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Abstract. Biharmonic Lagrangian surfaces of constant mean curvature in
complex space forms are classified. A further important point is that new examples
of marginally trapped biharmonic Lagrangian surfaces in an indefinite complex
Euclidean plane are obtained. This fact suggests that Chen and Ishikawa’s classification
of marginally trapped biharmonic surfaces [6] is not complete.
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1. Introduction. The study of Lagrangian submanifolds from the Riemannian
geometric point of view has been a very active field during the last quarter of the century
and many interesting results have been obtained. In particular, minimal Lagrangian
submanifolds have attracted considerable attention (see, for example, [5]). It should be
noted that if the metric of the ambient space is indefinite, the situation is quite different
form the Riemannian case (see, [7], [12] and [17]).

A natural generalization of the class of minimal submanifolds from the variational
point of view is the one of biharmonic submanifolds (see, [9]), which was introduced by
Eells and Sampson [9]. Thus, it is worthwhile and interesting to investigate biharmonic
Lagrangian submanifolds. For recent developments in the study of biharmonic
submanifolds see, for example, [2], [3], [10] and [15]. In this paper, biharmonic
Lagrangian surfaces of constant mean curvature in complex space forms are classified.
In particular, we obtain new examples of marginally trapped Lagrangian surfaces in an
indefinite complex Euclidean plane. This implies that the classification of marginally
trapped biharmonic surfaces due to Chen and Ishikawa [6] is not complete.

2. Preliminaries. Let M̃n
s (4ε) be a complex space form of complex dimension n

and complex index s(≥ 0). The complex index is defined as the complex dimension
of the largest complex negative definite vector subspace of the tangent space. The
curvature tensor R̃ of M̃n

s (4ε) is given by

R̃(X, Y )Z = ε{〈Y, Z〉X − 〈X, Z〉Y + 〈Z, JY〉JX

−〈Z, JX〉JY + 2〈X, JY〉JZ}, (2.1)

where J is the almost complex structure of M̃n
s (4ε).

Barros and Romero [1] showed that locally any complex space form M̃n
s (4ε) is

isometric holomorphically to Cn
s , CPn

s (4ε) or CHn
s (4ε) according to whether ε = 0,

ε > 0 or ε < 0.
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Let M be a Lagrangian submanifold of complex space form M̃n
s (4ε). It is clear

that the real index of M is s. We denote by ∇ and ∇̃ the Levi-Civita connections on M
and M̃n

s (4ε), respectively. The formulae of Gauss and Weingarten are given by

∇̃X Y = ∇X Y + h(X, Y ), (2.2)

∇̃Xξ = −Aξ X + DXξ, (2.3)

respectively, where h, A and D are the second fundamental form, the shape operator
and the normal connection respectively.

Since J is parallel, we have

DX JY = J(∇X Y ), (2.4)

AJY X = −Jh(X, Y ) = AJX Y. (2.5)

Denote by R the Riemann curvature tensor of M. Then the equations of Gauss,
Codazzi and Ricci are equivalent to

R(X, Y ; Z, W ) = ε(〈X, W 〉〈Y, Z〉 − 〈X, Z〉〈Y, W 〉) + 〈[AJZ, AJW ](X), Y〉, (2.6)

(∇̄X h)(Y, Z) = (∇̄Y h)(X, Z), (2.7)

where X, Y, Z, W are vectors tangent to M, and ∇̄h is defined by

(∇̄X h)(Y, Z) = DX h(Y, Z) − h(∇X Y, Z) − h(Y,∇X Z). (2.8)

The mean curvature vector field H is defined by H = 1
n trace h. The function√|〈H, H〉| is called the mean curvature.

A vector X is called space-like (resp. time-like) if it satisfies 〈X, X〉 > 0 (resp.
〈X, X〉 < 0). A vector X is called light-like if it is nonzero and it satisfies 〈X, X〉 = 0.
Surfaces in pseudo-Riemannaian 4-manifolds are called marginally trapped (or quasi-
minimal) if H is light-like at each point on the surface.

The Laplace operator which acts on the sections of TM̃n
s (4ε)|M (resp.

normal bundle T⊥M) is defined by � = −∑n
i=1〈ei, ei〉(∇̃ei ∇̃ei − ∇̃∇ei ei ) (resp. �D =

−∑n
i=1〈ei, ei〉(Dei Dei − D∇ei ei )), where {ei} is a local orthonormal frame of M.
We need the following existence and uniqueness theorem (cf. [7]) for the later use.

