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Abstract. Biharmonic Lagrangian surfaces of constant mean curvature in
complex space forms are classified. A further important point is that new examples
of marginally trapped biharmonic Lagrangian surfaces in an indefinite complex
Euclidean plane are obtained. This fact suggests that Chen and Ishikawa’s classification
of marginally trapped biharmonic surfaces [6] is not complete.
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1. Introduction. The study of Lagrangian submanifolds from the Riemannian
geometric point of view has been a very active field during the last quarter of the century
and many interesting results have been obtained. In particular, minimal Lagrangian
submanifolds have attracted considerable attention (see, for example, [5]). It should be
noted that if the metric of the ambient space is indefinite, the situation is quite different
form the Riemannian case (see, [7], [12] and [17]).

A natural generalization of the class of minimal submanifolds from the variational
point of view is the one of biharmonic submanifolds (see, [9]), which was introduced by
Eells and Sampson [9]. Thus, it is worthwhile and interesting to investigate biharmonic
Lagrangian submanifolds. For recent developments in the study of biharmonic
submanifolds see, for example, [2], [3], [10] and [15]. In this paper, biharmonic
Lagrangian surfaces of constant mean curvature in complex space forms are classified.
In particular, we obtain new examples of marginally trapped Lagrangian surfaces in an
indefinite complex Euclidean plane. This implies that the classification of marginally
trapped biharmonic surfaces due to Chen and Ishikawa [6] is not complete.

2. Preliminaries. Let M’ "(4¢) be a complex space form of complex dimension #
and complex index s(> 0). The complex index is defined as the complex dimension
of the largest complex negative definite vector subspace of the tangent space. The
curvature tensor R of M "(4¢) is given by

RX, V)Z = e[(Y,Z)X — (X, Z)Y + (Z,JY)JX
—(Z,JX)JY +2(X,JY)IZ}, Q2.1

where J is the almost complex structure of ]\7[?(46).

Barros and Romero [1] showed that locally any complex space form A;Ig(4e) is
isometric holomorphically to C;, CP/(4¢) or CH}(4¢) according to whether € =0,
€>0ore <0.
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Let M be a Lagrangian submanifold of complex space form M?(4e). It is clear
that the real index of M is s. We denote by V and V the Levi-Civita connections on M
and M’(4e), respectively. The formulae of Gauss and Weingarten are given by

VyY =VyY + (X, Y), (2.2)
V& = —A: X + Dyé, (2.3)

respectively, where /1, A and D are the second fundamental form, the shape operator
and the normal connection respectively.
Since J is parallel, we have

DyJY = J(VyY), 2.4)
AjyX = —Jh(X, Y) = Asy Y. 2.5)

Denote by R the Riemann curvature tensor of M. Then the equations of Gauss,
Codazzi and Ricci are equivalent to

RX,Y;Z, W) =e((X, WY, Z) = (X, Z(Y, W) + ([4sz, Ayw](X), Y), (2.6)
(Vxh)(Y, Z) = (Vyh)(X, Z), 2.7)

where X, Y, Z, W are vectors tangent to M, and Vh is defined by
(Vxh)(Y, Z) = Dxh(Y, Z) — l(Vx Y, Z) = (Y, Vx Z). 2.8)

The mean curvature vector field H is defined by H = %trace h. The function
I{H, H)] is called the mean curvature.

A vector X is called space-like (resp. time-like) if it satisfies (X, X) > 0 (resp.
(X, X) < 0). A vector X is called light-like if it is nonzero and it satisfies (X, X) = 0.
Surfaces in pseudo-Riemannaian 4-manifolds are called marginally trapped (or quasi-
minimal) if H is light-like at each point on the surface.

The Laplace operator which acts on the sections of TAf "(4€)|pr  (resp.
normal bundle 7+ M) is defined by A = — Y7 (e, ¢)(V, Ve, — Vi, o) (resp. AP =

27:1 (e, ei)(De, D¢, — Dv,..,)), where {e;} is a local orthonormal frame of M.
We need the following existence and uniqueness theorem (cf. [7]) for the later use.

THEOREM 1. Let (M, (-, -)) be an n-dimensional simply connected manifold of real
index s, where s € {0, 1}. Let o be a symmetric bilinear T M -valued form on M satisfying
(1) (o(X, Y), Z) is totally symmetric,
2) (Vo) X, Y, Z)=Vyo(Y,Z)—0o(VyY,Z)— a(Y, VxZ) is totally symmetric,
BRX, VZ=e((Y. )X —(X,Z)Y)+0(c(Y,Z2),X)—0o(0(X,Z), Y).
Then there exists a Lagrangian isometric immersion x : (MY, (-, -)) — M "(4¢) such that
the second fundamental form h satisfies (X, Y) = Jo (X, Y).

