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Abstract

In this paper we study the excursion time of a Brownian motion with drift outside a
corridor by using a four-state semi-Markov model. In mathematical finance, these results
have an important application in the valuation of double-barrier Parisian options. We
subsequently obtain an explicit expression for the Laplace transform of its price.
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1. Introduction

The concept of Parisian options was first introduced by Chesney et al. [4]. Itis a special case
of path-dependent options. The owner of a Parisian option will either gain the right or lose the
right to exercise the option upon the price reaching a predetermined barrier level L and staying
above or below the level for a predetermined time d before the maturity date 7.

More precisely, the owner of a Parisian down-and-out option loses the option if the underly-
ing asset price S reaches the level L and remains constantly below this level for a time interval
longer than d. For a Parisian down-and-in option, the same event gives the owner the right to
exercise the option. For details on the pricing of Parisian options, see [4], [8], and [13].

Double-barrier Parisian options are a two-barrier version of the standard Parisian options
introduced by Chesney et al. [4]. In contrast to the Parisian options mentioned above, we
consider the excursions both below the lower barrier and above the upper barrier, i.e. outside a
corridor formed by these two barriers. Let us look at two examples, depending on whether the
condition is that the required excursions above the upper barrier and below the lower barrier
have to both happen before the maturity date or that either one of them happens before the
maturity. In the first example, the owner of a double-barrier Parisian max-out option loses the
option if the underlying asset price process S has both an excursion above the upper barrier for
longer than a continuous period d; and below the lower barrier for longer than d;, before the
maturity of the option. In the second example, the owner of a double-barrier Parisian min-out
option loses the right to exercise the option if either one of these two events happens before the
maturity. Later on, we will derive the Laplace transforms which can be used to price options
of this type.

In this paper we are going to use the same definition for the excursion as in [4] and [5]. Let
S be a stochastic process, and let/; and >, 1 > I, be the levels of these two barriers. As in [4],
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2 A. DASSIOS AND S. WU

we define
gh =supls <t | Sy=04),  df c=infls=1]S=0), =12,

with the usual conventions that sup{@} = 0 and inf{@} = oco. Assuming that d; > 0 and
dy > 0, we now define

) = inf{r > 0 | 1{5t>11}(t—glsl’[) >dy}, (1)
o = inf{t > 0 | Vs <s i ligs ogs (0 gl ) = do). 2
5 = inf{t > 0 | Vs <s <t ligs g )0 gh ) > ds}, 3)
t) = inf{r > 0 | 1(s,<1p) (7 — gli’,) > da}, 4)
=t ATy )

We can see that rls is the first time that the length of the excursion of the process S above
the barrier /1 reaches a given level d, r45 corresponds to the one below /> with required length
ds, and 79 is the smaller of rls and rgf . We also see that 125 is the first time that the length of the
excursion in the corridor reaches given level dy, given that the excursion starts from the upper
barrier /1; and 135 corresponds to the one in the corridor starting from the lower barrier /. Our
aim is to study the excursion outside the corridor; therefore, 125 and 1'35 are not of interest here.
However, we need to use these two stopping times to define our four-state semi-Markov model
that will be the main tool used for calculation.

Now assume that r is the risk-free rate, T is the term of the option, S; is the price of
its underlying asset, K is the strike price, and Q is the risk neutral measure. If we have a
double-barrier Parisian min-out call option with barriers /; and I, its price can be expressed as

DPpin-outcall =€ Eg(Lizs.71(S7 — K)),
and the price of a double-barrier Parisian min-in put option is expressed as
DPuin-input =€ Eg(Lzs (K — S7)™).

In this paper we study the excursion time outside the corridor using a semi-Markov model
consisting of four states. By applying the model to a Brownian motion we can obtain the explicit
form of the Laplace transform for the price of double-barrier options. We can then invert using
techniques given in [8].

In Section 2 we introduce the four-state semi-Markov model as well as a new process, the
doubly perturbed Brownian motion, which has the same behaviour as a Brownian motion except
that each time it hits one of the two barriers, it moves towards the other side of the barrier by
a jump of size €. In Section 3 we obtain the martingale to which we can apply the optional
sampling theorem and obtain the Laplace transform that we can use for pricing later. We give
our main results applied to Brownian motion in Section 4, including the Laplace transforms for
the stopping times we defined in (1)—(5) for both a Brownian motion with drift, i.e. § = W#, and
a standard Brownian motion, i.e. S = W. In Section 5 we focus on pricing the double-barrier
Parisian options.

2. Definitions

From the description above, it is clear that we are actually considering four states: the state
when the stochastic process is above the barrier /1; the state when it is below /5; and two states
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Double-barrier Parisian options

when it is between /1 and /5, depending on whether it comes into the corridor through /1 or />.
For each state, we are interested in the time the process spends in it. We introduce a new
process:
if Sy > 11,
Z,S — ifly > 8 >1D andglslyt >gl§,t’

ifly > S >handg , <gp
if S < bp.

