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Abstract

Let G be a separable locally compact group with type I left regular representation, Ĝ its dual, A(G) its
Fourier algebra and f ∈ A(G) with compact support. If G = R and the Fourier transform of f is compactly
supported, then, by a classical Paley–Wiener theorem, f = 0. There are extensions of this theorem for
abelian and some unimodular groups. In this paper, we prove that if G has no (nonempty) open compact
subsets, f̂ , the regularised Fourier cotransform of f , is compactly supported and Im f̂ is finite dimensional,
then f = 0. In connection with this result, we characterise locally compact abelian groups whose identity
components are noncompact.
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1. Introduction

Let f ∈ L1 ∩ L2(R). Then, by a classical Paley–Wiener theorem, f is compactly
supported if and only if its Fourier transform f̂ extends to C as an entire function
of exponential type. A consequence of this result is the following property: if f has
compact support, then f̂ cannot have compact support unless f = 0. This property,
which holds on R, fails on an arbitrary locally compact abelian group. In this paper,
we seek an analogue of this property for locally compact groups and characterise the
groups that satisfy this property.

Let G be a separable locally compact group, Ĝ its dual and A(G) its Fourier algebra.
If G is abelian and if f ∈ A(G) (or f ∈ L1(G)) has compact support and its Fourier
transform f̂ has compact support, then f = 0. We call this the compact qualitative
uncertainty principle (CQUP) for G. It is a version of the classical qualitative
uncertainty principle that a function and its Fourier transform cannot both be too

This project has been funded with support from the Lebanese University.
This is an Open Access article, distributed under the terms of the Creative Commons Attribution
licence (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and
reproduction in any medium, provided the original work is properly cited.
c© 2018 Australian Mathematical Publishing Association Inc.

114

https://doi.org/10.1017/S0004972718001119 Published online by Cambridge University Press

http://orcid.org/0000-0003-3042-793X
https://doi.org/10.1017/S0004972718001119


[2] A compact qualitative uncertainty principle 115

localised unless the function is identically zero. For other versions of the qualitative
uncertainty principle on unimodular and Moore groups, see [1, 7, 8, 10] and, for a
topological Paley–Wiener property involving the reduced dual of a locally compact
group, see [9].

The key results of harmonic analysis on abelian and unimodular groups (such
as the Plancherel formula [11, page 213] and the Fourier inversion formula [11,
page 221]) are realised by the Fourier transform. Indeed, if G is unimodular of
type I, then the Fourier transform F ( f ) of a function f ∈ A(G) ∩ L1(G) forms a
field of bounded operators F ( f ) = (π( f ))π∈Ĝ on Ĝ with F ( f ) ∈ L1(Ĝ), and f is
recovered from its Fourier transform by f (x) =

∫
Ĝ Tr[F ( f )(π)π(x)−1] dµ(π), where

µ is the (unique) Plancherel measure on Ĝ associated with a fixed Haar measure
ν on G [11, Corollary 4.3, page 223]. However, if the group is not unimodular,
the Fourier transform fails to give such results in the ordinary way and must be
tempered by unbounded operators. If G (is nonunimodular and) has type I left regular
representation, the Fourier inversion theorem [14, Theorem 4.5] states that a function
f ∈ A(G) ∩ L1(G) is recovered from its regularised Fourier cotransform F ( f ) ◦ K
by means of f (x) =

∫
Ĝ Tr[F ( f )(π)Kππ(x)−1] dµ(π), where µ is a Plancherel measure,

unique up to equivalence, on Ĝ and K = (Kπ)π∈Ĝ is a specific measurable field of
(unbounded) positive self-adjoint operators. If G is unimodular, then K = (IdHπ

)π∈Ĝ
and thus f̂ = F ( f ). As a consequence, it is natural, in our approach to the CQUP,
to deal with the regularised Fourier cotransformation as an extension of the Fourier
transform.

In what follows, G denotes a separable locally compact group with type I left
regular representation and f̂ denotes the regularised Fourier cotransform of f ∈ A(G)
[13, page 547]. For π ∈ Ĝ, we denote the associated representation space by Hπ. Let
d ∈ N∗, Mπ be a subspace of Hπ of dimension dπ ≤ d and M :=

∫ ⊕
Ĝ

Mπ dµ(π). Let K

and Ĥ be compact subsets of G and Ĝ, respectively. Write supp f̂ ⊆ MĤ if Im f̂ (π) ⊆ Mπ

for every π ