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1. Introduction. If a group contains two subgroups 4 and B such that
every element of the group is either in A or can be represented uniquely in
the form aba’, a,a’ in 4, b % 1 in B, we shall call the group an independent
ABA-group. In this paper we shall investigate the structure of independent
ABA-groups of finite order.

A simple example of such a group is the group G of one-dimensional affine
transformations over a finite field K. In fact, if we denote by a the transforma-
tion x” = wx, where w is a primitive element of K, and by b the transformation
x’ = —x 4+ 1, it is easy to see that G is an independent 4BA-group with
respect to the cyclic subgroups 4, B generated by a and b respectively.

Since G admits a faithful representation on m letters (m = number of
elements in K) as a transitive permutation group in which no permutation
other than the identity leaves two letters fixed, and in which there is at least
one permutation leaving exactly one letter fixed, G is an example of a Frobenius
group. In Theorem 1 we shall show that this property is characteristic of
independent 4 BA-groups.

In a Frobenius group on m letters, the set of elements whose order divides
m forms a normal subgroup, called the regular subgroup. In our example, the
regular subgroup M of G consists of the set of translations, and hence is an

Abelian group of order m = p* and of type (p, p, ..., p). Our main object
will be to give a proof (Theorem 5) that the regular subgroup of an independent
ABA-group is always an Abelian group of type (p, p, ..., p). We shall call

such an Abelian group an elementary Abelian group. Throughout the paper
all groups will be assumed to be of finite order.

2. Independent ABA-groups as Frobenius groups.

THEOREM 1. If G is an independent ABA-group, then G is a Frobenius group.
If 4 has order h, B has order k, and the regular subgroup M of G has order m,
then m = h(k — 1) + 1.

Proof. Consider 4 M xAx~! for x in G, and suppose that for some x this
intersection contains an element a # 1. If x is not in A, then by definition of
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G,x = a’ba”,ad’,a"" in 4,5 # 1in B;and consequently (a’ba”)ai(a’ba’’)~! = a
for some @, in 4. It follows that bd@, = @b, where @, = a’’a,0’’~! and @ = a’~laa’,
which contradicts the fact that G is an independent 4BA-group.

Hence 4 NxAx~! # 1 implies x is in 4 ; thus the normalizer of 4 in G is 4
itself and the intersection of 4 with any of its conjugates consists only of the
identity element of G. It is well known that these conditions imply that G
is a Frobenius group, and furthermore, if M is the regular subgroup of G,
that G = AM (5, 144).

Thus the order of G is km. On the other hand, as an independent 4 BA -group,
the order of G is easily computed to be A%(k — 1) + %, whence the equality
m = h(k — 1) + 1 follows at once.

3. A class of Frobenius groups. Let G = A M be a Frobenius group, its
regular subgroup M having order m, and A of order &. Since the automorphism
of M induced by conjugation by an element of A (5 1) leaves only the
identity element of M fixed, it follows that A|m — 1, and hence the quantity
k=14 (m — 1)/k is an integer. In an independent 4 BA-group this integer
k is, by Theorem 1, the order of the subgroup B, and hence k divides the order
hm of G.

In this section we shall completely determine the structure of the regular
subgroup of a Frobenius group in which the integer & has this additionga]
property.

THEOREM 2. Let G = AM be a Frobenius group, M its regular subgroup,
of order m, A of order h, and set 1 + (m — 1)/h = k. Then if kihm, M is either
a p-group or the direct product of two elementary Abelian groups.

Proof. Suppose p|m, and let S, be a p-Sylow subgroup of M. If N, denotes
the normalizer of S, in G, then N, is itself a Frobenius group, and in fact
N, = A'N,” where A’ is of order # and N,’ is the normalizer of S, in M (3,
Lemma 2.5). Thus N,/ is left invariant by the automorphisms of M induced
by A’. Since S, is a characteristic subgroup of V,/, it also is left invariant by
these automorphisms. On the other hand, any two subgroups of order % in G
are known to be conjugate, so that 4" = x4x~! for some x in G. It follows
that the p-Sylow subgroup x~! S,x is left invariant by the automorphisms of
M induced by 4.

The set of elements H, of order dividing p which are in the centre of this
p-Sylow subgroup themselves form a subgroup of M which is left invariant by
A. It is still possible that some proper subgroup of H, is invariant under the
automorphisms induced by 4. Let T}, be a minimal such subgroup; 7, is an
elementary Abelian group of order p*, n > 1. Moreover,

3.1 Blpt — 1
and a fortiori (h, p) = 1. Since T,, C M, we must also have
3.2 prim.
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By definition of k, we also have the equality
3.3 m=h(k —1) 4+ 1.

Using 3.1 and 3.2, it follows easily from this relation that

3.4 k= 1’%}—1 14"
for some integer A > 0, and hence that
3.5 m = p"(1 4+ Nh).
Since k|hm, we can write k = kik; where ki|h and ky|m; and hence using 3.3,
3.6 kilh, koh — 1.
Thus k& = kik, < B(h — 1) < hp", and consequently
3.7 A< h.

Suppose now that M is not a p-group and hence that there is a prime
g # p dividing m. As above, M contains a minimal elementary Abelian sub-
group T, of order ¢q’, » > 1, which is invariant under 4. Thus

3.8 hlg" — 1,
and as ¢"|m,
3.9 g'|1 + i

It follows from 3.8 that ¢" = 1 + wh for some u > 1, whence | + N\ =
v(1 + uh) for some v > 1, by 3.9. Thus ¥ =1 (mod %); and hence the
assumption v > 1 implies v > &, whence 1 4+ Az > 1 + k2, contrary to the
fact that A < &. Hence vy = 1, u = X\, ¢" = 1 4+ Mk, and we conclude that

3.10 m = pq’.

It follows now from Burnside’s well-known theorem that M is solvable,
and hence by a theorem of Feit (3) and Higman (4), M is in fact nilpotent.
Thus M is the direct product of the elementary Abelian groups 7, and T,
and the theorem is proved.

COROLLARY. Under the hypothesis of Theorem 2, G is solvable if A 1is solvable.
Proof. G/M = A, and, by the theorem, M is solvable.
The structure of M can, however, be determined much more explicitly:

THEOREM 3. Under the hypothesis of Theorem 2, the regular subgroup M of G
is either

1. An elementary Abelian group,
II. An abelian group of order 16 and of type (4, 4), with h = 3,
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HI. The direct product of two elementary Abelian groups whose orders p*
and q" are connected by the equalities

24 pin=q¢ =h+ L
Proof. We preserve the notation of Theorem 2.

Case 1. M is a p-group. If m = p*, we must have ¢ > n, since 7, C M.
Ift = n, M = T, and there is nothing to prove. Hence we may assume ¢ > #.
For suitable integers x4 and s, we have

3.11 ho=14 up,
where (4, ) = 1 and s < n. Since h|p* — 1 and A|p" — 1, B|p*~" — 1, and
hence
3.12 upt < ptr.

Furthermore, by definition of k, we have

At PR M. "
k—-l—{—yj)s_*_l_p h ’
whence
—s

3.13 ky = P"‘"hiﬂ ) ky = p°.
It follows at once that
3.14 (P + Wi — D~

Now (p" — 1)? = p™ (=9(p"=* + u) — (2p" + pup*~ "~ — 1), and con-
sequently
3.15 (pt«s + ’u)lzpn + Mp2n—(t_s) - 1.
Thus
3.16 ppT =D > pmt — 29" 4+ 1.

But now, using 3.12 we have { — s > #; combining this inequality with the
right-hand side of 3.16, vields

317 MPQn—»(t—.'s) > Pt_g._l

except when p =2 andn =¢ —s — 1.

Leaving this exceptional case aside for the moment, we see that 3.17 im-
plies up® > p2i-2—5=1 5 p*" gince t —s —n — 1 > 0, and this contradicts
3.12.

We have thus proved that either t = n or p = 2 and ¢t = n 4+ s + 1. Since
hlp=™ — 1, we have in the latter case (1 + u2%)[2%+! — 1, whence p = 1,
s =1, h = 3. But now 3.6 becomes 3(2"t! + 1)|3, and hence n = 2, ¢t = 4.
Thus M is a group of order 16, while 7' is of order 4.

Since 2 = 3, M must admit an automorphism of order 3 leaving no elements
other than the identity fixed. It can be shown that a group of order 16 having
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such an automorphism is either an elementary Abelian group or an Abelian
group of type (4, 4).

We have therefore proved that if M has prime-power order, then it is in
fact an elementary Abelian group, with the single exception stated in II.

Case 2. M is not a p-group. Then by Theorem 2, M is the direct product of
elementary Abelian groups M, of order p” and M, of order ¢”. This time we

write
3.18 h =1+ pp'q’, (u, pq) = 1,
and as above
3.19 upqt < p, up'qt < q'.
From the definition of k, we also have
n—s r—1
(3.20) By = E——Q—Z—tﬁ, by = p'g"
Furthermore, (p"%¢"~" 4+ u) (p" — 1)(¢" — 1), and hence, as in Case 1,
3.21 ,Uf)sqt > pn—sqt—l _ P" _ qr + u + 1.

We shall suppose, for definiteness, that p* > ¢”, and hence that
r—1
s 1 n| 4
7 > [ = — 2?‘ .
?q P b

In view of 3.19, the quantity in the brackets is less than 1, whence

3.22 q" < 3pq'.

Using 3.19 again, it follows that u < 2. However, 3.19 can be strengthened
considerably; in fact, it is clear that 2up¢’ < ¢” unless & = ¢" — 1, and
Bup'q' < g" unless h = ¢" — 1 or 2k = ¢ — 1. It follows therefore from 3.22
that
3.23 v(1 4+ wp'qh) =q" — 1,

wherev = lor2ifu=1,andv =1if up = 2.
We deduce by inspection that 3.23 has the following five solutions only:

(@) t=0,u=1,q#2 v =1
by t=0,pu=2,q9=2, y =1
3.24 () t=0,p=1,¢9#3, v =2
dt=1Lu=1,¢q9=2, v =1
(e) t=1,u=1,¢qg =3, v = 2.

In particular, it follows from this that
3.25 h=14+ ap’,
where 1 < a < 3,
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Since hlp" — 1, we have p* — 1 =+v(1 + ap®), v > 1, and hence y =
—1 + Bp*, 8 > 1. Upon substitution for v, we obtain

3.26 Bap®® = p* + (a — B)p*.

Since a < 3, the assumption # < 2s implies 8 = 0, which is impossible-
Thus n > 2s. :

Consider next the case n = 2s. The only solution of 3.26 is then easily seen
tobea = 1,8 = 1. This implies that we are either in Case 3.24 (a) or 3.24 (¢).
However, Case 3.24 (c) with n = 2s yields ¢" = 3 4+ 2p°, and hence

_ @+ 2p) + 1
1+ p°

This is impossible since kb and & = 1 + p°.

In Case 3.24(a), on the other hand, we obtain the solution & = 1 4+ p¢ =
qg" — 1, ki = 1 + p°, ks = p%, which accounts for the third alternative of the
theorem.

We may therefore assume throughout the remainder of the proof that
n > 2s. Consider first the cases in which ¢ = 0. We use 3.23 to replace ¢ in
3.21, obtaining

3.27 (vp +w)p* > op — 1)p" + (L4 0)p"* + p —w.

ks =2p° + L.

In each of the three cases in which ¢ = 0 this inequality implies that n < 2s,
contradicting our present assumption that n > 2s.
Similarly in Case 3.24(d), 3.21 reduces to

3.28 4ps > ps.
Either n < 2s or, since ¢ = 2, p = 3 and n = 2s + 1. But this would require

1 4+ 2.3%32*+! — 1, which is impossible.
Finally in Case 3.24(e), 3.21 reduces to

3.29 9p° > p + p — 1.