THEOREM 1. Let (Mn
s , 〈·, ·〉) be an n-dimensional simply connected manifold of real

index s, where s ∈ {0, 1}. Let σ be a symmetric bilinear TM-valued form on M satisfying
(1) 〈σ (X, Y ), Z〉 is totally symmetric,
(2) (∇σ )(X, Y, Z) = ∇Xσ (Y, Z) − σ (∇X Y, Z) − α(Y,∇X Z) is totally symmetric,
(3) R(X, Y )Z = ε(〈Y, Z〉X − 〈X, Z〉Y ) + σ (σ (Y, Z), X) − σ (σ (X, Z), Y ).

Then there exists a Lagrangian isometric immersion x : (Mn
s , 〈·, ·〉) → M̃n

s (4ε) such that
the second fundamental form h satisfies h(X, Y ) = Jσ (X, Y ).

THEOREM 2. Let x1, x2 : M → M̃n
s (4ε) be two Lagrangian isometric immersions of

a connected n-manifold with second fundamental forms h1 and h2, where s ∈ {0, 1}. If

〈h1(X, Y ), Jx1
∗Z〉 = 〈h2(X, Y ), Jx2

∗Z〉

for all vector fields X, Y, Z tangent to M, there exists an isometry A of M̃n
s (4ε) such that

x1 = A ◦ x2.
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3. Biharmonic maps. Let Mm and Nn be pseudo-Riemannian manifolds of
dimension m and n respectively, and φ : M → N a smooth map. We denote by ∇
and ∇̃ the Levi-Civita connections on M and N respectively. Then the tension field
τ (φ) is a section of the vector bundle φ∗TN defined by

τ (φ) := tr(∇φdφ) =
m∑

i=1

〈ei, ei〉
{∇φ

ei
dφ(ei) − dφ(∇ei ei)

}
.

Here ∇φ and {ei} denote the induced connection by φ on the bundle φ∗TN, which is
the pull-back of ∇̃, and a local orthonormal frame field of M, respectively.

A smooth map φ is said to be a harmonic map if its tension field vanishes. If M is
a Riemannian manifold, then φ is harmonic if and only if it is a critical point of the
energy

E(φ) =
∫

�

m∑
i=1

〈dφ(ei), dφ(ei)〉 dvg,

over every compactly supported region � of M.
We define the bitension field

τ2(φ) :=
m∑

i=1

〈ei, ei〉
{(∇φ

ei
∇φ

ei
− ∇φ

∇ei ei

)
τ + RN(τ, dφ(ei))dφ(ei)

}
, (3.1)

where RN is the curvature tensor of N. We say that a smooth map φ is a biharmonic map
if its bitension field vanishes. Harmonic maps are clearly biharmonic. Non-harmonic
biharmonic maps are called proper biharmonic maps. When M is a Riemannian
manifold, the biharmonic map φ is characterized as a critical point of the bienergy

E2(φ) =
∫

�

〈τ (φ), τ (φ)〉 dvg,

over every compactly supported region � of M.
In the case that N is the pseudo-Euclidean space and φ is an isometric immersion,

then

τ2(φ) = �M�Mφ,

since �Mφ = −mH. Here �M is the Laplacian acting on C∞(Mm). Thus the
biharmonicity for an isometric immersion into the pseudo-Euclidean space is
equivalent to the biharmonicity in the sense of Chen (see [6]).

For recent results about biharmonic maps we refer to the survey [13].

4. Biharmonic Lagrangian surfaces. In this section, we mainly consider proper
biharmonic Lagrangian surfaces in M̃2

1(4ε). In the case that the ambient space is
positive definite, i.e., s = 0, we obtain similar results (see Theorem 11).

Let M be a Lagrangian surface in M2
1(4ε). By (2.5) the second fundamental form

takes the form

h(e1, e1) = aJe1 + bJe2,

h(e1, e2) = −bJe1 + cJe2, (4.1)

h(e2, e2) = −cJe1 + dJe2,
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for some functions a, b, c, d, with respect to an orthonormal frame {e1, e2} such that
〈e1, e1〉 = 1 and 〈e2, e2〉 = −1. In the rest of this paper we will use this frame.