THEOREM 2. Let x', x2 . M — M "(4¢) be two Lagrangian isometric immersions of
a connected n-manifold with second fundamental forms h' and h*, where s € {0, 1}. If

(WX, Y),Jx'Z) = (KP(X, Y), Ix2Z)

for all vector fields X, Y, Z tangent to M, there exists an isometry A of M "(4¢) such that
1 2
x =Aox".
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3. Biharmonic maps. Let M and N”" be pseudo-Riemannian manifolds of
dimension m and n respectively, and ¢ : M — N a smooth map. We denote by V
and V the Levi-Civita connections on M and N respectively. Then the rension field
7(¢) is a section of the vector bundle ¢* TN defined by

1(¢) = tr(VPdp) = > (ei, e){VIdp(e) — dp(V.er)}.
i=1
Here V¢ and {e,-}Ndenote the induced connection by ¢ on the bundle ¢* TN, which is
the pull-back of V, and a local orthonormal frame field of M, respectively.
A smooth map ¢ is said to be a harmonic map if its tension field vanishes. If M is
a Riemannian manifold, then ¢ is harmonic if and only if it is a critical point of the
energy

m

B@) = [ Do, de) e
i=1

over every compactly supported region Q2 of M.
We define the bitension field

m

w(@) =Y (e, ed{(VIVE = VE )T + RY(z, dp(e))dg(en}, 3.1)

i=1

where R" is the curvature tensor of N. We say that a smooth map ¢ is a biharmonic map
if its bitension field vanishes. Harmonic maps are clearly biharmonic. Non-harmonic
biharmonic maps are called proper biharmonic maps. When M is a Riemannian
manifold, the biharmonic map ¢ is characterized as a critical point of the bienergy

Ex@) = /Q (v(6). 7(¢)) dvg.

over every compactly supported region 2 of M.
In the case that N is the pseudo-Euclidean space and ¢ is an isometric immersion,
then

(¢) = Ay Ay,

since Ay¢p = —mH. Here Ay, is the Laplacian acting on C*°(M™). Thus the
biharmonicity for an isometric immersion into the pseudo-Euclidean space is
equivalent to the biharmonicity in the sense of Chen (see [6]).

For recent results about biharmonic maps we refer to the survey [13].

4. Biharmonic Lagrangian surfaces. In this section, we mainly consider proper
biharmonic Lagrangian surfaces in M %(46). In the case that the ambient space is
positive definite, i.e., s = 0, we obtain similar results (see Theorem 11).

Let M be a Lagrangian surface in M7 (4¢). By (2.5) the second fundamental form
takes the form

h(er, e1) = aJe; + bJey,
h(el, 62) = —b.]€1 + CJez, (41)
h(ey, e2) = —cJey +dJes,
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for some functions a, b, ¢, d, with respect to an orthonormal frame {e;, ¢} such that
(e1, e1) = 1 and (ey, e2) = —1. In the rest of this paper we will use this frame.
By differentiating the second fundamental form covariantly we get

(Ve,h)(er, e1) = (e2a + 3bwi(er))Jer + (b + (a — 20)wi(er))Jea, (4.2)
(Ve h)(er, €2) = —(e1b + (a — 20)wi(e))Jer + (e1c — (2b + d)wi(er))Jes, (4.3)
(Ve h)(e2, 2) = (— erc + (2b + d)wi(er))Jer + (erd — 3cwi(er))Jea, (4.4)

(Ve,h)(er, €2) = —(e2b + (a — 20)wi(ex))J ey + (e2¢c — (2b + d)wi(er))J ez, (4.5)

where w)(ex) = (Ve.e;, ej){e;, ¢j). Note that @? = w}. From (2.7) we obtain

era+ 3bwi(er) = —erth — (a — 2c)wi(er), (4.6)
erh + (a — 20)wi(er) = ejc — 2b + d)wi(e), 4.7)
erd — 3cwi(er) = exe — (2b + d)wi(e). (4.8)

The Gauss equation (2.6) yields that the Gauss curvature G is given by
G=ac+ b +bd—c +e. (4.9)

It follows from (2.1) and (3.1) that M is biharmonic if and only if
AH = 5¢H. (4.10)