A W D =

We can now express the variables defined above in terms of Z;:

gr, =supls <1 | Z} # Z,},
dy , =inf{s >t | ZJ # Z:},
T =inf{t > 0 | 1,5_,,¢ — g ) = di},
) =inf{t > 0 | 1 ,5_o(t — g} ) = da},
o =inf{r > 0| 1 z5_5)(t — gj) ) > d3},
T =inf{t > 0| Lzs_yy(t — gj) ) = da).
We then define
VS'=t—max(S S)
t - gll,t’glz,t ’

the time Z5 has spent in the current state. It is easy to see that (Z°, V,5) is a Markov process.
Therefore, ZtS is a semi-Markov process with state space {1, 2, 3, 4}, where 1 stands for the
state when the stochastic process S is above the barrier /1, 4 corresponds to the state below
the barrier />, and 2 and 3 represent the states when S is in the corridor given that it comes in

through /; and />, respectively.
For Z tS , the transition intensities A;; (u) satisfy

P(ZtS+At =j,i#]| ZtS =i, V;S =u) = Ajj(u)At + o(A1),
P(Zia =i 12 =i, Vi=u) =1 hij@)Ar +o(An).
i£j
Define
_ M _
Pi(p) = CXP{—/O ;Ku(v) dv}, pij () = Ajj () Pi(w).
v

Note that ~
Pi(u) =1— Pi(n)

is the distribution function of the excursion time in state i, which is a random variable U;

defined as
Ui = ing{zf £i|Z§ =i, V§ =0}
5>

Note that because the process is time homogeneous, this has the same distribution as

ing{ZtS_H #i|2Z=i, VS =0} forany timer.
§>
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We therefore have

P(U;i € (u, u+ D), Z§ = Jj)
Ap ’

.. = 1
Pij () A;rgo

Moreover, in the definition of Z5, we deliberately ignore the situationwhen S; = [;, i = 1, 2.
The reason is that we consider only the processes for which fot 15,=1ydu=0,i=1,2.

Also, when [ and [, are regular points of the process (see [1] for a definition), we have to
deal with the degeneration of p;;. Let us take a Brownian motion as an example. Assume that
W,“ = ut + W; with u > 0, where W; is a standard Brownian motion. Setting x¢ to be its
starting point, we know that its density for the first hitting time of level /;, i = 1, 2, is

|; — xol {m—m—mﬁ}
expy —
2mt3 2t

Pxy =

(see [12, Sections 1.9 and 1.13]). According to the definition of the transition density, p12(¢t) =
p21(t) = p; (1) = 0 and p34(t) = pa3(t) = p, (1) = 0 forz > 0.

The problem is not regularity in itself, but the fact that there are infinitely many excursions
outside and also inside the barriers. In [6], in order to solve the single-barrier problem, we
introduced the perturbed Brownian motion X l(g) with respect to the barrier we are interested in.
We will extend this idea here, and construct a new process, double-perturbed Brownian motion.
The anonymous referee pointed out that maybe regularity itself should be exploited in an
attempt to considerably simplify our proofs (using perhaps an approach as in [9, Section II1.2]).
Moreover, the referee also suggested the use of excursion theory asin [10] and [11, Section VIL.8].
This approach seems suitable for simplifying the arguments in [6]; a similar promising line can
be found in [14, Chapter 15], where the excursion time is formulated as a Markov process
whose generator is provided. However, there are two reasons why we will not adopt these
ideas here. One reason is that our method can also be used to generalise some of our results
for Lévy processes that can have jumps. The most important reason is that we make use of
excursions between the two barriers. These are not discussed in the references mentioned and
so our method seems the most appropriate one at this stage.

We now construct the new process, double-perturbed Brownian motion, Y,(e), & > 0, with
respect to barriers /1 and />. Assume that W(’)J = [1 + ¢. Define the sequence of stopping times

S0=0, op=inf{t >8, | W*=10},  Sup =inf{t >0, | W' =1, + &},

where n =0, 1, . .. (see Figure 1). Now define
X(g) — Wtﬂ 1f5n <t <oy,
! W/ —e ifo, <t <81

Similarly, we now define another sequence of stopping times with respect to the process X t(g)
and barrier [5:

20:=0, npi=inf{t > & | X =h), Gy =inf{t > g | X© =1 + ¢},
where n =0, 1, ... (see Figure 2). Now define
Y(e) . X;SS) if &, <t <y,
t Xt(s) —e ifn, <t <fnya.
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FIGURE 1: A sample path of the original Brownian motion, W,(E).
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FIGURE 2: A sample path of the process X ,(8).

It is actually a process which starts from /1 + ¢ and has the same behaviour as the related
Brownian motion, except that each time it hits the barrier /] or [, it will jump towards the
opposite side of the barrier with size ¢ (see Figure 3).