By differentiating the second fundamental form covariantly we get

(∇̄e2 h)(e1, e1) = (
e2a + 3bω2

1(e2)
)
Je1 + (

e2b + (a − 2c)ω2
1(e2)

)
Je2, (4.2)

(∇̄e1 h)(e1, e2) = −(
e1b + (a − 2c)ω2

1(e1)
)
Je1 + (

e1c − (2b + d)ω2
1(e1)

)
Je2, (4.3)

(∇̄e1 h)(e2, e2) = ( − e1c + (2b + d)ω2
1(e1)

)
Je1 + (

e1d − 3cω2
1(e1)

)
Je2, (4.4)

(∇̄e2 h)(e1, e2) = −(
e2b + (a − 2c)ω2

1(e2)
)
Je1 + (

e2c − (2b + d)ω2
1(e2)

)
Je2, (4.5)

where ω
j
i(ek) = 〈∇ek ei, ej〉〈ej, ej〉. Note that ω2

1 = ω1
2. From (2.7) we obtain

e2a + 3bω2
1(e2) = −e1b − (a − 2c)ω2

1(e1), (4.6)

e2b + (a − 2c)ω2
1(e2) = e1c − (2b + d)ω2

1(e1), (4.7)

e1d − 3cω2
1(e1) = e2c − (2b + d)ω2

1(e2). (4.8)

The Gauss equation (2.6) yields that the Gauss curvature G is given by

G = ac + b2 + bd − c2 + ε. (4.9)

It follows from (2.1) and (3.1) that M is biharmonic if and only if

�H = 5εH. (4.10)

By the same computation in [4], we have

�H = �DH +
2∑

i=1

g(ei, ei)h(ei, AHei) + tr(∇̄AH), (4.11)

where tr(∇̄AH) = ∑2
i=1 g(ei, ei)(ADei Hei + (∇ei AH)ei).

From now on, we assume that the mean curvature function is constant.
Case (I): 〈H, H〉 > 0. In this case, b = d. From (4.6) and (4.8) we obtain

e2(a + c) = −(a + c)ω2
1(e1). (4.12)

Since 〈H, H〉= (a+c)2

4 = constant, ω2
1(e1) = 0 by (4.12). Hence, (4.6)-(4.8) is reduced to

e2b + (a − 2c)ω2
1(e2) = e1c, (4.13)

e1b = e2c − 3bω2
1(e2). (4.14)

Let (�H)
 be the component of �H tangential to M. Put AJei = Ai. Then

1
|H| (�H)
 = ADe1 Je1 e1 + ∇e1 (A1e1) − A1(∇e1 e1) − ADe2 Je1 e2 − ∇e2 (A1e2) + A1(∇e2 e2)

= ∇e1 (ae1 + be2) − ω2
1(e2)A2e2 − ∇e2 (−be1 + ce2) + ω1

2(e2)A1e1

= (e1a)e1 + (e1b)e2 − ω2
1(e2)(−ce1 + be2) + (e2b)e1 + bω2

1(e2)e2

− (e2c)e2 − cω1
2(e2)e1 + ω1

2(e2)(ae1 + be2)

= {−e1c + e2b + aω2
1(e2)

}
e1 + {

e1b − e2c + bω1
2(e2)

}
e2. (4.15)
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Assume that M is biharmonic. It follows from (4.10) and (4.15) that

−e1c + e2b + aω2
1(e2) = 0, (4.16)

e1b − e2c + bω1
2(e2) = 0. (4.17)

Combining (4.13), (4.14), (4.16) and (4.17), we have

cω2
1(e2) = bω2

1(e2) = 0. (4.18)

If ω2
1(e2) �= 0 on an open subset U , then b = c = 0 and hence a = 0 on U from (4.16).

However, it contradicts the fact that 〈H, H〉 = (a+c)2

4 > 0. Therefore ω2
1(e2) = 0 on M.

Consequently, we get

ω2
1 = 0. (4.19)

Thus the relation (4.11) is reduced to

�H = h(e1, AHe1) − h(e2, AHe2)

= (a + b)
2

{(a2 − 2b2 + c2)Je1 + b(a + c)Je2}. (4.20)

By (4.20) and (4.10) we see that

b = 0, (4.21)

a2 + c2 = 5ε. (4.22)

Moreover, by (4.9) we have

ac − c2 + ε = 0. (4.23)

Case (II): 〈H, H〉 < 0. In this case, c = −a. From (4.6) and (4.8), we obtain

−e1(b − d) = (b − d)ω2
1(e2). (4.24)

