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Abstract

We estimate double sums
Sy(a,Z,G) = Z ZX(x+a/l), I<a<p-1,
xeZ 1eG

with a multiplicative character y modulo p where Z = {1,...,H} and G is a subgroup of order T of
the multiplicative group of the finite field of p elements. A nontrivial upper bound on S, (a,Z,G)
can be derived from the Burgess bound if H > p'/*** and from some standard elementary arguments
if T > p'/?*¢, where £ > 0 is arbitrary. We obtain a nontrivial estimate in a wider range of parameters H
and 7. We also estimate double sums

Ty(a,G)= > x(a+A+p), l<a<p-1,
AueG

and give an application to primitive roots modulo p with three nonzero binary digits.
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1. Introduction

1.1. Background and motivation. For a prime p, we use F, to denote the finite field
of p elements, which we always assume to be represented by the set {0,...,p - 1}.

Since the spectacular results of Bourgain et al. [8], Heath-Brown and Konyagin [19]
and Konyagin [25] on the bounds of exponential sums

2iad
Zexp( di ) ackF, (1.1)
p

over small multiplicative subgroups G of F/, there has been remarkable progress in
this direction. (See the survey [17] and also very recent results of Bourgain [4, 5]
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and Shkredov [28, 29].) Exponential sums over short segments of consecutive powers
gy gN of a fixed element g € ]F; have also been studied; see [24, 26] and references
therein. However, the multiplicative analogues of the sums (1.1), that is, the sums

Z)((a +1), ac F;,
1eG

with a nonprincipal multiplicative character y of F, have resisted all attempts to
improve the classical bound

S x(a+ )| < /p. (1.2)
AeG
Note that (1.2) is instant from the Weil bound, see [20, Theorem 11.23], if one observes

that

T
Sx(a+2)=——3 y(a+p# "),
1eG T ey

where T = #G (but it can also be obtained via elementary arguments).
We now recall that Bourgain [3, Section 4] has shown that double sums over short
intervals and short segments of consecutive powers

H N 27i n
ZZexp( axg , l<a<p-1,
14

x=1n=1

can be estimated for much smaller values of N than for single sums over consecutive
powers. Here we show that similar mixing can also be applied to the sums of
multiplicative characters and thus leads to nontrivial estimates of the sums

Sy(a,Z,G)= Z Z/\/(x+a/l), l<a<p-1,
xeZ G
where Z = {1,...,H} is an interval of H consecutive integers and G ¢ ]F; is a
multiplicative subgroup of order T for the values of H and T to which previous bounds
do not apply. More precisely, one can immediately estimate the sums S, (a,Z,G)

nontrivially if for some fixed £ >0 we have H > p'/**¢_ by using the Burgess bound,
see [20, Theorem 12.6], or T > p1/2+8, by using (1.2).

1.2. Main results. Here we obtain nontrivial estimates in a wider range of
parameters H and 7.

We start with the case of very small values of H but with T = #G still below the
range covered by (1.2).

TueOREM 1.1. For every fixed real &€ >0 there are some & >0 and 1 > 0 such that if
H>p® and T > p'*= then, for the interval T ={1,...,H} and the multiplicative
subgroup G € F of order T,

$¢(a.1,G) = O(HTp™)

uniformly over a € F, and nonprincipal multiplicative characters x of F),.
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We also obtain a similar estimate at the other end of the region of H and T,
namely for a very small 7 and H that is still below the reach of the Burgess bound
(see [20, Theorem 12.6]). In fact in this case we are able to estimate a more general
sum

S (fL.6) =) Y x(x+£(2)),

xeZ 1eG

with a nonconstant polynomial f € F,[X].

TueoreM 1.2. For every fixed real € >0 and integer d > 1 there are some 6 >0 and
1> 0 such that if T > p° and H > p'/*=° then, for the interval T ={1,...,H} and the
multiplicative subgroup G CF of order T,

S (f.1.9) = O(HTp™")

uniformly over polynomials f € F,[X] of degree d and nonprincipal multiplicative
characters x of F,.

We also give an explicit version of Theorem 1.1 in the case when H = p'/4+o() and
T = p'/ 2+o(1) that is, when other methods just start to fail.

Turorem 1.3. Let H = p'/**°M) and T = p'?*°(")_ Then, for the interval T={1,...,H}
and the multiplicative subgroup G C Fy of order T,

|S)((a,I, g)| < HTp—5/48+o(1)

uniformly over a € F, and nonprincipal multiplicative characters x of F.

Furthermore, we also consider double sums

Ty (a,G)= ) x(a+d+p), l<a<p-1,
AueGg

where both variables run over a multiplicative subgroup G C F .