From the definition, it is clear that /; and /; become irregular points for Y(s) Also, Y(g)
converges to W/* with W0 = [ almost surely for all 7. Therefore as we prove in Appendix A,
the Laplace transforms of the variables defined based on Y( converge to those based on W/*.
As a result, we can obtain the results for the Brownian motion by carrying out the calculation
for Y( ®) and taking the limit ¢ — 0.
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FIGURE 3: A sample path of the process Y,(S).

For Yt(g), we can define Z?, tIY, 12Y ,and 77 as above (we suppress the (&) superscript). For
ZY, we have the transition densities (see [2, Equations 2.0.2 and 3.0.6])

e (e + ut)?
t) = — , 6
p12(1) = exp{ oy } (6)
u3t
p21(f) = expyue — T}Sst(ll —bh—e¢l1 = D), @)
u’t
p2a(t) =expy—ully —lh —¢e) — T}SS’(E’ Iy =), ®)
’t
p31(t) =expyully —hb —¢e) — T}SS:(& Iy — D), &)
it
p34(t) = expy—pe — T}Sst(ll —bh—eli —Dh), (10)
£ (e — ,uyt)2
1) = — 11
P43 (1) " exp{ > } (11)
where
55,5, 3) = i 2k + Dy —x exp{—((2k+ Dy —x)z}
YT = Vs 2 ‘
Also, we know that
p23(t) = p3(t) = p1a(t) = pa1 () = 0. (12)

Clearly, all the arguments above apply to the standard Brownian motion, which is a special case
of W/ when u = 0.
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3. Results for the semi-Markov model

In Section 2 we introduced the Markov process (Z tS , VZS ). Now we apply the same definition
to the doubly perturbed Brownian motion Y, &) therefore, we have (ZY, VIY ), where Z [Y is the
current state of Y,(a), taking values from the state space {1, 2, 3,4}, and V,¥ is the time Y,(g)
has spent in the current state. The time V,* is also a stochastic process. Now we consider a
function of the form

f(VY’ Zth t) = erY(VtYﬂ t)a

where the f;, i = 1,2, 3, 4, are functions from R2 to R. The generator +4 is defined as an
operator such that

N
f(VY,ZX,r)—/O AfV),Z), 5)ds
is a martingale (see [7, Chapter 2]). Therefore, solving
Af =0

subject to certain conditions will provide us with martingales of the form f (V,Y, Z,Y , 1), to
which we can apply the optional stopping theorem to obtain the Laplace transform we are
interested in. More precisely, we will have

afi(u,t) n of1(u,t)

Afi(u,t) = 2 ™ +A12@) (20, 1) — f1(u, 1)),

At = LD L IPOD o 070,60~ )
A2 (a0, 1) — fou, 1)),

Afstu, = PO IBUD 40 (0,0~ i, 1)
+ A34(w)(f4(0, 1) — f3(u, 1)),

Afatu, 1y = D SD 4 @) (a0, — i, o)

Assume that f; has the form
filu, 1) = e Plgi(u).
By solving the equation A f = 0, i.e.
Af1 =0, Afr =0, Af3 =0, Afs=0
subject to
gidr) = ay, g2(d2) = a2, g3(d2) = a3, ga(d2) = o,

we obtain

d;
gi(u) =a; CXP{— / <,3 + ZM,/(‘D) dv}

J#i

d,' s
+Zg,-(0)/ Aij(s)exp{—/ (ﬂ—l—Zkik(v))dv}ds. (13)

J# ki
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In our case, we are interested only in the excursion outside the corridor. Hence, we set d» and
d3 to be co. Also, limy, o0 g2(d2) = limg,, o« g3(d3) = 0 gives ap = a3 = 0. Therefore, we

have
21(0) = a1e PN Py (dy) + {g1(0) P21 (B) + £4(0) Poa(B)) Pra(B), (14)
4(0) = aae P4 Py(dy) + (g1(0) P31(B) + g4(0) P3a(B)) Pi3 (). (15)

Solving (14) and (15) gives

£1(0) = [y exp{Bd1} P1(dy)(1 — P34(B) Ps3(B)) + s exp{Bda} P4(ds) Pra(B) Pr2 ()]
x [1 = Py (B)P12(B) — P3a(B) Pi3(B) + Pa1(B) Pra(B) P3a(B) Pi3(B)
— P31(B) P (B) Pas(B) Pra (BT,
£4(0) = [og exp{Bds} P4(dy) (1 — Pr1 (B) P1a(B)) + a1 exp{Bdy} Py (dy) P31 (B) Pz (B)]
x [1— Py (B)Pia(B) — P34(B) Pas(B) + Pa1(B) Pr2(B) P34 (B) Pa3(B)
— P31(B) P3(B) Pas(B) P2 (B,

where

A o0

Pij(B) = / e P pij(s)ds,
0

~ di

Py = [ e pyes
0

As aresult, we have obtained the martingale
M =fv) =g ), i=1234

We now can apply the optional stopping theorem to M, with the stopping time t¥ A ¢, where
Y is the stopping time defined by (5):