Since ¢ = 3, it follows that n < 2s except when p = 5,s = 0,n = lor p = 2,
n < 2s 4+ 2. In the first case, p" = 5, ¢" = 9, contrary to our assumption
p" > q'. The second case requires either 1 + 3.2¢|22s+1 — 1 or 1 4 3.2%22+2
— 1, the only solution of which is easily checked to be s = 1. But then 2 = 14,
which is not of the form 3" — 1. This completes the proof.

COROLLARY. If M is an elementary Abelian group, A is a maximal subgroup
of G, except when the order of M is 16 and the order of A s 3.

Proof. In Case 1 of the proof of the theorem, we actually showed that
M = T,, except when p = 2, T, is of order 4, and M is of order 16. Since by
construction no proper subgroup of T, is left invariant by 4, the equality
M = T, clearly implies that A4 is a maximal subgroup of G.
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4. Independent A BA-groups in which A is of even order. The following
theorem gives the complete structure of independent A BA-groups in which 4
has even order. Its proof does not depend upon Theorems 2 and 3, but only
on the fact that such a group is a Frobenius group. This theorem will be used
in the next section in the proof of our main result (Theorem 5).

THEOREM 4. Let G be an independent ABA-group in which the order h of A s
even, and let m be the order of the regular subgroup M of G. Then h = m — 1,
M is an elementary Abelian group, A is isomorphic to the multiplicative group

of a nearfield K, and G is isomorphic to the one-dimensional affine group over
K.

Proof. Since & is even, A contains an element a* of order 2. Let g,4(f) =
a*"'ta* for all t in M. Then ¢,* is an automorphism of M or order 2 leaving
only the identity element fixed. But a group having such an automorphism
can easily be shown to be Abelian. (1, p. 90).

It follows therefore that

o (tog () = o (t)oge(t) = oar(£)t = tog(t).
Thus te*(¢) is left fixed by o.*, and hence equals 1. We conclude that
4.1 a*t ! = ta*
for all tin M.
Nowletd € B, b = 1. Since G = AM, we can write b = at,a € A,t € M.
Ifa =1,bisin M, and then 4.1 implies a*b~! = ba*, contradicting the inde-
pendence of G.

Thus a # 1. Suppose, if possible, that a = a*. Let a have order d, and put
a.(t) = a~'ta. Then

Bt = (an)t = a2 ou(1)t] = a®t,

where t/, in M, denotes the quantity in brackets. Since M is Abelian, ¢,%1(¢)¢
is left fixed by ¢,, and hence ¢,2"'(¢)# = 1. Thus

4.2 b1 = g% o (8]

But now it follows from 4.1 that
4.3 b¥-la* = a’la*e, b 1(2).

On the other hand, ba~! = (at)a®' = ¢, 1(¢), and consequently
44 b la* = a%la*ba~l.

Since a* # a, this contradicts the independence of G.

We conclude then that every element of B distinct from the identity is of
the form a*¢t with ¢ in M. If B contained two such elements 4, = a*#; and
b, = a*ty, it would follow that & = b1b, = ¢!, were in M € B, and we have
already shown that this leads to a contradiction.
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It follows therefore that B has order 2, and hence that m = h(k — 1) + |
= h 4+ 1, thus establishing the first conclusion of the theorem.

But the structure of a Frobenius group of order (m — 1)m, where m is the
order of its regular subgroup M, is well-known (compare 2, chapters VI, X,
XIII): M is an elementary Abelian group, G is isomorphic to the one-dimen-
sional affine group over a near field K of order m, and under this isomorphism,
the subgroup 4 of G is mapped onto the multiplicative group of K.

5. The Structure of independent 4 BA-groups. We are now in a position
to establish our main result:

THEOREM 5. The regular subgroup M of an independent ABA-group G is an
elementary Abelian group. Moreover, A 1is a maximal subgroup of G.