By the same computation in [4], we have

2
AH = APH +) " gle;. eh(e;, Ape;) + tr(V Ap), 4.11)

i=1

where tr(VAy) = Y1, gler. e)(Ap, uei + (Ve An)es).
From now on, we assume that the mean curvature function is constant.
Case (1): (H, H) > 0. In this case, » = d. From (4.6) and (4.8) we obtain

ea+c)=—(a+ c)w%(el). (4.12)
Since (H, H) = % = constant, w}(e;) = 0 by (4.12). Hence, (4.6)-(4.8) is reduced to

esh + (a — 20)wi(er) = ey, (4.13)
et = exe — 3bwi(ey). (4.14)

Let (AH)" be the component of AH tangential to M. Put A;,, = A;. Then

1
H(AH)T = Ap, je,€1 + Ve, (A1e1) — A1(Ve 1) — Ap, e €2 — Ve, (A1€2) + A1(Ve,02)

=V, (ae| + bey) — wi(er)Ares — Vo, (—bey + cer) + wi(er)Ae
= (e1a)e; + (e1b)ex — wi(ex)(—cer + bez) + (e2b)er + boi(er)es
— (e20)er — cawd(er)er + wi(ex)(aey + ber)
= {—elc + exb + aw%(ez)}el + {elb — e+ bw%(ez)}ez. (4.15)
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Assume that M is biharmonic. It follows from (4.10) and (4.15) that

—e1c+eb + aa)f(ez) =0, (4.16)
e1h — exc + bwi(ey) = 0. (4.17)

Combining (4.13), (4.14), (4.16) and (4.17), we have
cwi(er) = bwi(e) = 0. (4.18)

If a)2(ez) # 0 on an open subset U, then b = ¢ = 0 and hence a = 0 on U from (4.16).

However, it contradicts the fact that (H, H) = M > (. Therefore w%(ez) =0on M.
Consequently, we get

wi = 0. (4.19)
Thus the relation (4.11) is reduced to

AH = h(ey, Ager) — h(ez, Ager)
(a ~|— b)

((@® = 2b* 4+ ) Jey + b(a + ¢)Jea}. (4.20)

By (4.20) and (4.10) we see that

b=0, (4.21)
@+ = Se. (4.22)

Moreover, by (4.9) we have
ac—c*+¢e=0. (4.23)

Case (I): (H, H) < 0. In this case, ¢ = —a. From (4.6) and (4.8), we obtain
—ei(b—d) = (b — d)ywi(ey). (4.24)

Since (H, H) = —% =constant, we have a)lz(ez) = 0. It follows that (4.6)-(4.8) is
reduced to

era = —e b — 3aw%(€1), (4.25)
ersb = —eja — (2b + d)wi(ey). (4.26)

As for the component of A H tangential to M, we have

E(AH)T = Ap, je,1 + Ve, (Are1) — A2(Ve 1) — Ap, e,€2 — Ve, (A202) + A2(Ve,e2)

= wj(e1)Are1 + Ve, (—be; — aez) — wile))Aze; — Ve, (ae + dey)
= wj(e1)(ae; + bex) — (e1b)er — bwi(e)er — (e1a)es
—aw)(er)e; — wi(er)(ae; + dey) — (exa)er — (ead)er
—{e1b + exa+ awiler)}er — {era + exd + dwi(er)}en. (4.27)
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We suppose that M is biharmonic. By (4.10) and (4.27), we have

erb+ era+ awf(el) =0, (4.28)
ea+ exd + dwi(er) = 0. (4.29)

Combining (4.25), (4.26), (4,28) and (4.29), we get
aa)l(el) = ba)l(el) =0. (4.30)
By the similar arguments as the case of (H, H) > 0, we obtain
w? = 0. (4.31)
Thus, the relation (4.11) is reduced to

AH = h(ey, Ager) — h(ez, Ager)
(a + b)

{a(b — d)Je; — (b* — 2¢% + d*)Jes}. (4.32)

By (4.32), (4.10) and (4.9), we see that

a=0, (4.33)
—B — ® = 5, (4.34)
P +bd+e=0. (4.35)

From (4.22) and (4.34) we can easily obtain the following proposition.

PROPOSITION 3. There exist no proper biharmonic Lagrangian surfaces of constant
mean curvature satisfying (H, H) > 0 (resp. < 0) in M%(4e) with € < 0 (resp. > 0).