Using recent estimates of Shkredov [28] on the so-called additive energy of

multiplicative subgroups we also estimate them below the obvious range T > p'/?,

where T = #G, given by the estimate
|TX(a,Q)| < TP1/29
which follows from (1.2).
THeEOREM 1.4. Let T < pz/ 3. Then, for the multiplicative subgroup G € F, of order T,

T19/26pl/2+0(1) lfT < p]/z’
IT,(a.G)| < { T3 p21/52+0(V) jf pl/2 < T < 29148,
Tp1/3+0(1) ifp29/48 < T§p2/3,

uniformly over a € F, and nonprincipal multiplicative characters x of F,.
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Note that Theorem 1.4 is nontrivial provided that 7 > pB/ 33+¢ for some fixed & > 0.

We also give an application of Theorem 1.4 to primitive roots modulo p with
few nonzero binary digits. More precisely, let u, denote the smallest u such that
there exists a primitive root modulo p with u, nonzero binary digits. It is shown in
[16, Theorem 5] that u, <2 for all but 0(Q/log Q) primes p < Q, as Q — co. (Note
that in [16] the result is formulated only for quadratic non-residues but it is easy to
see that the argument also holds for primitive roots.) Instead of o(Q/log Q), we can
obtain a slightly more explicit but still rather weak bound on the size of the exceptional
set. Here we show that Theorem 1.4 implies a rather strong bound on the set of primes
p < O for which u,, <3 does not hold.

Tueorem 1.5. For all but at most Q*°/33+0(1) primes p < Q, we have u, <3 as Q — oo.

We also note that one may attempt to treat the sums S,(a,Z,G) and 7,(a,G)
within the general theory of double sums of multiplicative characters, see [6, 7, 11,
12, 15, 21-23] and references therein. However it seems that none of the presently
known results implies a nontrivial estimate in the range of Theorems 1.1 and 1.4.

2. Preparations

2.1. Notation and general conventions. Throughout the paper, p always denotes a
sufficiently large prime number and y denotes a nonprincipal multiplicative character
modulo p. We assume that F), is represented by the set {0,...,p—1}.

Furthermore, G always denotes a multiplicative subgroup of Fy of order #G = T and
T always denotes the set Z = {1,...,H}.

We also assume that f € F,[X] is of degree d > 1. In particular, f is not a constant.

The notations U = O(V) and U < V are both equivalent to the inequality |U| < ¢V
with some constant ¢ > 0 that may depend on the real parameter £ > 0 and the integer
parameters d > 1 and v > 1 and is absolute otherwise.

In particular, all our estimates are uniform with respect to the polynomial f and the
character y.

2.2. Bounds of some exponential and character sums. First we recall the
classical result of Davenport and Erdés [13], which follows from the Weil bound of
multiplicative character sums; see [20, Theorem 11.23].

Lemma 2.1. For a fixed integer v > 1 and an integer R < p,

2y
< R¥p'? + R'p.

i){(\w r)

r=1

>

veF,

The following result is a version of Lemma 2.1 with v = 1 which is slightly more
precise in this case.
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Lemma 2.2. For any set V C F, and complex numbers «, such that |a,| < 1 forveV,

>

u€lF,

2
< #Vp.

Z)((u+v)

veV

Proor. Denoting by ¥ the conjugate character and recalling that y(w) = y(w™') for
we IF; we obtain

2

= > a@y Y x(u+v)x(u+w).

v,wey uek,

>

uek),

Y ox(u+v)

veV

If v = w the inner sum is equal to p — 1. So the total contribution from such terms is
O(Mp). Otherwise, we derive

EF:X(MJFV))?(WW) = EIF:X(MV—W))?(M)
= % sy =W = ¥ (1 (-
= ZF*X(IJFM): ZFX(1+“)—X(1):—X(1)-

So the total contribution from such terms is O(M?) = O(Mp) and the result follows. O
We also need the following bound of Bourgain [2, Theorem 1].

Lemma 2.3. For every fixed real € > 0 and integer r > 1 there is some & >0 such that
for any integers ki, ..., k. > 1 with

ged(ki,p-1)<p'™ and ged(k;—k;,p-1)<p'®,

fori,j=1,...,r, i % j, uniformly over the coefficients ai,...,a, € Fp, not all equal to
zero, we have

p-l 2mi

> exp(—(alxk' 4o +a,xk’)) < p'*.

x=1 p

Clearly, for any F € F,[X] and a multiplicative subgroup G C F}, of order #G =T,
1 2ni 1 2ni /T
— ) exp —F(/l)) =— exp(—F(x(p‘ Iy« p7%,
#G icG ( p p-1 ; p
so we derive from Lemma 2.3 the following corollary.