Proof. By Theorem 3, M is either an elementary Abelian group, an Abelian
group of type (4,4) with 2 = 3, or the direct product of two elementary
Abelian groups M,, M, of orders p", ¢" satisfying the relations: 7 + 1 =
2+ pht =g

That no independent ABA-group of the third type exists may be seen as
follows: since p # ¢, we must have p # 2, and hence % is even. But then
Theorem 4 implies # = m — 1 = p"q" — 1, contrary to the fact that z =
g — 1.

On the other hand, by the corollary of Theorem 3, if M is an elementary
Abelian group, A is a maximal subgroup of G except when A has order 16
and £ = 3. Thus the theorem will be completely proved if we show that no
independent 4 B.A4-group exists in which # = 3 and M is either an elementary
Abelian group or an Abelian group of type (4, 4).

From the relation #(k — 1) + 1 = m with 2 = 3, m = 16, we conclude that
k = order of B = 6. Since G is a Frobenius group, every element is either in
M or conjugate to an element of 4. Thus the elements of G are of orders 1, 2,
3 or 4; and hence B is not cyclic. Consequently B is generated by elements
b1, bs of orders 2, 3 respectively satisfying the relation

5.1 bibsbit = b3,

Since b, is of order 2, it is in M. On the other hand, b, = a¢, where ¢ is in
M, and € = + 1. Thus bia% b,~! = (a<)~!. Since M is normal in G, it follows
at once that a2?¢ is in M, contrary to the fact that A N M = 1.

From Theorem 5 we can now deduce the following structure theorem for
independent 4B.4-groups:

THEOREM 6. Let G be an independent ABA-group with A of order h and the
regular subgroup M of G of order m. Then:

I.If h = m — 1, A 1is isomorphic to the multiplicatie group of a nearfield K,
and G is 1somorphic to the one-dimensional affine group over K. Conversely, the
one-dimensional affine group over any finite nearfield is an independent ABA-
group satisfying these conditions.
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I If h <m — 1, A 1s a metacyclic group of odd order whose genmerators
a1, @ satisfy the relations

' = a¥ = 1,007 = al, 7™ =1 (mod hy), and ((r — Dhy hy) = 1.
In particular, if A is cyclic, G is isomorphic to a subgroup of the one-dimensional
affine group over a finite field.

Proof. The proof of I has been given in the last paragraph of Theorem 4.

Conversely, the one-dimensional affine group over a finite nearfield K is
easily seen to be an independent 4 BA-group when A is defined to be the set of
transformations ¥’ = ax, ¢ € K, ¢ # 0, and B is the subgroup of order 2
generated by the transformation ' = —x + 1.

If h <m — 1, 4 is of odd order by Theorem 4. Since 4 is isomorphic to a
group of automorphisms of M, each of which, except the identity, leaves
only the identity element of M fixed, it follows that the Sylow subgroups of
A are all cyclic (1; 2; 7). But then it follows that A is a metacyclic group
satisfying the conditions listed in II (6, 145).

Finally if 4 is cyclic, we denote by ¢, the automorphism of M induced by
a generator a of 4. For convenience, we also regard M as an n-dimensional
vector space over the integers modulo p. Since 4 is maximal in G, no subspace
of M is left invariant by 4, and hence the elements ¢, a,(f), . . ., ¢,°"1(f) are
linearly independent over the integers mod p for every ¢ # 0 in M. For each
choice of the integers ¢y, c1, ..., ¢,1 (mod p), not all 0 (mod p), it follows
that the mapping

n—1
5.2 t— D cue(t)
i=0

is an automorphism of M leaving only the identity element fixed. In this way
we obtain a group of automorphisms A* of M of order p* — 1, which clearly
contains 4. It is easy to see that 4* is also cyclic. Hence the Frobenius group
G* = A*M of order (p" — 1)p" is isomorphic to the one-dimensional affine
group over GF(p"). Since G C G*, the last statement of the theorem now
follows.
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