Next, we apply a construction method from [14] in order to obtain the explicit
representation of the immersions of (I) and (II) when the ambient spaces are M7(4) =
CP3(4) and M3(—4) = CH?}(—4), respectively. Let C be the complex 3-space with the
complex coordinates (zi, z2, z3), whose metric is given by g 3(z, w) := Re(Z?:_f Z;w; —
Zﬁzéps z;w;). We consider the differential manifolds: S3(1) = {z € C}|g13(z,2) = 1}
and H;(—1) = {z € C3|g25(z, z) = —1}. Hopf fibrations 7 : S5(1) - CP}(4) and 7 :
H3(—1) - CHj(—4) are defined as

z—z-C.

Namely 7 maps a vector z to a complex line zC.

Every Lagrangian immersion f : M7} —>~CP%(4) (resp. [ : M3} - CH}(—4)) can be
lifted locally to a Legendrian immerison f : M7 — S5(1) (resp. / : M7 — H;(—1)).
Here a Legendrian immersion f is an immersion satisfying i (p) L f,(TM?) for all
p e M?, where i = «/—1. Conversely, letf M} — S5(1) (resp. f: M? — Hi(—1))
be a Legendrian immersion. Then 7(f) : M} — CP}(4) (resp. M} — CHZ( 4))is a
Lagrangian immersion.

Let M7 be a Legendrian surface of S5(1) € C} or of Hj(—1) € C3. Denote the
Levi-Civita connection of C3 by V. Let / be the second fundamental form of M? in
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S3(1) or in H3(—1). Then we have 7, = h and
VyY = VyY +h(X, Y)— (X, Y)f, (4.36)

where € = 1 or —1 depending on the ambient space is C; or C;.

THEOREM 4. (1) Proper biharmonic Lagrangian surfaces of constant mean curvature
in CP%(4) are locally given by

C2 i 1 .
p— _;x 1cX 2
fey)y=m Vari1e Vare coshv/c2 + 1y,

me’” sinhv2+ 1y, (4.37)
where ¢ = 7§‘/ﬂ
(IT) Proper biharmonic Lagrangian surfaces of constant mean curvature in CH 2( 4)
are locally given by
1
Sy =ny 55— [ e ™ sinhv/b? + 1x, e~ cosh /b2 + 1x,
b
S leh}' , (4.38)
where b = YTEVAL

_ Proof. In case (I), it follows from (4.1), (4.19) and (4.21) that a Legendrian lift
/€ C3 satisfies the PDE system

fox=aif .~ 1, (4.39)
S =—cif 41, (4.40)
T =cify. (4.41)

By replacing x by —x if necessary, we may assume that ¢ > 0. Solving (4.39)-(4.41)
and using Q‘f)_l (fx,f} (fl,zy )y =0, (fx,fY =1, Q"y,fy —1, (4.22) and
(4.23), we find that the immersion is congruent to (4.37) with one of ¢’s. Here we note
that proper biharmonic Lagrangian surfaces defined by two real solutions ¢’s are non-
congruent each other, because if two Lagrangian surfaces 7 (f) and 7 (g) are congruent,
they must satisfy (g, —ig,) = (fxy, —i~y) = ¢ by (4.41).

In case of (II), by (4.1), (4.31) and (4.33) we see that a Legendrian lift f € Cg
satisfies the following PDE system:

fo=bif,+7, (4.42)

Sy =dif,— 7, (4.43)

[y = —bif .. (4.44)

Similar to case (I), the immersion is congruent to (4.38) with one of b’s. ]
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Case (II): (H, H) = 0 and H # 0. In this case, the author [16] proved that M
is biharmonic if and only if € =0 and AH = 0, however this fact is not enough
information for classification of such surfaces. So, we need to investigate necessary and
sufficient conditions for M to be biharmonic more precisely. For this reason, we shall
compute AH in detail (cf. [16]).

The mean curvature vector field is given by

H=ua(Je + Jey), (4.45)
for some function «. Hence, 2H = Zle (ei, e;Yh(e;, e;) implies
20 =a+c=b—d. (4.46)
From Proposition 3 in [16],
APH = —GH. (4.47)

REMARK 5. In [16], the equation AP H = GH is derived. But this is incorrect. This
error is not serious for the forthcoming proof in this paper.