CoroLLARY 2.4. For every fixed real € > 0 and integer d > 1 there is some & >0 such
that, for T > p?, uniformly over a € F,

> exp(?af(/l)) < Tpt.

AeG
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2.3. Bound on the number of solutions to some congruences. First we note that,
combining Corollary 2.4 with the Erdés—Turan inequality (see, for example, [14,
Theorem 1.21]), which relates the uniformity of distribution to exponential sums, we
immediately obtain the following lemma.

Lemma 2.5. For every fixed real € >0 and integer r > 1 there is some k > 0 such that,
forT > p®,
HT Ik
#{1eG: f(1)=b+x(mod p), where xeZ} = — + O(T" %),
p

uniformly over b € F,.
Let N(Z, G) be the number of solutions to the congruence
Ax=y(mod p), x,yeZ, 1€G.

Some of our results rely on an upper bound on N(Z,G) that is given in [9,
Theorem 1]; see also [10] for some other bounds.

LEmMA 2.6. Let v > 1 be a fixed integer. Then
N(I,g) < Ht(2v+l)/2v(v+l)p—l/2(v+l)+0(l) +H2tl/vp—l/v+()(l),
as p — oo, where
t =max{T, p'/?}.
We also use the following bound due to Ayyad et al. [1, Theorem 1].

Levmma 2.7. Let Ji={bj+1,...,b; + h;} for some integers p > h; + b; > b; > 1,
i=1,2,3,4. Then

#{(x1, 02, x3,%4) € J1 x Ja x T3 x Ja: X122 = X34 (mod p) }
1
= ]—)h1h2h3h4 + O((hihahshs)'* (log p)?).

We now fix some real L > 1 and denote by L the set of primes of the interval [L,2L].
We need an upper bound on the quantity

u+s U + s
XSZ: 1 1 2 2

W:#{(ul,uz,fl,fz,sl,S2)EIZXEZ n ET(mod p)} 2.1
1 2

for some special class of sets.

We say that a set S ¢ F, is h-spaced if no elements s, s> € S and positive integer
k < h satisfy the equality s; + k = 5.

The following result is given in [11] and is based on some ideas of Shao [27].

Lemva 2.8. If L < H and 2HL < p then, for any H-spaced set S for W, given by (2.1),

#SHL)?

« HSHL)”
p

w +#SHLp*W.
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We also define
U= U®»), (2.2)
veF,
where
00 #2226 D cmoa )] e3)

LemmA 2.9. For every fixed real € > 0 and integer d > 1 there are some 6 > and n >0
such that if
T>p® and p'*°>H>L

then, for U given by (2.2),
U< HLT?*p™.

Proor. Let S be the largest H-separated subset of F = { f(1) : 1€ G}. By Lemma 2.5,
#5) > p* for some fixed k > 0.
Inductively, we define S, as the largest H-separated subset of

k
Fe=Fa\US; k=1.2,....
j=1

Clearly, for some beF, andaset 7 ={b+1,...,b+ H},

#F

#(F > .
(FinJ) #F et

On the other hand, by Lemma 2.5,
#(]:k n j) < #(.7"1 N j) < Tp_K.
Hence there is a partition

K
.7‘—0 = U Sk
k=0

into disjoined sets with K < Tp~/? such that

() #Sy<Tp™?,
(ii) Sy is H-separated with #S; > p*/?, k=1,...,K.

Fork=0,...,K, we define

u+s

Uk(v)z#{(u,f,s)eIxﬁxSk: Ev(modp)}.

We have

U(w) =Y U(v) =Up(v) + Y. Ui(v).
k=0 k=1
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So, squaring out and summing over all v € F,,

U< Y U(v)*+ Z(i Uk(v))

veF, velF, \k=1

=Y U+ Y Y U(m)Un(v).

veF, veF, k,m=1

383

Now, changing the order of summation in the second term in the above and then using

the Cauchy inequality,

UkVi+ Vz,
where
¥ 1/2
Vi=> Up(v)> and V,= Z(Z Uk(v)z) .
veF, k=1 \veF,
We have

Vi =#{(M1,M2,51,52,51,52) e’ x L*x S

< max #{(ul,uz,t’l,é’z) e x2S TS (mod p)}

4 %)

s51,82€F,

Since L< H < pl/z‘g, by Lemma 2.7 we obtain

Vi < (#S0)*HL(log p)* <« HLT? p~*(log p)>.

