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A LIMIT THEOREM FOR A WEISS EPIDEMIC PROCESS

A. V. KALINKIN * ** AND
A. V. MASTIKHIN,*** Bauman Moscow State Technical University

Abstract

For a Markov two-dimensional death-process of a special class we consider the use
of Fourier methods to obtain an exact solution of the Kolmogorov equations for the
exponential (double) generating function of the transition probabilities. Using special
functions, we obtain an integral representation for the generating function of the transition
probabilities. We state the expression of the expectation and variance of the stochastic
process and establish a limit theorem.
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1. The Markov epidemic process

We consider a time-homogeneous Markov process

£(1) = (51(1), 52(1)), 1 € [0, 00),

on the set of states
N? = {(a1, @), a1,02 =0, 1,...}

with transition probabilities

P (1) = PE() = (B, ) | £O) = (@1, a)).

Let us suppose that the transition probabilities have the following form as t — 0+, ;& > 0 (see
[3] and [15]),

Pl (1) = prnent +o (1), PG () = paoiant +0(1),

(or1,00— )
PR (1) =part+o(), PO 6) =1 — (10 + par)t +o (1),

where p1 >0, p2 >0, p1 + p2 = 1.
Let us introduce the generating functions of the transition probabilities (|s1]| < 1, |s2] < 1),

o0
Farap(tisis0) =y PG @sl's. (. a) e N2 @)
B1,p2=0
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The second (forward) system of the Kolmogorov differential equations for the transition
probabilities of the process & (¢) is equivalent to the partial differential equation (see [3], [5], [6]),

0 Flay,a)

2 82F(Oll,otz) (Oll ay)
Y (pasi+pisi —s182)———— +pnd—s ) , 3)

3S 8S2

with the initial condition F(g, a,)(0; 51, 52) = 57552

An event {£(t) = («q, «p)} is interpreted as the existence of a population of o particles
of type T7 and a» particles of type 7> at time . The following description is customary in
probabilistic models of the spreading of an epidemic [2]. The particles of type 77 are interpreted
as sick individuals and the particles of type T3 as healthy individuals susceptible to the infectious
disease. We can assume that after a random time interval r(a )’ {r(O[l ) = <t}=1-—e 1%
contact is made between a particle of type 77 and a particle of type T>. This pair of particles is
transformed into a particle of type 77 with the probability p; (the infected individual is removed
from the population) — the process goes to the state (1, ¢a — 1), or is transformed into a pair
of particles of type T with the probability p> (the infected individual is not removed from the
population) — the process goes to the state (o1 + 1, @ — 1). Besides, after a random time
interval T(Oél )’ P{T(al w) SHh=1-¢ —He! one ofthe particles of type T dies — the process
goes to the state (o] — 1, a2). The random Varlables 1:( o1.o) and r(za ay) Are 1ndependent and the
process &(¢) remains in the state (o1, ap) for a random time T(q;,ap) = min(t]
An example of a realization of the process is shown in Figure 1, case (a).

The process &(¢) is called a Weiss epidemic process [15] in the p; = 1 case and a Bartlett—
McKendrick epidemic process [3] in the p» = 1 case. The process £(¢) belongs to a special
class of Markov processes introduced by Sevast’yanov [13]. The generalization of such a
process with two kinds of particles 7, 7> and two complexes of interaction is described in [7].
An equation of this type is also the generalization of (3).

There are numerous publications devoted to explicit solutions of equations for different
Markov epidemic processes (see, for example, [2], [S], [7], the survey [8], [9]-[11], [14],
and [15]). For (3) in the p; = 1 case the expression for the transition probabilities is well
known [15] (see Remark 1 below). In the p» = 1 case, Gani [5] found the solution of (3)
by the Laplace transform method and wrote out the transition probabilities. Siskind [14]

T am)-
(@1,02)° F(a1,a2)

((X] s (XZ)
] (a) ‘! L] rt—o
(O,Yz) ‘—4—§ < ) °
o )
. P Y

FIGURE 1: Jumps for a Markov process.
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solved (3) by direct recurrent integration and obtained the same equations. A few simpler
series for the solution of (3) were obtained by Sakino [11]. However, all these expressions for
Fa;,a0) (t; 51, 52) have very complicated forms; for instance, the solution obtained in [5] fills
two journal pages. These equations are of little use in the study of asymptotic properties of the
random process £(¢).