EM.y ;) = E(My). (16)
The right-hand side of (16) is
E(M,r ) = E(Mor1pr_) + B(M v ,).
Furthermore,
E(M,v1v )
= EMr Ly _or Ly o) + BEMor Ly o1y )
= E(exp{—Bt"}e1(dD) 1y oy )1y <)
+ E(exp{—ﬁfY}g4(d4)1{,{>rg}1{rg<t})
= o1 B(exp{—Bt Moy _ory Loy <) + s Exp{=B" My ory 1oy )

‘We also have
E(M (v = e P E(g,r (V) 1roy),

where ZZY can take the value 1, 2, 3, or 4.
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When ZtY = lor4,sincet¥ > t,wehave0 < V,Y < di A dy. According to the definition of
gi () in (13), g1 (V,¥) and g4(VY) are bounded. When Z} = 2 or 3, since limg, « g2(d2) =
limg, 00 83(d3) = 0, and looking at (13) with d5 and d3 replaced by oo, g2(V,') and g3(V,\)
are bounded. Therefore,

tll)n()lo E(Mll{ry>t}) =0.

Hence, we have
. _ Y _ Y
lim E(M,r,,) =1 E(e PNy ory) Fea BT 1y ).
The left-hand side of (16) gives

210), Y =1 +e,

lim E(My) = E(Mp) =
t—00 (Mo) (Mo) 24(0), Y(;S):l2—8.

By taking ¢; = 1, o4 = 0 and o1 = 0, oq = 1, then, when YO(S) =1l +e,
E(exp(—Bt") 1y 1))
= [exp{—Bd1} Pi2(d))(1 — P34(B) Ps3(B))]
x [1 = Po1(B) Pia(B) — P3a(B) Paz(B) + Pa1(B) Pia(B) P34(B) Pi3(B)
— P51(B) Pa3(B) Paa(B) Pra(B)] ™, (17)
E(exp{—pt" 1 1(r.y))
= [exp{—PBds} P3(ds) Pr4(B) P12(B)]
x [1 = Po1(B) Pia(B) — P3a(B) Paz(B) + Pa1(B) Pi2(B) P34(B) Pi3(B)
— P31(B) Pas(B) Paa(B) Pra(B)] ", (18)

and, when Yés) =l —e,
E(exp{—B7" 1 17 1))
= [exp{—Bd1} P12(d1) P31 (B) P13 (B)]
x [1 = Po1(B) Pia(B) — P3a(B) Paz(B) + Pa1(B) Pr2(B) P34(B) Pi3(B)
— P31(B) Pas(B) Paa(B) Pra(B)] ", (19)
E(exp(—Bt"} 1 r_.r))
= [exp{—Bds} Py3(ds)(1 — P21 (B) P12 (B))]
x [1 = Py (B)Pr2(B) — P3a(B) Paz(B) + P21 (B) Pr2(B) P3a(B) Pa3(B)
— P51(B) Pi3(B) Paa(B) Pra(B)] " (20)

4. Main results

In Section 2 we stated that the main difficulty with the Brownian motion is that the probability
that W/ will return to the origin at arbitrarily small times is 1, and there are infinitely mang
excursions outside but also inside the barriers. We therefore introduced the new processes Y,(S
and (Z), V¥') with transition densities for Z) defined in (6)~(12).
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In order to simplify the expressions, we define

W(x) 1= 2JTxN (V2x) — JTx +e

where N (-) is the cumulative distribution function for the standard normal distribution.

Theorem 1. For a Brownian motion Wt“, with ‘EIW u, ‘EZV M, and T defined as in (1),

and (5), and S; = W}, we have the following Laplace transforms. When Wéi =1,

E(exp(—pr""} Lown _wiy) = %,
E(exp{—ﬂfW“} 1{r1WH>r4W”}) = %
E(exp{—gt""}) = Gi(dy, dmé&jizid;, dy, —M)_
When Wé‘ =1,
E(exp—p"" } 1w o) = Céiiil—ff,i?
E(exp(—Bt"" 1w ) = %
E(expl—pr"" )y = S04 b_(al;]) Zflj)(dh L

Here

Gix,y,2) = exp{=2(h —)V2B + 2> — ﬁX}{ﬁquZ'\@) Ty %}
| (L= exp(=2(h — )28 + e {\v<|z|\/g) - z,/ﬂ—x}
226+ 2 2 2

2 28 + 72
([ s ),
Ga(x,y,z) =exp{—(1 —)(V2B+ 22 —2) — ,Bx}{ﬁllf(lzl\/g> + z,/n—;y},
G(x,y,7) =exp{—2(l; — )2 + 7%}

x{ﬁ\ll( /(ZﬁZZZ)X)JFﬁqJ( /(2/34222)y>}

" (1 —exp{=2(li — )v2B +2?})
228 + 22

{\p(\/(z,s +z2)x) +\/(2ﬂ +Z2)nx}

2 2

2 2 2
N;%,/@) +./2B +z2)y}.
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Proof. We apply the transition densities in (6)—(12) to the results in (17)—(20) and take the
limit as ¢ — 0. According to the definition of ¥ ®), we know that

Y,(s) — W}*  almost surely for all ¢.