Furthermore, Lemma 2.8 implies that, fork=1,..., K,

Z Uk(V)z << (#SkHL)zp_] +#SkHLp0(l)_

veF,

Hence, applying the Cauchy inequality,

K
V,y < z(#SkHLp’l/2 + (#S) PHPLP po()y

k=1

K
k=1

K 1/2
<HLTp "2+ H'2L\2 po() (K D #Sk)
k=1

gHLTp’l/z+H'/2K1/2L1/2T1/2p”(1).

Since K <Tp~™*/?and L< H < p'/?,
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(assuming that « is small enough). Substituting (2.5) and (2.6) into (2.4) leads us to
the bound
U <« HLT?p~®log p + HLT? p~**+°()

and the result follows. O

Let E(G) be the additive energy of a multiplicative subgroup G ¢ IF}, that is,

E(G) =#{(A1, 1, oy i) € GH 2 Ay + 1y = 1 + o ).
By a result of Heath-Brown and Konyagin [19], if #G =T < p* then
E(G) < T2,

Recently, Shkredov [28] gave an improvement which we present in the following
slightly less precise form (which suppresses logarithmic factors in p°(1).

Lemma 2.10. For T < p2/3,
T32/13p0(1) ifTSpl/z,
E(Q) < T31/13p1/26+0(1) ifpl/z <T< p29/48’
T3p—1/3+o(1) ifp29/48 <T< p2/3.

3. Proofs of main results

3.1. Proof of Theorem 1.1. We have

1
SX(a,I,Q)sz, (3.1)

where

W=3" > x(x(ux+ad).

xeZ AueG

(since y(u) = x(u™") for € F). Hence

LIEDIDY

xe€Z AueG

> x(xu +ad)|.
1eG

Collecting the products ux with the same value u € F,,

Wl< 3 R(u)

uel,

Z)((u +ad)|,

AeG

where
R(u) =#{(x,u) €I xG:pux=u}.

So, by the Cauchy inequality,

WP < 3 R(u)* Y

u€F, u€F,

2
Y x(u+ad)| .

AeG
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Thus, applying Lemma 2.2,
W2 <pT > R(u)*.
u€l,
Clearly,
>, R(u)’=0.
ueF),
where

Q=#(x,y,A4u) eTxTxGxG:Ax=puy}.
Furthermore, it is clear that Q = TN(Z,G), where N(Z,G) is as in Lemma 2.6. Putting
everything together and using the bound of Lemma 2.6, we see that, for any fixed v > 1,
W2 < pTZ(Ht(2v+1)/2v(v+l)p—1/2(v+1)+o(1) 4 H2t1/vp—1/v+o(l)), (3.2)
where
t =max{T, p'/?}.

1/2+¢

We can certainly assume that 7 < p as otherwise the result follows from the

bound (1.2). Thus 7 < p'/*** and we obtain

WZ < pTZ(Hp1/4v(v+l)+a(2v+1)/2v(v+l)+u(1) " H2p—1/2v+e/v+0(l) )
Since H > p®, taking a sufficiently large v we can achieve the inequality
Hp1/4v(v+l)+s(2v+1)/2v(v+l) < H2p—1/2v+s/v

We can also assume that & < 1/3 as otherwise the result follows from the Burgess
bound, see [20, Theorem 12.6], so the bound becomes

e SH2T2pl—1/6v+o(1) « HZTZpH/W.
Recalling (3.1), we obtain

S,(a.1,G) < Hp1/2—1/7v SHTp—1/14V
for T > p1/2_1/14".

3.2. Proof of Theorem 1.2. Clearly we can assume that H < p'/? as otherwise the
Burgess bound (see [20, Theorem 12.6]) implies the desired result. We can also assume
that € > 0 is small enough, so the conditions of Lemma 2.9 are satisfied.

We set
ng
3’

where 77 is as in Lemma 2.9 (which we assume to be sufficiently small).
Let L= Hp~", R =[p”], and let £ be the set of primes of the interval [L,2L].
Clearly,

1 1
S 7,G) = —=% LRT) = —=X HTp™” .
&1 T.9) = g7zE+ O(LRT) = X+ O(HTp7), (3
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where

Z:Zi S x(x+ f(2) +¢r)

eL r=1xeZ 1eG
S0

r=1

Y

> U)

veF,

Z)((v+ rl,

el x€Z AeG

where U(v) is given by (2.3). We now fix some integer v > 1. Writing U(v) =
U)O=D/(U(v)*)'/? and using the Holder inequality,

5 ¢ (2 U(V))M S UG Y

veF, veF, veF,

2y

ZX(v+r)

r=1

We obviously have
Y U(v) <H#LT < HLT.

veF,

Hence, using Lemmas 2.1 and 2.9,
¥ « (HLT)* 2 HLT*(R¥ p'* + R'p).
Taking v sufﬁciently large (depending on ), we arrive at the inequality
Y <« (HL)>'T¥R¥p"/*™ = (HLRT)* (HL)™' p'/*™". (3.4)

So, taking 6 = /4,
(HL) Lol/2=n _ g2 1/2—277/3 3p_"/6.

Hence we infer from (3.4) that ¥ «< (HLRT) p‘”/ 12v " which after substitution in (3.3)
concludes the proof.

3.3. Proof of Theorem 1.3. We proceed as before and use that 7,7 = p'/?*o(1),
so (3.2) becomes

W2 Sp2(pl/4+1/4v(v+1)+0(1) +pl/2—1/2v+0(1)).
Taking v = 2, we obtain

e Spz(pl/4+1/24+o(1) +p]/4+o(l)) :p55/24+0(])’
which after substitution in (3.1) implies the result.

3.4. Proof of Theorem 1.4. As before,

1
Ty(a,G) =W, (3.5)
where

W= > x(@)x(ad+pu+2).
Au,0eG
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Hence

W<y

AueG

Z)?(ﬂ))((dﬂ +1 +,u)‘.
PeG

Collecting the sum A + u with the same value u € F,,

W< ) F(u)

ueF,

Yox(ad+a+u)|,
AeG

where
F(u) =#{(A,u) € G*: A+ pu=u}.

So, as in the proof of Theorem 1.1,

W? <pT > R(u)* = pTE(G).

ueF,
Recalling Lemma 2.10 and using (3.5), we conclude the proof.

3.5. Proof of Theorem 1.5. Let us fix an arbitrary £>0. Let £, denote the
multiplicative order of 2 modulo p. We see from Theorem 1.4 that if, for a sufficiently
large prime p, we have ¢, > p'¥/33*® then

[P
m k m k 2—5
1gk§gf,,)((2 +25+1) k%;)(@ +2°+1) +0(L,) = 0(6,7°).
Using a standard method of detecting primitive roots via multiplicative characters, we
conclude that if, for a sufficiently large prime p, we have £, > p'3/33+¢ then u, <3. It
remains to estimate the number of primes p < Q with £, > p13/33+£. Let L= Q'3/33+,
Clearly for every such prime we have p | W where

W = H(z[ _ 1) < 2L(L+1)/2‘
t<L

Since W has O(log W) = O(L?) = O(Q?%/33+2¢) prime divisors and since & is arbitrary,
the result now follows.

4. Comments

It is easy to see that the full analogues of Theorems 1.1 and 1.2 can also be obtained
for the sums

Y Y x(Ax+a), 1<a<p-1,

xeZ G
without any changes in the proof. Using a version of Lemma 2.6 given in [26,
Lemma 9], one can also obtain analogues of our results for sums over the consecutive
powers g,...,g" of a fixed element g ¢ 7, provided that N is smaller than the
multiplicative order of g modulo p and in the same ranges as 7 in Theorems 1.1
and 1.2.
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Furthermore, without any changes in the proof, Theorem 1.2 can be extended to the
double sums

Y Y ox(ax+u), 1<a<p-1,
xeZ ueld

where U € F,, is an arbitrary set of cardinality U > p® and Z is an interval of length
H< p'/3 such that, for some « > 0,

#{lueld:u=b+x(mod p), where xe T} < U™

(which replaces Lemma 2.5 in our argument).
It is also interesting to estimate sums

> x(f(x)+a), l<a<p-1, 4.1)

xeZ 1eG

with a nontrivial polynomial £(X) € F,[X], for H > p'/>" and #G > p'/>™" for some
fixed n > 0 (depending only on deg f). To estimate these sums, one needs a nontrivial
bound on the number of solutions to the congruence

Af(x) = f(y) (mod p), x,yeZ, 1€,

which is better than H>. In fact, using some ideas and results of [18, 30] one can get
such a bound, but not in a range in which the sums (4.1) can be estimated nontrivially.
Finally, it is interesting to investigate whether one can estimate the sums

Yo x(a+a+++4,), l<a<p-1,

with v > 3 in a shorter range than that of Theorem 1.4 by using bounds on the higher
order additive energy of multiplicative subgroups; see [28, 29] for such bounds.
Clearly, for any € > 0 if #G > p® then for a sufficiently large v such a result follows
instantly from [8], as if v is large enough, the sums A; +--- + 4,, 41,..., 4, € G, represent
each element of F,, with the asymptotically equal frequency. We however hope that the
approach via the higher order additive energy can lead to better estimates for smaller
values of v and &.
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