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On a conjecture of T. Lewis

D.N. Shanbhag

In this note, Conjecture Cl of Toby Lewis (1976), concerning a
reciprocal pair of characteristic variables, is shown to be

false.

Let f(») and g(+) be two probability density functions of
absolutely continuous distributions on the real line such that for some

positive e, and ¢, the functions clg(°) and ozf(°) are

characteristic functions corresponding to f(*) and g(+) respectively.
In what follows, we shall call the pair (f(-), g(')) a reciprocal pair of
probability density functions. Recently Lewis [1] conjectured that for a
reciprocal pair (f(-), g(')) if the distribution corresponding to f(°)
is infinitely divisible, then the distribution corresponding to g(*) is
also infinitely divisible. From the following theorem it is obvious that

this conjecture of Lewis is false.

THEOREM. There exist reciprocal pairs (f(+), g(+)) of probability
density functions such that the distribution corresponding to f(+) 1is

infinitely divieible but the distribution corresponding to g(*) 1is not.

Proof. Consider a real valued function f*(-) defined on the real

line such that

-t26°
(1) FHt) = exp{ 5+ J (cos tx-l)du(x)} , =™ <t <o
R

where 02 >0 &and py 1is a measure defined on the Borel o-field of R
such that up({0}) =0 and u(R) # 0 , and
Received 25 November 1976. The author is thankful to the Division of

Mathematics and Statistics, Commonwealth Scientific and Industrial Research
Organization, Canberra, for financial support and other facilities.

253

https://doi.org/10.1017/50004972700023273 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700023273

254 D.N. Shanbhag

j ‘Efg'du(x) <,
R 1+x

It is obvious that the f*(°) considered is the characteristic function of
an infinitely divisible distribution. Denote this distribution by F .
From Theorem 3.2.2 of Lukacs [2], it follows that F'(x) exists for all =z
and that there exists a positive o such that (F'(-), af*(°)) is a
reciprocal pair of probability density functions. If we denote the
distribution function correspording to probability density function of*(e)
by G , then it follows that

(2) G(-x) + {1-G(z)} = o(exp(—axz)] as x > © ,

where o < a < 02/2 . Theorem 2 of Ruegg [3] then implies that if G is
infinitely divisible, then it should be symmetric normal. (Note that for
Ruegg's Theorem it is sufficient to have '0' instead of 'o' in (2).)
However, since we assume in (1) that u(R) # 0 , it is immediate that we
can not have G +to be symmetric normal. Thus it follows that & 1is non-

infinitely divisible and hence we have the theorem.

The reader may note that if [f('), g{+)) denotes a reciprocal pair
of probability density functions such that the characteristic function
corresponding to f(*) is infinitely divisible with a normal factor, then
this characteristic function should be either normal or of the form (1).
From the proof given above, it is then evident that if (f('), g(-)] is a
reciprocal pair of probability density functions such that the
corresponding characteristic functions are infinitely divisible with at
least one of them with a normal factor, then both the probability density

functions should be those corresponding to normal distributions.
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