Since 〈H, H〉 = − (b−d)2

4 = constant, we have ω2
1(e2) = 0. It follows that (4.6)-(4.8) is

reduced to

e2a = −e1b − 3aω2
1(e1), (4.25)

e2b = −e1a − (2b + d)ω2
1(e1). (4.26)

As for the component of �H tangential to M, we have

1
|H| (�H)
 = ADe1 Je2 e1 + ∇e1 (A2e1) − A2(∇e1 e1) − ADe2 Je2 e2 − ∇e2 (A2e2) + A2(∇e2 e2)

= ω1
2(e1)A1e1 + ∇e1 (−be1 − ae2) − ω2

1(e1)A2e2 − ∇e2 (ae1 + de2)

= ω1
2(e1)(ae1 + be2) − (e1b)e1 − bω2

1(e1)e2 − (e1a)e2

− aω1
2(e1)e1 − ω2

1(e1)(ae1 + de2) − (e2a)e1 − (e2d)e2

= − {
e1b + e2a + aω2

1(e1)
}
e1 − {

e1a + e2d + dω2
1(e1)

}
e2. (4.27)
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We suppose that M is biharmonic. By (4.10) and (4.27), we have

e1b + e2a + aω2
1(e1) = 0, (4.28)

e1a + e2d + dω2
1(e1) = 0. (4.29)

Combining (4.25), (4.26), (4,28) and (4.29), we get

aω2
1(e1) = bω2

1(e1) = 0. (4.30)

By the similar arguments as the case of 〈H, H〉 > 0, we obtain

ω2
1 = 0. (4.31)

Thus, the relation (4.11) is reduced to

�H = h(e1, AHe1) − h(e2, AHe2)

= (a + b)
2

{a(b − d)Je1 − (b2 − 2c2 + d2)Je2}. (4.32)

By (4.32), (4.10) and (4.9), we see that

a = 0, (4.33)

−b2 − d2 = 5ε, (4.34)

b2 + bd + ε = 0. (4.35)

From (4.22) and (4.34) we can easily obtain the following proposition.

PROPOSITION 3. There exist no proper biharmonic Lagrangian surfaces of constant
mean curvature satisfying 〈H, H〉 > 0 (resp. < 0) in M̃2

1(4ε) with ε < 0 (resp. > 0).

Next, we apply a construction method from [14] in order to obtain the explicit
representation of the immersions of (I) and (II) when the ambient spaces are M̃2

1(4) =
CP2

1(4) and M̃2
1(−4) = CH2

1 (−4), respectively. Let C3
s be the complex 3-space with the

complex coordinates (z1, z2, z3), whose metric is given by gs,3(z, w) := Re(
∑3−s

i=1 ziw̄i −∑3
j=4−s zjw̄j). We consider the differential manifolds: S5

2(1) = {z ∈ C3
1|g1,3(z, z) = 1}

and H5
3 (−1) = {z ∈ C3

2|g2,3(z, z) = −1}. Hopf fibrations π : S5
2(1) → CP2

1(4) and π :
H5

3 (−1) → CH2
1 (−4) are defined as

z → z · C.

Namely π maps a vector z to a complex line zC.
Every Lagrangian immersion f : M2

1 → CP2
1(4) (resp. f : M2

1 → CH2
1 (−4)) can be

lifted locally to a Legendrian immerison f̃ : M2
1 → S5

2(1) (resp. f̃ : M2
1 → H5

3 (−1)).
Here a Legendrian immersion f̃ is an immersion satisfying if (p) ⊥ f�(TM2

1) for all
p ∈ M2

1 , where i = √−1. Conversely, let f̃ : M2
1 → S5

2(1) (resp. f̃ : M2
1 → H5

3 (−1))
be a Legendrian immersion. Then π (f̃ ) : M2

1 → CP2
1(4) (resp. M2

1 → CH2
1 (−4)) is a

Lagrangian immersion.
Let M2

1 be a Legendrian surface of S5
2(1) ∈ C3

1 or of H5
3 (−1) ∈ C3

2. Denote the
Levi-Civita connection of C3

s by ∇̄. Let h̄ be the second fundamental form of M2
1 in
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S5
2(1) or in H5

3 (−1). Then we have π�h̄ = h and

∇̄X Y = ∇X Y + h̄(X, Y ) − ε̃〈X, Y〉f̃ , (4.36)

where ε̃ = 1 or −1 depending on the ambient space is C3
1 or C3

2.

