a (1, 2)-pseudo Singer generator, and suppose that p does not divide
|x|. By Lemma 2.6, it follows that x = x1x> with x; € GL(V}) and x3 € Z(GL(V>)).
Let y2, v be Singer generators in G L(V>) such that (yz) # (y5), and let y = x1y; and
¥y =x1y5. Then y, y" € Cg(x) (since x is central in GL(V3)) and yy’ # y'y (since
(y2) # (¥3)). The maximality of N implies that N N Cg(x) = {x} (so that y, y' ¢ N).
Hence, applying Lemma 2.1 twice, we obtain that (N \ {x}) U{y} and (N \ {x}) U
{y’} are both pairwise noncommuting, and it follows that (N \ {x}) U {y, y'} is also
pairwise noncommuting, contradicting the maximality of N. Thus p divides |x|. O

LEMMA 2.9. Let G = GL(3, q), where g = pk > 2, and let N3 consist of one (3)-
Singer generator of G corresponding to each (3)-maximal torus of G. Then N3 is a
subset of pairwise noncommuting elements of size |S(1)| = |G|/(3 (q3 —1)).

PROOF. Let g, g’ € N3 such that gg’ = g’¢. By Lemma 2.6, C;(g) = (g) and hence
g € (g). Similarly, g € (g’). By the definition of N3, g =g’ and so N3 is a subset
of pairwise noncommuting elements. By [7, Satz 7.3], |INg({g))| = 3|g| = 3(q3 —1),
and hence |N3| =G : No((g)| = |G|/(B(g> — D). O

LEMMA 2.10. Let G = GL(3, q), where g = pk > 2. Let N1y consist of one (1, 2)-
Singer generator of G corresponding to each (1, 2)-maximal torus of G. Then N3 is
a subset of pairwise noncommuting elements of size |S(ii)| = |G|/(2(q2 —D(g —1)).

PROOF. Let V be a vector space over a finite field F with dimension 3 and |F| = gq.
Let g and g’ be (1, 2)-Singer generators of G such that gg’ = g’g. By Definition 2.5,
there exist a one-dimensional subspace V] and a two-dimensional subspace V; of V
such that V = V| @ V>, each V; is g-invariant, and g = g1 g2, where, fori =1, 2, (g;)
is a Singer cycle subgroup of GL(V;). Similarly, for g/, there exist a one-dimensional
subspace V| and a two-dimensional subspace V, of V such that V = V| @ V;, each V/
is g’-invariant, and g’ = g/ g5, where, for i =1, 2, (g;) is a Singer cycle subgroup
of GL(V/). Since gg'=g'g, g’ € C5(g). By Lemma 2.6, Cs(g) and Cg(g")
are both abelian so Cg(g) = Cg(g'). It follows that (g1) x (g2) = (g}) x (g5) is a
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(1, 2)-maximal torus, and V; = Vl.’ for i =1,2. However, Ni» contains only one
generator of each (1, 2)-maximal torus of V. Hence g =g’. Thus Ny, is a subset
of pairwise noncommuting elements. The number of one-dimensional subspaces of V
not contained in V> is (q3 -/(g—-1) — (q2 —1)/(g — 1) and the number of two-
dimensional subspaces of V is (¢> — 1)/(g — 1). Also the number of Singer cycle
subgroups of GL(V;) is |GL(2, c1)|/(2(q2 — 1)). Consequently,

-1 q¢*>-1\ IGL2, 9| ¢*>—1 |G|
IN12| = — X 5 X = .
qg-—1 qg—1 2(g= = 1) g—1 2 —D@-1

LEMMA 2.11. Let G =GL(@3, q), where q = p*>4. Let N1 consist of one
(1, 1, 1)-Singer generator of G corresponding to each (1,1, 1)-maximal torus of
G. Then Ni11 is a subset of pairwise noncommuting elements of size |S(iii)| =

IG1/(6(g — 1)).