Aswe saw in [6], since Y, ,(s) — W} almost surely for all ¢, by taking the limite — 0, the quantities
defined based on Y, ,(5) converge to those based on Brownian motion with drift. Therefore, we
will obtain the results given in (21), (22), (24), and (25). We can thus obtain (23) and (26) by

E(exp{—ﬁtwu}) = E(exp{—ﬂrwﬂ}l{rlwu<T4Wu}) + E(exp{—ﬂrwu}l{rlwuNAWu}).

Corollary 1. For a standard Brownian motion (u = 0), we have the following Laplace
transforms. When Wy = [y,

G1(dy, ds,0)
E(exp{—Bt""} Loy o) = !

E(exp{—pt""}) = Gl(dl,dg(()(i)l+dfz()()ci4, d1,0).
When Wy = Iy,
Blexp(—pr"" My ) = %

Here
Gi(x,y,0) = exp{—2() — )y/2B — Bx}/y

(1 —exp{—2(1 — h)v/2B)e P~ \F
v e {2/ + vams)
Ga2(x, y,0) = exp{—(1 — h)v/2B — Bx}/7,
G(x,y,0) = exp{—2(I1 — 1)y2B}{/Y¥ (/Bx) + VXU (/By}
(1 — exp{—2(l; — l)/2B))
- 2 {(W(/Bx) + /Brx}

x {\EMMHM}-

Remark 1. By taking the limit/; —/; — 0, we obtain the result for the single-barrier two-sided
excursion case, as in [6].

Remark 2. If we only want to consider the excursion above a barrier, we can let [, — —o0.

Similarly, for the excursion below a barrier, we can let /{ — +o00. These results have been
shown in [6].
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Corollary 2. For a Brownian motion W}, with t"" defined as in (5) and S; = W, we have
the following Laplace transforms. When Wéb = xp, X0 > 1,

E(exp{—g""})

-1
= {CXP{—(M + V2B + 1) (xo — 11)}«1\/(\/ Q2B + ndi — xo—d)

—1
+exp{—( — V2B + pu?)(xo — ll)M’(—\/ Q2B+ uh)d; - M)}

Vdy
y Gi(dy, ds, ) + Ga(ds, dy, — 1)

G(dy, dy, )
—1
+e—ﬂd1{1 — exp{—(ut + 1)) (o — zo}av(mw_l— —x"w—ll)
—1
— exp{—(u — |ul) (xo — 11)}«N<—|m\/d_1— x‘;d_ll>}. 7)

When Wé‘ =x0, 0 <x9 <1,
E(exp(—pt""})
el =0 (e V2R 0—h) _ o VAHRC0DING (dy, da, 1) + Go(da, di, —p))
(eV2B+12i=b) _ o= 2B+12 L =NG (), dy, 1)
oo (V2B —0) _ o= VA T 0Y(Go(d), dy, p) + Gi(da, i, —p)
{eV2BHI2 =) _ =N 2BH12M-DVG (), do, 1) '

+

(28)
When Wé‘ = Xxp, X0 < Iy,
E(exp(—gt""))

l —
= {CXP{(M — V2B +u) s — X)}N(\/ (2B + u?)ds — z\/d_;)

Iy —
+expl{(n + V28 + u?)l - x)}d\/<—\/ Q2B + 12)dy — = x)}

NZR
y G1(dy, dy, —) + Ga(dy, da, )

G(dy, ds, 1)
l —
. e—ﬁd4{1 —exp{(u — | (2 — x)}'fv<|“|\/d_ B 2?;)
l —
—exp{(u + D (2 —x)}N(_W"/d__ i/djx)}

Proof. We will first prove the case when xo > [1. Define T = inf{r | W/ =1;}, i.e. the first
time W/" hits /;. By definition we have V" = d, if T > dyand t"" =T + V" if T < 4,
where W here stands for a Brownian motion with drift started from /;. As a result,

E(exp{—pt""}) = E(exp{—B1"" Mi724,)) + Eexp{—Br ™" M1 <a))
= PUP(T > d)) + Be T 17 -a,) Elexpl—Br"")).
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The term E(exp{— ﬂrﬁm }) has been calculated in Theorem 1 (see (23)). The density for T was
given in [2, Equation 2.0.2] as

_li=xol [ Gi—x0—pn)?
0T Vs P 2t .

‘We can therefore calculate

—1
P(T' =z di) = 1 —exp{—(u + 1] (xo — 11)}=/V<IM|\/d_1— M)

Vi
xo— 101
—exp{—(u — —IDIN| — dy — ,
xpl—( = D (xo — 1) ( iV = == )
_ xo — 1
B L7 <a)) = expl=(u + V2B + 1) (xo — mw(ﬂzﬂ +ud)d; — %)
1
xo0 —1
+exp{—( — V2B + 1) (xo — 11)}=/V<—v Q2B + ud — (i/d_l>'
1
We therefore obtain the result in (27). For the case when xg < />, we can apply the same

argument. N

When I, < xo < [1, we define T = inf(t | W/ ¢ (I2,11)). By definition we have t"" =
T+ V" if Wi =1y and tV" =T + " if WS = 1,, where W/ stands for a Brownian
motion with drift started from /;. Consequently,

E(exp{—t""})
=E@ T exp{—Bt"" Mir=iy)) + BT exp(—BtY V7o)
=E(e T 1(7-1,) E(exp{—Bt""}) + E(e PT 17 —p)) E(exp{— " )).

The terms E(exp{—p8 tﬁm}) and E(exp{—ﬂrﬂu 1) have been obtained in Theorem 1 (see (23)
and (26)). According to [2, Equation 3.0.5], we have

el1=x0)1 [/ 2B+12 (0—12) _ o=~/2B+1P(x0—D2))
eV 2B+12(i—h) _ a—~/28+12(L~])

e(a=x0)u [/ 2B+17 (L =x0) _ o=~/2B+13(1—x0))
eN2BH12U1—1) _ o—~/2p+12(1~1) '

Ee T 17y =

Ee T 17y =

We have therefore obtained (28).

Theorem 2. The probability that W,“ with Wé‘ = x0, Ip < xo0 <y, achieves an excursion
above 11 with length at least dy before it achieves an excursion below [l with length at least
dy is
el1=x0)ufelulxo—h) _ o=~V Fy (dy, dy, )
{felulth=h) — e=lnli=IVF(dy, da, 1)
ela=r0nfelnlli=x0) _ o=lnl1=X0) By (dy, dy, 1)
{eltlli=b) — e=Iulth=R))F(dy, dy, 1) ’
el1=x0)u felnlxo=h) _ o=IMlX0~IV Py (dy, dy, — 1)
{eltlh=h) — e=luli=)YF(d}, da, 1)
elz=x0)uelulli=x0) _ o=Il1=X0Y Fy (dy, dy, —0)

+ (@G — e WDV F(dy . da. 12) ’

P(IIWIL < t4WM) =

+

w H
P}V > V") =
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where

Fi(x,y,z) = exp{—2(; — l2)|Z|}{\/§‘I’(IZI\/§) +z ”zﬂ}
e (o)
X {\/E‘PQZI\/%) + Izlﬁ},
Fatx, v, 2) = exp(—(y — ) (2] - z)}{ﬁW(|z|\/§) + z\/?}
F(x, v, 2) = exp(=2(11 — lz>|z|}{fy\v(|z|\/§> + ﬁw<|z|\/§>}
e ) ]
x {\/gwod\@) + |z|ﬁ}.

Proof. From Theorem 1 and (28), we actually know that, when Wé‘ =x0, Ip <x0 <1,

elli=x0)ufelulxo=h) _ e=lMlX0=LVG | (dy, da, 1)
{eltlli=b) _ e=lulh—YG (dy, dy, 1)
e(ZZ—XO)M{eWWI—XO) _ e—\ul(ll—XO)}Gz(dl ,da, 1)

WH
E(exp(—A7"" 11 i _on)) =

+ {elulh=1) — e=luli=2)VG(dy, dy, 1) )
(h=xo)p falul(xo—l) _ a—Iul(xo—12) _
awn _e e e 1Ga(dy, di, — 1)
E(exp{—p™ W wn_wn)) = (G — e G—1YG (dy, da, 12)
(=xo)nfelulli—xo0) _ o=Itlti=XoN G (da. dy. —
L © {e e 1G1(dy, dy, M).(3O)

{eltlli=b) _ e=lulh=YG(dy, dy, 1)
Setting B = 0 in (29) and (30) yields the results.
Theorem 2 leads to the following remarkable result.

Corollary 3. For a standard Brownian motion Wy with Wo = xq, b < xo < l{, we have
P(le < ‘I:4W) _ «/ﬂ"' (xo — 12)\/2/_77 ’
Vdi +Vds + (- b)V2]w
Pl > o)) = Vi + (1 — x0)/2/7 .
Vdi + Vds+ (1 — )2
Remark 3. When we take [; — 0, [ — 0, and x9 — 0, we can obtain the results for the
one-barrier case, as in [6].

Remark 4. We observe that the formulae in Corollary 3 are linear in the starting point xo, as
is also the case for the exit probabilities of a standard Brownian motion or, more generally, a
diffusion in its natural state (see [3, Section 16.5]) . If we set d; — 0 and dy — 0, we recover
(xo —lp)/(ly — Ip) and (I} — x0)/(l1 — I»), the exit probabilities.

We will now extend Corollary 2 to obtain the joint distribution of W, and 7" at an exponential
time. This is an application of (28) and Girsanov’s theorem.
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Theorem 3. For a standard Brownian motion W; with Wo = xo, o < xo < 11, andt" defined
as in (3) with S; = W;, we have the following results. For the case in which x > [,

P(W; e dx, TV < T) = (a1 (x0) f (x — I, d1) + az(x0) f (x — 12, da)
+a1(x0)h(x —ll,dl)) dx.

For the case in which I, < x <,
P(W; edx, 1" < T) = (a1(x0) f(x — 1. d)) + ax(x0) f (x — Lo, dg))dx.  (31)
For the case in which x < I,

P(W; e dx, ¥ < T) = (a1(x0) f(x — I1,d1) + ax(x0) f (x — Lo, da)
+ ar(xg)h(x — Ir,dy)) dx.

Here T is a random variable with an exponential distribution of parameter y that is independent

of Wy and
—V2ylx]
Fy) = e — VI Sy (— 2yy),
v2y
h(x,y) = \/mew{e—«/ﬁlxldxf(M Y 2yy) N edﬁxlw(_ﬂ N 2yy> }
NG vy
J/{e\/ﬁ(x()flz) _ e*\/ﬁ(XO*IZ) tb1(dy, dy)
ai(xo) = GlevZri—b) _ =2y (i—1))
y{em(ll_m) — eV U1=x0\py (dy, da)
GlevZri—h) — =2y (h-h))
y{eﬂ(xo—lz) _ e—m(xo—lz)}bz(d4, dy)
az(xo) =

G{ev2rhi—h) — =2y (i-h)}
yleVli=x0) _ e=V2(i=x03p, (dy, d)
Glev2rhi—h) — e=v2y(i-h)} ’
1—e vy 2
bi(x,y) = e 2=VZy—yx /vy e VX [ 2y +./2 ,
1(x, ) vy e VW) + 2y
ba(x, y) = e—(ll—lz)m—yx\/_’

G = e 2=V (Jaw(/yd) + Vd W (/yds)}
(1 — e 2i=-)V2y

2
2@ ){\p(\/ Vd1)+v7ﬂdl}{\/;q’(v )/d4)+\/ 27/d4}

Proof. See Appendix A.

5. Pricing double-barrier Parisian options

We want to price a double-barrier Parisian call option with the current price of its underlying
assetbeing x, L1 < x < L, the owner of which will obtain the right to exercise it when either
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the length of the excursion above the barrier L reaches d1, or the length of the excursion below
the barrier L, reaches dp before T'. Its price formula is given by

DPpinincat =" Eo((St — K)T1zs_p).

where S is the underlying stock price, Q denotes the risk neutral measure, and ¥ is defined
with respect to barriers L1 and Ly. The subscript min-in call means it is a call option which will
be triggered when the minimum of two stopping times, ‘L'IS and tf ,isless than T, ie. t5 < T.
We assume that S is a geometric Brownian motion, i.e.

dSterldt‘i‘O'S[dW[, S():.x,

where L < x < Ly, r is the risk free rate, and W, with Wy = 0 is a standard Brownian motion
under Q. Set

1 1, 1 (K
m:—r—io s b=—In|—), B, =mt + W,

o X
1 /L 1 /L
I = —ln<—1), I = —ln<—2>.
o X o X

Sy = xexp{(r — %az)t + oW, } = xexp{o(mt + Wy)} = xe .

‘We have

By applying Girsanov’s theorem we have
_ 2
DPrjin-in call = € (rtm®/DT EP[(erBT - K)+emBTl{rB<T}],

where P is a new measure, under which B; is a standard Brownian motion with By = 0, and
78 is the stopping time defined with respect to barriers /1 and l,. We also define

2
2T
DP;;in—in call = e(r—i—m 2 DP in-in call-

We are going to show that we can obtain the Laplace transform of DPy. . . with respect to
T, denoted by L. _

Firstly, assuming that 7T is a random variable with an exponential distribution of parameter

y which is independent of W;, we have

Ep[(xe”®T — K)Te"P11, 5 ]

o0
= (xe®Y — K)e™ P(B» edy, 2 < T)
T y
b
o o
=/ ye—”/ (xe?” — K)e™ P(Br €dy, 8 < T)dT
0 b
o0
= y/o e VT Ep[(xe”P" — K)Te"PT 1 5 _4)]1dT

= J/GCT.
Hence, we have
L[ . my 5 B
Lr=—[ xe” —K)e™P(B; edy, t° <T).
Y Jb

Using the results of Theorem 3, this Laplace transform can be calculated explicitly.
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When b > [;,i.e. K > L, we have

X K
Lr = —Fi(c +m) — —Fi(m),
14 14

where
Fi(x) = al(O){% _ord \/2nd1N(—\/27d1)}eXp{@3%(f; V27))
+a2(0){? _ eYda /27fd4N( m)}exf’{\/_fj%(j; V2y)b}
+ a1(0)y/ 2w d e’ h
{Zx exp{xly — rdi + dix2/2}N (x/di — (b — 11)//d7)
2y — x2
i exp{/2y11 + (x — V2Y)DYN (b — 1)) //d1 — /2y d))
J2Y —x
eXP (=271 + (x + V2Y)DYN (—=(b — 1) //dy — \/Zl’_dl)}
J2y +x ’

Whenl, < b <Ij,i.e. L) < K < L, we have

X K
Lr =—F(0c +m)— —Fm),
4 14

where
l1x
Fy(x) = ;;(O—)e;{l +xy/2mdi e N (x /dr))
B _vd B exp{—+/2yli + (x + v/2y)b}
al(O){—@ e’ N\ 2md N ( \/Zydl)} 75—
1 exp{~/2ylh + (x — /2y)b}
___ _ evda _
+a2(0){@ e’ U\ 2mdy N ( Jzyd4)} N .