In this paper the construction of the solution for (3) is based on the statements of the theory
of branching processes with independent particles [1], [12].

2. The nonlinear branching property and the solving of problem (3)

Let us consider the quite simple branching process which is the Markov process on the set
of states N2 such that the transition probabilities have the following form as r — 0+, u1 > 0,
u2 = 0,

PGSR (0= mant +0(1),  PEeD (1) = paet + 0 (1),

(a1 —1, (a1,a2—1)

Pigan) () = 1 = (e + paa)t + 0 (0).
For the generating function of the transition probabilities (2) the partial differential equation
holds (see [1], [12, Section 4.3, Equation (12)]) such that

oF aF, oF,
(@1,00) _ (1= s1) (a1,02) T (1 = s9) (a1,02)

Z7(@1,m) , 4
ot 051 ds2 @)

. « e e ., o o
with initial conditions Fy, a,)(0; 51, 52) = 5755

The state (o1, ) of the process is interpreted as the existence of «¢; particles of type 7 and
ay particles of type 7>. At a random time t(loq,otz)’ P{T(loq,otz) <t}=1-e M* one of the
particles of type T7 dies and the process passes to the state («] — 1, @p). Besides, after arandom
time r(zal’ )’ ]P’{r(zol1 ) St =1- e 292! one of the particles of type T» dies and the process
passes to the state (o1, g —1). The random variables r(lal @) and r(zal ay) Are independent and the
process remains in the state (o1, ov2) during the random time 7(g,,¢,) = min(t(la1 @) T(Zal )
The example of a realization of the death-process is shown in Figure 1, case (b).

The solution of the first order equation (4) is found by standard methods and it has the

branching property ([12, Section 4.2, Equation (3)])
Flay,an(t351,52) = (1 — e 587" (1 — e7H20 4 spe7/20)%2, (5)

In this paper Theorem 1 establishes the solution of the second order partial differential
equation (3) for the case of the Weiss epidemic process. This solution gives us the general-
ization of (5). We use the method of [8] to obtain such a representation for Fiy, o) (t; 51, 52).
We consider both the first and the second Kolmogorov equations for the exponential (double)
generating function of the transition probabilities. The solution of the system is obtained in
the form of a series with separating variables. Then we construct an integral representation
for the series which contains special functions. Further manipulation with the explicit solution
provides the form that is analogous to the nonlinear property (5).

Equation (3) in Theorem 1 is solved when p; = 1, however, the proposed method is
applicable even if p; < 1 despite the difficulties of the transformation technique.
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3. The closed solution of the Kolmogorov equations

Let us consider the process £(¢) when p; = 1. We introduce an exponential generating
function (see [8] and [13])

00 o] o

= (s ) _ M)
F(t; 21, 225 81, 82) = Z a1l as ,F(ou a) (t; 51, 52)
ay,a=0
- 'z p@ra) ) B B
— 1 %2 or,00 1.P2
= 2 oaiPem O ©)
1-02:
ay,a2,B1,p2=0

For the process under consideration, we can write down the first (backward) and the second
(forward) systems of the Kolmogorov differential equations for the transition probabilities

P((gl g 2) () in the form of two equations with partial derivatives of the second order [8], such that
OF aF P F OF
— + F—-— 7
o1 Zm(azl 3Z1322) “Zl< 9z 1) ™
OF P’F dOF
— = - 1—s51)—, 8
” (s1 S1S2)aslas2 + u( Sl)asl )
with the initial condition F (0; z1, z2; 81, §2) = e%15172252,
Furthermore, we need the function, x > 0, y > 0,
o0 o0
H(x,y) =/ / Jo2vux)Jo(2/vy)oF2(1, 1; —uv) dudv, 9
0o Jo

where Jy(z) is the Bessel function of order zero and o F>(1, 1; z) is the generalized hypergeo-
metric function,

— (=D @z/2)* , =, 2k
Jo(z)=]§T, 0F2(1,1,z):]§W.