PROOF. Suppose that g, g’ € Ni; such that gg’ = g’g. By Definition 2.5, there
exist g1, g2, g3 of G such that g = g1g2g3 where, for i =1, 2, 3, g; is a generator
of a Singer cycle subgroup of GL(V;) and V =V, & Vo, @ V3. Let t — A; be the
characteristic polynomial of g;, for i =1, 2, 3. By Definition 2.5, i1, A2, A3 are
pairwise distinct eigenvalues of g. Similarly, there exist g}, g5, g5 such that ¢’ =
818585 and g’ has three distinct eigenvalues A|, A}, ;. According to Lemma 2.6,
Cg(g) and Cg(g’) are both abelian, and since gg’ = g’g, then Cg(g) = Cg(g’). So
]_[1-3:1 (gi) = ]_[1-3:1 (g/). By the definition of Njj; this implies that g = g’. Hence
Ni11 is a subset of pairwise noncommuting elements. Now we determine |Ni1],
which is the number of decompositions Vi @ Vo @ V3. We count ordered triples
(V1, Va, Vi) of one-dimensional subspaces such that V = V| & V> @ V3. The number
of one-dimensional subspaces V| of V is (q3 —1)/(g — 1) and the number of one-
dimensional subspaces V> of V, where V5 # V1, is ((g> —1)/(g — 1)) — 1. Also, the
number of one-dimensional subspaces V3 of V which are not contained in V; @ V5 is
(q3 -D/(g—1 — (q2 — 1)/(g — 1). Thus the number of ordered triples

3 3 3 2
-1 -1 —1 —1 G
(Vl,V27V3)iS(q )(q _]>.(q 1 >= Gl 3
q—1 q—1 g—1 qg-1 (¢g—1D
And as each decomposition has been counted 6 times it follows that |Nyj(| =
1Gl/(6(q — D). 0

LEMMA 2.12. Let G =GL(3,q), where q=p*>4. Let NY, consist of one
(1, 2)-pseudo Singer generator of G corresponding to each (1, 2)-maximal pseudo
torus of G. Then Ny, is a subset of pairwise noncommuting elements of size
|SGv(a))| =|G|/(g(g — 1)3).  Moreover, N3 U Ny UNjj U NY, is a subset of
pairwise noncommuting elements with N3, N12, N111 as in Lemmas 2.9, 2.10 and 2.11,
respectively.
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PROOF. Let V be a vector space over a finite field /' with dimension 3 and |F| = g.
Let g and g’ be (1, 2)-pseudo Singer generators of G such that gg' =g’g. By
Definition 2.5, there exist a one-dimensional subspace V| and a two-dimensional
subspace V, of V such that V =V; & V, and g = g1g2, where (g1) is a Singer
cycle subgroup of GL(V;) and g» is conjugate to the matrix b = (% 01[), where
a is a primitive element of F. We may assume that g =b. Similarly, for g,
there exist a one-dimensional subspace V| and a two-dimensional subspace V, of V
such that V. =V/ @V, and g’ = g|g), where (g}) is a Singer cycle subgroup of
GL(V|) and g} is conjugate to the matrix b’ = ("(‘), ;,) with «’ a primitive element
of F. Since gg'=g'g, g € Ci(g). By Lemma 2.6, C;(g) and Cg(g') are both
abelian, so Cg(g) = Cg(g’). Thus g and g’ determine the same (1, 2)-maximal
pseudo torus. However, N}, contains only one element of each (1, 2)-maximal
pseudo torus of V. Hence g =g’. Thus N7}, is a subset of pairwise noncommuting
elements. The number of one-dimensional subspaces of V not contained in V; is
(q3 -D/(g—1) — (q2 — 1)/(q — 1) and the number of two-dimensional subspaces
of Vis (g> — 1)/(q — 1). An easy computation shows that the number of conjugates
of CGr(vy(g2) in GL(Va) is IGL(2, 9)1/(g(g — 1)?). Consequently,

3 2 3

) g -1 g —1 IGL2,q)| q°—1 |G|
IS(IV(a))|=|Ni“2|=< - )x 5 X = 3
qg—1 qg—1 q(q—1) g—1 q@-1

Finally, according to Lemmas 2.7, 2.9, 2.10, 2.11, we have that N3 U Njo U Ny11 U
N, is a subset of pairwise noncommuting elements. O

COROLLARY 2.13. Let G = GL(3, q), where g = p* > 4. Then
w(G) > |SG)| + |SGi)| + |SGii)| + [SGv(a)| = ¢° + ¢° + 2¢* +2¢° + ¢*.

PROOF. By Lemmas 2.9, 2.10, 2.11 and 2.12, N3 U Nj2 U Nij1 U Nikz is a subset of
pairwise noncommuting elements of size

IS@I+1SAD] + [SGiD] + [S(v(a)]

__ |G| |G| n |G| n |G|
3¢ =1 2g*-D@-D 6(@-1° gq@-1?3
— 445+ 24" + 24 + ¢ 0

3. Noncommuting subsets of p-elements in finite groups

In this section we prove a general result about subsets of pairwise noncommuting
elements consisting of p-elements (p a prime) in arbitrary finite groups. It is used
later in the paper. We denote the number of Sylow p-subgroups of a finite group G
by v, (G).

LEMMA 3.1. Suppose that G is a finite group and p is a prime number dividing
|G|. Let P =Py, Pa, ..., P,,G) be the Sylow p-subgroups and for each i choose
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x; € G such that P* = P;. If S is a subset of pairwise noncommuting elements of

P\ U P then vy (G) x |S| < 0(G).

PROOF. Let S ={ay, ..., ax} be a subset of pairwise noncommuting elements of
G . . ..

P\ U;}i (2 ) P;. For each a; € S, P is the unique Sylow p-subgroup containing ;.

Then it is easy to see that, for all i, $% = {afi, R alfi} is a subset of pairwise

noncommuting elements of P,\(PiU---UPi_1UPi1 U---U Pu,,(G))- Set

vp(G) vp(G)

X = U SY = U{afi,agi,...,a,fi}.
i=1 i=1

We claim that X is a subset of pairwise noncommuting elements of G. Suppose to the
contrary that a;* a;’ = a;l a;*, with a;* # a;’ . If k = [ this is not possible since S is
noncommuting. It follows that (af" , a;’ ) is an abelian p-subgroup of G, and so there
exists a Sylow p-subgroup P* of G such that (af" , a;f’ ) € P*. By our remark above,
P* is the unique Sylow p-subgroup containing af", and so ¢t = k. Similarly, r =1,
and this is a contradiction. Therefore |X| =v,(G) x [S| < w(G). O

COROLLARY 3.2. Let G be a finite group and let p be a prime number dividing |G|.
Suppose that if P;, P; are distinct Sylow p-subgroups of G, then P; N P;j =1. Then
vp(G) < w(G).

PROOF. By Lemma 3.1, the proof is straightforward. g

As an application of Corollary 3.2, we have the following result that was proved by
a different method in [3, Theorem 1, p. 294] for symmetric groups S, for arbitrary n.

COROLLARY 3.3. Let p be a prime number. Then w(Sy) > (p — 2)!.

PROOF. Since v,(S,) = (p — 2)! and any Sylow p-subgroup of S, is of size p, the
assertion follows from Corollary 3.2. O

4. Proof of Theorem 1.1

In this section we construct a subset of pairwise noncommuting elements of
GL(n, q) consisting of unipotent elements. We begin this section with the following
definition.

DEFINITION 4.1. Let V be a finite-dimensional vector space over F. An
endomorphism x of V is called semisimple if the minimal polynomial of x has distinct
roots, and is called unipotent whenever it is the sum of the identity and a nilpotent
endomorphism.

REMARK 4.2. If char F = p > 0, and V is a finite-dimensional vector space over F,
then x € GL(V) is unipotent if and only if xP' =1 for some t>0. Also x is
semisimple if p does not divide the order of x.
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PROPOSITION 4.3. Let x € GL(V).

(a) There exist unique xg, x, € GL(V) satisfying the conditions x = Xsxy,, X5 IS
semisimple, x,, is unipotent, xsXx,, = Xy, X;.

(b) x5, x, commute with any endomorphism of V- which commutes with x.

(c) If A is an x-invariant subspace of V, then A is invariant under x; and x,,.

(d) Ifxy=yx(ye GL(V)) then (xy)s = xs¥s, (Xy)u = Xy Yu-

PROOF. See [6, Ch. VI, Lemma B]. d

We call x; the semisimple part and x,, the unipotent part of x. Note that if x is both
semisimple and unipotent, then x = 1.

DEFINITION 4.4. Let G = GL(n, q), where ¢ = p* >2 and n > 3. Let P be the
subgroup of G of (upper) unitriangular matrices, that is, matrices with 1 on the
diagonal and 0 below it. By [7, Satz 7.1], P is a Sylow p-subgroup of G. Let F* = («),

and, for j =2,...,n—1,leti; e{l,..., g — 1}. Set
1 1 0 ... 0
0 1 o 0
0 0 1 0
Aligein-) = | . C
00 ... 1 ot
00 ... 0 1
LetS:{A(,-2 ..... in_l)|ij6{1,...,q—l}}andNU=Ug€GSg.

We note that, in the case n = 3, § is a subset of elements of GL(3, g) of type v(a),
as described in Section 2.2.

LEMMA 4.5. Let G = GL(n, q), where g = p* > 2. Then Ny is a subset of pairwise
noncommuting unipotent elements of size |G|/(q @) (g — D).

PROOF. Set B= A, i,_,) — I, where I is the identity matrix. We shall show that
A, i) €P\ Ug P8, where g € G\ Ng(P). Suppose, for a contradiction, that
there exists g € G \ Ng(P) such that Ag,,. ; )€ P8. So gAg,,..i,_,) =Cg, for
some C € P. Let

1 app a3z ... an

0 1 a3 ... ay
C= : : : : :

0 O 0 ... a_1n

0 0 o ... 1

and set D=C —[. Thus g(/ + B)=(I + D)g, and so gB = Dg. Since the last
row of D is zero, the last row of Dg is zero, that is, (Dg),; =0 for 1 <i <n. On
the other hand, for 1 <k <n, (gB)ux = 2?21 gnj(B)jk. It follows that g,; =0

and, for 2<k<n-—1, gnkaik =0. Hence g, =0, for 1 <k <n —1. Similarly,
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gij =0 for j <i. Thus g is an upper triangular matrix and hence is in Ng(P),
which is a contradiction. Hence A, ;, ) lies in P\ | < P8. Also, it is easy to
see that Agy,.i,_) X A(aysjnet) = Ay jnt) X Alin,..ip_p 1f and only if i = ji
for k=2,...,n—1. Therefore S ={A,,..i,_pnlike{l,..., g —1}} is a subset
of pairwise noncommuting elements of P \ | ¢ P&, and |S| = (¢ — 1)"2. Since the
number of Sylow p-subgroups is

@ —D@" "= (g-D
(g—1" ’

we obtain by Lemma 3.1, a subset of pairwise noncommuting elements of size

vp(G) =

0y (G) - 18| = =1 O
g @ (g —1)?

LEMMA 4.6. Let G = GL(3, q), where g = pk > 4. Ifu € Ny then Cg(u) is abelian
of order qz(q — 1) and |Ny|=|S(v(a))|. Moreover, if g€ G is an (ny, ..., ng)-

Singer generator, where y_n; =3, and x is a (1, 2)-pseudo Singer generator, then
ug # gu and ux # xu.

PROOF. Let u be as in the statement. So there exists g € G such that u € S8. Hence
there exists s € S such that u = s8. Let

1 1 0
s=[0 1 o],
0 0 1
where (@) = F*andi € {1, 2, ..., g — 1}. It follows easily that
a b ¢
Cg(s) = 0 a bdo a,b,ce F,a#0
0 0 a

It is clear that Cg (s) is abelian of order qz(q — 1). Since Cg(u) is conjugate to C(s)
in G, Cg(u) is abelian of order g%(g — 1).

Thus each element u of Ny is of type v(a), as defined in Section 2.2, and Cg (u) is
abelian. Then, since Ny is pairwise noncommuting, it follows that | Ny | < |S(v(a))].
Conversely, if X = Cg(g) € S(v(a)), with g of type v(a), then g = Bf’ for some h € G
and some A, with By as defined in (2.1) in Section 2.2. Now Cg(B1) = Cg(Ay-1))
and hence X = Cg(B))" = CG(A’(Zqil)) with A?qil) € Ny . Since X is abelian and Ny
is noncommuting, distinct subgroups in S(v(a)) are centralizers of distinct elements of
Ny, and hence |S(v(a))| < |Ny]|. It follows that |S(v(a))| = |Ny|.

Let g € G be an (ny, ..., ng)-Singer generator, where Z n; =3, and suppose
ug = gu, so u € Cg(g). By Remark 4.2, p divides the order of # and hence divides
|C:(g)|, contradicting Lemma 2.6.
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Now, let x be a (1, 2)-pseudo Singer generator such that ux = xu. So x € Cg(u).
Since Cg(u) is abelian, Cg (1) € Cg(x). Similarly, by Lemma 2.6, Cg (x) is abelian
of order g(q — 1)2. It follows that Cg (1) = Cg(x), a contradiction. This completes
the proof. O

Finally we prove the main theorem.

PROOF OF THEOREM 1.1. Let N = N3 U N1 U N1 U N, U Ny. If g > 4 then, by
Corollary 2.13 and Lemma 4.6, N is a subset of pairwise noncommuting elements of
G and

G
INI =) 1S =4¢°+¢" +2¢* +2¢° + ¢° + %
xel q°(g—1

=q6+q5+3q4+3q3+q2—q—1.

Moreover, w(G) > |N| =), ; |S(«)|. On the other hand, we observed in Lemma 2.4
that w(G) < ), ; |S(k)|. Thus equality holds. If g = 2 or 3, the result follows from
Lemma 2.3.
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