On the other hand, by substituting d = a — b — ¢ into (4.9),
G=(a—c—2b)(c—b)+e. (4.48)
Hence we have
APH = {—(a— ¢ —2b)(c — b) — €}H. (4.49)

Let (AH)* be the normal part of AH. Then by using (4.11), (4.47) and (4.49) we
obtain

(AH)" = —GH + h(ey, Ayer) — h(ez, Ayres)
=a{(a—c—2b)b—c)— e+ (a* = 20> + & — ab — 2bc + cd)}J e,
+af(a—c—2b)(b—c)—e+ Q2 —b* —d* + ab+ 2bc — cd)}Jey. (4.50)

Furthermore, substituting d = b — a — ¢ into the right hand side of (4.50) we have
(AH)' = a{(a+2b — c)(a — ¢ — 2b) — €}J e
+af{(—a+2b—3c)a—c—2b)—e}Jes. (4.51)
Assume that M is biharmonic. It follows from (4.10) and (4.51) that
a—c=2b. (4.52)
Hence, (4.51) implies that
(AH): = —€H. (4.53)
By combining (4.10) and (4.53) we obtain
e =0. (4.54)

Conversely, suppose that a — ¢ = 2b and € = 0.
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LEMMA 6. If a — ¢ = 2b, then we have the following.

Ve(Aner) = (e, ele” + o’wile)}(er + e2), (4.55)
An(Vee) = —(e;, ey’ wl(e)er + e2), (4.56)
Ap, e = (e;, eafea + awi(e)}(er + e2), (4.57)
wherei =1, 2.
Proof. By usinga — b = b+ ¢ = —c — d = o we can prove the lemma (cf. Lemma
8 of [16]). O

By applying Lemma 6, we obtain
(AH)" = V., (Aner) + Ap, ne1 — Ve,(Aes) — Ap,nes — Au(Ve,e1) + Au(Ve,e2)
= 30:{@101 + era + ota)f(el) + aw%(ez)}(el + ey). (4.58)
On the other hand, (4.6), (4.8) and (4.46) yield
e1a + exa = —(wiler) + wi(er)). (4.59)
Combining (4.58) and (4.59) we get (cf. Proposition 9 of [16])
(AH)" =0. (4.60)

Also, by (4.51), a — ¢ =2b and € = 0 we get (AH)* =0, and hence AH = (AH)" +
(AH)* = 0. Consequently, we obtain the following lemma.

LEMMA 7. In the case when M is marginally trapped, M is biharmonic if and only if
e =0anda—c=2b

Therefore, by the proof of Proposition 10 of [16], we can show the following
statement.

THEOREM 8. Let M be a marginally trapped biharmonic Lagrangian surface in
M 2(4¢). Then e = 0, and there exists a coordinate system {x, y} defined in a neighborhood
U of p € M such that the metric tensor of U is given by g = dx*> — dy* and the second
fundamental form is given by

- 3
Wov, 80) = add+ S50, Gy, = —cJon— 220,
a—=c¢
h(dy, 3y) = —TJE)X +¢Jd,, (4.61)
xX+y
c=—— (0= (x =N +glx -y, a=/x-y-c (4.62)

Conversely, suppose that a and c are functions on a simply-connected domain U C
R? defined by (4.62). Let g = dx* — dy* be the metric tensor on U. Then, up to rigid
motions of C%, there exists a unique Lagrangian immersion of (U, g) into C% whose
second fundamental form is given by (4.61). Moreover such a surface is marginally
trapped biharmonic.

REMARK 9. After this paper was completed, the author found out that the position
vectors of Lagrangian surfaces in Theorem 8 were obtained explicitly by Chen and
Dillen as follows (see, (i.2) in Theorem 4.1 of [8]):
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L(s, 1) = c15e D 4 (1), where f(¢) is a real-valued function, ¢; is a light-like vector,
and z(7) is a null curve in C? satisfying (iz'(1), ¢;e/ V) = 0 and (z/(1), ¢/ V) = —1. Here,
a curve z is called null if it satisfies (Z/, z’) = 0. We can easily see that L is bitharmonic.

REMARK 10. In [6], marginally trapped biharmonic surfaces of real index 1 of C3
were classified. But this classification was not complete. In fact, marginally trapped
biharmonic surfaces in [6] satisfy 4y = 0, however, surfaces in Theorem 8 of this
paper do not satisfy 4y = 0, and hence they are new examples of marginally trapped
biharmonic surfaces in C3.

By the similar computations as the proof in Theorem 4, we have the following
result.

THEOREM 11. Let M? be a proper biharmonic Lagrangian surface of constant mean
curvature in M*(4€). Then € > 0 and proper biharmonic Lagrangian surfaces of constant
mean curvature in CP*(4) are locally given by

f(x7y)=7T 2 ch y’
V c—i—l
[ eginye 1 (4.63)
21’ R ‘

where ¢ = ~ 7:!2:\/ﬁ and 7t : S°(1) — CP?(4) is the Hopf fibration.
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