When b < Ip,1i.e. K < Lj, we have
X K
Lr = —F3(0 +m) — —F3(m),
14 14

where

lix
Fyx) = 22“)‘/&{1 4 x2mdi e 2N (e )

— L _evd _ exp{—+/2yl + (x + /2y)b}
al(O){ﬁ e’ 2mdi N ( \/Zydl)} s
lhx
* Zgi(gi (1= 2/day e PN (x/do))
— __evd _ exp{—+v/2yh + (x + +/2y)b}
az(O){ Ner e’ 4\ 2mwdy N ( \/Zyd4)} =
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+ a2(0)y/ 2w dse? ™
y {2mexp{xzz — rdy + dax? |2} N (x/ds — (b — 12)/+/dx)

2y — x2
_exp{V/2yh + (x = VZY)BYN (b — b)//ds — /2y da)
V2y —x
_exp{=v2yh + (x + V2Y)DYN (=(b = b) //ds — /2y da) }
V2y +x '

Remark. The price can be calculated by numerical inversion of the Laplace transform.

So far, we have shown how to obtain the Laplace transform of

DP* — e(r+m2/2)TDP

min-call in min-call in-

For
DPin-call out = e—rT EQ((ST - K)+1{15>T})’

we can get the result from the relationship
DPujin-callow = €~ EQ((S7 — K)*) — DPmin-callin-

Furthermore, if we set
~S s N

0 =1 V1,
we can define another type of Parisian option by 7¥:
DPrmax-caltin = ¢~ Eg((S7 — K) T 1jzs 1))
In order to get its pricing formula, we should use the following relationship:
1{fS<T} = l{rIS<T} + 1{r25<r} - l{tS<T}'

We therefore have

DPmax-call in = DPup-in call + Pdown-in call “DPmin-call in-

Similarly, from
DPpax-calout = € "7 Eg((S7 — K)T) — DPpmax-call in,

we can work out DPax-call out-

Appendix A. Proof of Theorem 3

Let T be the final time. According to the definition of W(x), we have

W(x) = 2JTx N (V2x) — /X + e = Jmx — /mx Brfe(x) + e

It is not difficult to show that

E(exp{—pt"" ) = E(/o CEN dT)'
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By Girsanov’s theorem, this is equal to

2
B eXp{—(ﬂ + %)T - MO} E@ " 1w 7)) dT.

Setting y = 8 + %/ﬂ gives

E(exp{—gt""})

o0 1
/0 ()/ — EM2>C_VT_MX0 E(CMWTI{.L.W<T}) dT

2
y—m/2 -
= e B T Ly,
where 7 is a random variable with an exponential distribution of parameter y which is inde-

pendent of W;. Therefore, we have

W; yert wH
E(ell TI{TW<f*}) = Y — 1 / E(eXP{ BTt D).
In order to invert the above moment generating function, we first need to invert the following
expressions: 0
o
—MZ =/ e“xe*mxdx—/ ¥ eV2rx dx,
Y —u/2 0 —00
—1 :/ooe’“‘ e_@xd)wl—/o e’“‘—1 eV2rr 4y
y—=u2/2  Jo oo 2V
edii?/2 e~ /2 gy

Ny

d; d 2 d; 0 —X _\ 24
11—/ = i /2 Erfel ) — —_/ WX _Z o™X /21 g,
2nue rfc 2“ i € d,-e X

Therefore, the inversion of Medmz/ 2/(y — u?/2) is

_ , 1 (x — )2 } { x — )2
2y Y / eViry___—__ XY=y
e ex d ex d
/(‘) 2md) p{ 2d, YT 2 d; P 2d, Y

_eydl{e Vs (_ _ m) _e@xw<_i - \/2;/_d]>}

Vdi Vdy
The inversion of 1 — /dj7 /2uei"*/2 Erfe(/din/2)/(y — u2/2) is given below.
For x > 0,
0 _ —2yx
Y o=y 2di L~y e vdi—27x [ od
—e ——e dy = — eV 2ndi N (—/2yd;).
/_oo d; N N ’ '
Forx <O,

0
/ DD etna L v gy / D P L g,
—00 dl‘ \/2)/ X di \/2)/

eV2rx /3 X
= 2y —eV i_ﬁx\/ 27le:/v<—d — 2]/d1>
W Vdai

4 VUV o {N(,/zydi) _ N(% + 2yd,-> }

Consequently, we can get Theorem 3.
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