Theorem 1. For the Markov process £(t) on the set of states N* under condition (1) and
p1 = 1, the generating function of the transition probabilities is as follows. Let

F(al,az)(t; 51, S2)

oo o0
= f / ((sle_(””)’)"”(l —e ™V 4 5e7 )"
o Jo

e 1
+ / (—2 f soi”<t;x,u;s1><p§‘2(y,v;sz)e<"W“du)dv)H(x,y)dxdy, (10)
0 71 Jo+

where the functions @1 (t; x, u; s1) and ¢2(y, v; s2) are linear with respect to variables s| and s3,
such that

1 — e~ G+

Q1(t; X, U5 51) = p————— + 516 TR
u

0 (y,vi52) =1 —e 7V 4 5oV
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Proof. (a) Separating of variables. Atthe first stage we apply a Fourier method of separating
the variables to the system of linear equations (7) and (8). We look for the solution in a form
of the series

o
Ft:20,22: 5050 = Y AwjarCayon (21, 22) Cayay (51, s2)e 12 (11)

ap,a2=0

After substitution of (11) into (7) and (8) we obtain the following equations for the functions
C()llotz (Zl s Z2) and C()t]Olz (Sl s SZ):

aC 32C ~ aC -
ZlZz( 172 ) + uz (C - ) + raar Carar = 0; (12)

071 021022 921
3°C, aC,

(51 —S1S2)T‘;1§+M(l —sl)ﬁf‘z + Aayor Carya, = 0, (13)
arp,ap = 0,1,.... According to the conditions for the jumps of the process, (13) has the
additional boundary condition ‘Cg,q«, (51, 52) is polynomia’ (cf. [8, Section 4.2.1]). Then the
sequence of ‘eigenvalues’ Ay, = o1 + poq, a1, 00 =0,1,..., and each Ay,q, has the

corresponding ‘eigenfunction’

ay
1%
C o) = (51— —— — .
wras (51, 52) <S1 012+M> (s2—1)

Consequently, (12) has the form

aC, 32C ~ aC, -
le2< 2 am) + pzy <C(x1a2 - am) + (ajan + pop)Cypa, = 0.
971 071022 9z1

According to the conditions for the jumps of the process it follows that we are looking for an
analytic solution, for all z1, z2,

Coyar (21, 22) = Z?tlzgzez1u/(az+#)+zz.
Therefore, the desired series (11) has the form

F(t; 21, 225 81, 52)

oo
_ Z AalazztflZgzezw/(azﬂi)ﬂz<S1_

a
) (s2 — 1)aze*(a1a2+uﬁt1)l_

o
poits 2+ U
Comparing the initial conditions of ¥ (0; z, z2; 1, 52) = e?1¥1722%2 and the exponent

expanding

00 _an

el1s1ta282 _ Q21s1+22 Z 2(32 —*
oo!
ar=0

00 o)

Z
_ a2 2 _ 12 a21 i/ (o) nz1(s1—p/ (a2 +p))
=e E '(sz 1)*%e e

=0 ’
ee] [0%) 0 o oy
Z Z
=e2 ) %(sz — Do/t 30 ﬁ(n - ’jr ) ,
ay=0 2: a1=0 1: 2T M
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we find the values for Ay,q,. We obtain Ay o, = 1/(aq! r2!) and

F(t; 21, 225 81, 52)

[ee} o) _ap o]
= Z 212 zip/artm+z 51— H (59 — 1)@2e—(acatmat (14
ol ap! oy +
aop,00=0

Absolute convergence of the series (14) for all z1, z2, 51, 52 and ¢ € [0, c0) is obvious.
(b) The integral representation. We use the following representation of the exponent
([4, Part 2, relation (3.5) and Part 1, Chapter 2, Section 12])

0 o0
earont / f e YUY (x, y)dx dy,
0 0

where the function H (x, y) is defined by (9). Substituting into (14) and changing the order of
summing (its correctness is implied by absolute convergence), we obtain

F(t; 21, 225 51, 52)

00 o) o

Z 21 % 2122 ap/(eatm)ta (Sl _
ol ap! o
o1 X102 2+ u

o o
x/ / e U TNV (x, y)dx dy
&
/ / { !ezm/(a2+u)[(sz — De Y™
o] Zou m o]
X {Z L|:<sl — )e_(x+“)’i| HH(x,y)dxdy
oy’ oq! oy +

© oo
— f / ezlsle’(”“” +22
0 0

o0 —
« { y Lete— e 1 ezwﬂ°<"*“>’>/<“2+“>}H(x, y) dx dy. (15)

o]
) (52 — ezehent

!
ay=0 2

For summing the series in brackets we use the equation

o]

b 1 % -
Z = / pk—le—nvtbe™ g k=1,2,...,
Sallw+wt (k=D

and the modified Bessel function

S (Z/2)2k+1
1Ii(z) = E =
2k + 1!