THEOREM 4. (I) Proper biharmonic Lagrangian surfaces of constant mean curvature
in CP2

1(4) are locally given by

f (x, y) = π

⎛
⎝

√
c2

c2 + 1
e− i

c x,

√
1

c2 + 1
eicx cosh

√
c2 + 1y,

√
1

c2 + 1
eicx sinh

√
c2 + 1y

⎞
⎠ , (4.37)

where c =
√

7±√
41

2 .
(II) Proper biharmonic Lagrangian surfaces of constant mean curvature in CH2

1 (−4)
are locally given by

f (x, y) = π

⎛
⎝√

1
b2 + 1

e−iby sinh
√

b2 + 1x,

√
1

b2 + 1
e−iby cosh

√
b2 + 1x,

√
b2

b2 + 1
e

i
b y

⎞
⎠ , (4.38)

where b =
√

7±√
41

2 .

Proof. In case (I), it follows from (4.1), (4.19) and (4.21) that a Legendrian lift
f̃ ∈ C3

1 satisfies the PDE system

f̃ xx = aif̃ x − f̃ , (4.39)

f̃ yy = −cif̃ x + f̃ , (4.40)

f̃ xy = cif̃ y. (4.41)

By replacing x by −x if necessary, we may assume that c ≥ 0. Solving (4.39)-(4.41)
and using 〈f̃ , f̃ 〉 = 1, 〈f̃ x, f̃ y〉 = 〈f̃ x, if̃ y〉 = 0, 〈f̃ x, f̃ x〉 = 1, 〈f̃ y, f̃ y〉 = −1, (4.22) and
(4.23), we find that the immersion is congruent to (4.37) with one of c’s. Here we note
that proper biharmonic Lagrangian surfaces defined by two real solutions c’s are non-
congruent each other, because if two Lagrangian surfaces π (f̃ ) and π (g̃) are congruent,
they must satisfy 〈g̃xy,−ig̃y〉 = 〈f̃ xy,−if̃ y〉 = c by (4.41).

In case of (II), by (4.1), (4.31) and (4.33) we see that a Legendrian lift f̃ ∈ C3
2

satisfies the following PDE system:

f̃ xx = bif̃ y + f̃ , (4.42)

f̃ yy = dif̃ y − f̃ , (4.43)

f̃ xy = −bif̃ x. (4.44)

Similar to case (I), the immersion is congruent to (4.38) with one of b’s. �
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Case (III): 〈H, H〉 = 0 and H �= 0. In this case, the author [16] proved that M
is biharmonic if and only if ε = 0 and �H = 0, however this fact is not enough
information for classification of such surfaces. So, we need to investigate necessary and
sufficient conditions for M to be biharmonic more precisely. For this reason, we shall
compute �H in detail (cf. [16]).

The mean curvature vector field is given by

H = α(Je1 + Je2), (4.45)

for some function α. Hence, 2H = ∑2
i=1〈ei, ei〉h(ei, ei) implies

2α = a + c = b − d. (4.46)

From Proposition 3 in [16],

�DH = −GH. (4.47)

REMARK 5. In [16], the equation �DH = GH is derived. But this is incorrect. This
error is not serious for the forthcoming proof in this paper.

On the other hand, by substituting d = a − b − c into (4.9),

G = (a − c − 2b)(c − b) + ε. (4.48)

Hence we have

�DH = {−(a − c − 2b)(c − b) − ε}H. (4.49)

Let (�H)⊥ be the normal part of �H. Then by using (4.11), (4.47) and (4.49) we
obtain

(�H)⊥ = −GH + h(e1, AHe1) − h(e2, AHe2)

= α{(a − c − 2b)(b − c) − ε + (a2 − 2b2 + c2 − ab − 2bc + cd)}Je1

+ α{(a − c − 2b)(b − c) − ε + (2c2 − b2 − d2 + ab + 2bc − cd)}Je2. (4.50)

Furthermore, substituting d = b − a − c into the right hand side of (4.50) we have

(�H)⊥ = α{(a + 2b − c)(a − c − 2b) − ε}Je1

+ α{(−a + 2b − 3c)(a − c − 2b) − ε}Je2. (4.51)

Assume that M is biharmonic. It follows from (4.10) and (4.51) that

a − c = 2b. (4.52)

Hence, (4.51) implies that

(�H)⊥ = −εH. (4.53)

By combining (4.10) and (4.53) we obtain

ε = 0. (4.54)

Conversely, suppose that a − c = 2b and ε = 0.
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LEMMA 6. If a − c = 2b, then we have the following.

∇ei (AHei) = 〈ei, ei〉{eiα
2 + α2ω2

1(ei)}(e1 + e2), (4.55)

AH(∇ei ei) = −〈ei, ei〉α2ω2
1(ei)(e1 + e2), (4.56)

ADei Hei = 〈ei, ei〉α
{
eiα + αω2

1(ei)
}
(e1 + e2), (4.57)

where i = 1, 2.

Proof. By using a − b = b + c = −c − d = α we can prove the lemma (cf. Lemma
8 of [16]). �

By applying Lemma 6, we obtain

(�H)
 = ∇e1 (AHe1) + ADe1 He1 − ∇e2 (AHe2) − ADe2 He2 − AH(∇e1 e1) + AH(∇e2 e2)

= 3α
{
e1α + e2α + αω2

1(e1) + αω2
1(e2)

}
(e1 + e2). (4.58)

On the other hand, (4.6), (4.8) and (4.46) yield

e1α + e2α = −(
ω2

1(e1) + ω2
1(e2)

)
. (4.59)

Combining (4.58) and (4.59) we get (cf. Proposition 9 of [16])

(�H)
 = 0. (4.60)

Also, by (4.51), a − c = 2b and ε = 0 we get (�H)⊥ = 0, and hence �H = (�H)
 +
(�H)⊥ = 0. Consequently, we obtain the following lemma.

LEMMA 7. In the case when M is marginally trapped, M is biharmonic if and only if
ε = 0 and a − c = 2b.

Therefore, by the proof of Proposition 10 of [16], we can show the following
statement.

THEOREM 8. Let M be a marginally trapped biharmonic Lagrangian surface in
M̃2

1(4ε). Then ε = 0, and there exists a coordinate system {x, y} defined in a neighborhood
U of p ∈ M such that the metric tensor of U is given by g = dx2 − dy2 and the second
fundamental form is given by

h(∂x, ∂x) = aJ∂x + a − c
2

J∂y, h(∂y, ∂y) = −cJ∂x − a + 3c
2

J∂y,

h(∂x, ∂y) = −a − c
2

J∂x + cJ∂y, (4.61)

c = −x + y
8

(∂x − ∂y)f (x − y) + g(x − y), a = f (x − y) − c. (4.62)

Conversely, suppose that a and c are functions on a simply-connected domain U ⊂
R2 defined by (4.62). Let g = dx2 − dy2 be the metric tensor on U. Then, up to rigid
motions of C2

1, there exists a unique Lagrangian immersion of (U, g) into C2
1 whose

second fundamental form is given by (4.61). Moreover such a surface is marginally
trapped biharmonic.

REMARK 9. After this paper was completed, the author found out that the position
vectors of Lagrangian surfaces in Theorem 8 were obtained explicitly by Chen and
Dillen as follows (see, (i.2) in Theorem 4.1 of [8]):

https://doi.org/10.1017/S0017089507003886 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089507003886


506 TORU SASAHARA

L(s, t) = c1seif (t) + z(t), where f (t) is a real-valued function, c1 is a light-like vector,
and z(t) is a null curve in C2

1 satisfying 〈iz′(t), c1eif (t)〉 = 0 and 〈z′(t), c1eif (t)〉 = −1. Here,
a curve z is called null if it satisfies 〈z′, z′〉 = 0. We can easily see that L is biharmonic.

REMARK 10. In [6], marginally trapped biharmonic surfaces of real index 1 of C2
1

were classified. But this classification was not complete. In fact, marginally trapped
biharmonic surfaces in [6] satisfy AH = 0, however, surfaces in Theorem 8 of this
paper do not satisfy AH = 0, and hence they are new examples of marginally trapped
biharmonic surfaces in C2

1.

By the similar computations as the proof in Theorem 4, we have the following
result.

THEOREM 11. Let M2 be a proper biharmonic Lagrangian surface of constant mean
curvature in M̃2(4ε). Then ε > 0 and proper biharmonic Lagrangian surfaces of constant
mean curvature in CP2(4) are locally given by

f (x, y) = π

⎛
⎝

√
c2

c2 + 1
e− i

c x,

√
1

c2 + 1
eicx cos

√
c2 + 1y,

√
1

c2 + 1
eicx sin

√
c2 + 1y

⎞
⎠ , (4.63)

where c =
√

7±√
41

2 and π : S5(1) → CP2(4) is the Hopf fibration.
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