(substituting a = z1 (1 — e~ F TN b = z5(s5 — 1)e ™), to obtain

00 o o0 ay X k
) b ajrtm _ ) b S
| | 1
o’ ! o' al = k! (oy + 1)
- T ! (o + )k
= k! o (az + 1)
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o0 k

Kl (k= D! J

o
=e + / \/Ell (2+/av)e HvHe gy, (16)
0 v

Using the well-known representation for the Bessel function,

1
L) =1_1(7) = @D H1/u) 4,
2 0+
it is easy to obtain
1/ 11 2+/av) = evuta/u 4, (17
0+

Substituting (17) into (16) and then (16) into ( 15), we have, finally,

F(t; 21, 225 81, 52)

oo o0
= / / exp(zysie” O 4 75)
o Jo

®/1 1 —e~ltmi
x (eXp(Zz(sz —De™) +/ (—f em(zm—
0 2mi 0+ u

+ 22050 — De ™7V + (u — /L)U) du) dv)H(x, y)dxdy. (18)

Combining the definition of the double generating function (6), (18), and using an exponent
that expands

00 Zoqzaz
Z181+2282 __ 1 %2 o o
e = E o 1518y

1- 02!
ap,02=0

we obtain the integral representation (10). Theorem 1 is proved.

Remark 1. We reduce the series (14) to the form

F(t; 21, 22; 51, 52)

oo
_ Z Zz zw/(0t2+u)+zz(s2 1) Z Zl'( S| —
1

aj
) (e—(ot2+u)l)0tl

ar=0 2 a1=0 o+ p
oo oo
_ Z ZZZ(SZ_ 1)*2 ZZ_Ze P< |: M +(S1_M)e—(az+u)t])
090 —s o+ p o+
e’} an k [ee} 03] ag
(2 -1 Z - " -
= 5’ —_— T Ry § Iy . (19
X_:OZZ Z:k!(ozz—k)!i_:oq! : ki : 4
ay= k=0 a1=0

In the resulting series (19) and the series (6), equating the coefficients of the identical powers
of z{'z5?, we obtain the representation (cf. [15])

o) o

_ 125 _

Flayan(ti 51,52) = Y _ Ch) (Sle <"+’”’+—k+ﬂ(1—e "‘+ﬂ>’)> (s — DX, (20)
k=0
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Remark 2. Wishing to obtain a closed solution to (3) by the method of separating variables,
one can encounter a difficult problem if p; < 1. We can assume that the first and the second
Kolmogorov equation for the generating function could be solved by it. The jumps of the
Markov process (£1(t), £2(¢)) are aimed in one direction, i.e. our process is ‘a death process’
(see Figure 1, case (a)). Therefore, in the p; < 1 case the series (11) exists. Also, we know
that the generating function Fy, «,)(#; $1, 52) can be obtained in the form of a finite series in
the p; = 0 case [5].

4. Some consequences

The initial conditions o1, o and the variables s1, s, are involved in the integral equation (10)
for the function F(4;,,)(; 51, 52) as a simple arithmetic expression. This provides us with the
standard methods for obtaining the following corollaries.

The moments of the Markov process (§1(¢), £2(¢)) can be found from [1] and [12]. Thus,

0F
A1) =E&@) = %
13

’

s1=1,5=1

2
Flay,a)

0
Bi(t) =E& ) (&) — 1) = 552
i s1=1,52=1

Di(t) =D& (1) = Bi (1) + Ai (1) — A7 (t), i=1,2,

where E is the expectation and DD is the variance.

Corollary 1. For a Weiss epidemic process the expectations and variances are as follows:

1 @
n _e—(u+1)t> ;

A1) = aje ™™, Ar(t) =«
1(8) 1 2(1) 2('“_'_1 P

Di(t) = aj(e™™ — e 1),

1 2 e\ 1 U )
Dat) = anar — 1) P 4 2ot ) +(x< 4w )
2(f) = az(a2 )<M+2 ) N1 T

1 201
_ a%( ko e—w+1)z> .
p+l  p+l

Proof. Letus calculate A;(z). Let

0 Flay,a0)
RY)

A1) =

s1=1,5=1

o0 o
/ / (e"‘l(”“)’agey
o Jo
00 1 m o]
+/ _7§ () o=ty 4 o=t
0 271 Joy \u

X ape Y Vel Y du) dv) H(x,y)dxdy
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= ape ¥ (n+1)t

00 po0 OO 1 2! k/J“ (e
+a2/ f / (—yg Ch (1 — ety
o Jo Jo \2mi 0+,§ uk

x (e~ Hmnyei—kguv—(uthu—y du)H(x, y)dv dx dy

k—1
kv _
+a2/ f / c{;l i 1)!(1 —_e (X+H)t)k

x (e Hmnm ket Dv=y g (x y) dv dx dy

— 0[26—0[1 (u+1t

0o poo Yl m k k
+ aZ/ / Ck < ) CZ (_l)l (e—(X+lL)l)l
o Jo ,; “N\u+1 ; g

x (e~ CTWha—ke=Y g (x, y)dx dy

o]
=aze_“‘(“+1)’+a22C§|< +1> ch( l)l —lut —(ozl k)u,t — (a1 —k)t
k=1

w1

0 1 “
— O(2< + e_(ll'i‘l)t) .
u+1  wpw+1

We can calculate A(¢), B1(t), and B;(¢) in the same way. Corollary 1 is proved.

o k
— az(e—(lt-i-l)t)al +an Z Cg] ( H ) - e—(#+1)t)k(e—(lt+1)t)061—k
k=1

The states {(0, y2), v» = 0, 1,2, ...} for the Markov process £(¢) are absorbing. For the
final probabilities
q((glya)z) ,1_1520 P(al az)(t)

We introduce the generating function

o
Do) (52) = ) o e?sh = Jim Flay.an) (5 51, 52).
72=0

Passing to the limit in (10) we obtain the integral expression which was obtained in [7] by direct
solution of the stationary first Kolmogorov equation.

Corollary 2. The generating function of the final probabilities is as follows, © > 0, a1 =
1,2,...,

Mal 00
Dy, (52) = @ ! / v (1 — e 4 se7)e Y d.
1= 1) Jo
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Let us assume that at the initial moment the number, «, of infected individuals is small
and the number, oy, of susceptible individuals is large, which is the most interesting case for
applications [2]. Using the explicit expression (10) for the probability distribution on N2, and
applying the characteristic functions method in a standard way (see [1] and [12]), we obtain
the following corollary.

Corollary 3. Let us denote & (t) as a number of particles of type T» at the moment t for the
Weiss epidemic process. We assume that there was o particles of type T1 and ay particles of
type To, w > 0,1 = 1,2, ..., at the moment t = 0. Then, for the fixed t > 0, we have

lim P{w < x} = Fy, (t; x), (21
ay—>00 %)

where Fy, (t; x) is the distribution function, in which its characteristic function is equal to

oo .
qu(t; A) = [ el)hx dFot](ﬂ)C)

—00

o k k
o pul AikeT! kM IRy
— e Mg +I;C“1(k—l)!§c"( 1)

e—(al —k+D)t

8 f e =1 (Cinx — (@) — k + D) dx. (22)
0

From (22) we can find the distribution function expression

0, x < el
X
Fuy (5 %) = e‘“lﬂ’+/ fu () dy, e <x < 1
e—otlt
1, 1 <ux,

where the piecewise-continuous function fy, (f; x) at each interval (e~ 1=t e—(e1—n=Dry

n=0,...,a; — 1, is defined as
aj Mk k—n—1
Cy 1 k [ l k—1
foy (85 x) = x k;lc"”(k—l)’ ; CL(=D(=Inx — () — k+D)*~1.

In particular,

0, x<el;
Fit;x) =3x*, el<x<l;
I, 1=<ux,
0, x <e 2,
P14+ plnx +2ur), e <x<e™;
Pt x) = # .
x*(1 — plnx), el <x <l
I, 1<x.

Note that deducing the limit theorem (21) from the representation (20) is challenging, but
deducing (21) from (10) is simple and consists of using the limit lim,_, (1 + 1/n)" =e.
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The main result of this paper is the limit theorem (21). It is the statement of a ‘threshold
theorem’ type [2]. As stated above the asymptotic properties of the component &»(¢) of the
process as ap — oo are interesting for practical use. Theorems of such kind are used to check
the threshold number of infected individuals and when this number has been exceeded it means
that the epidemic has begun.
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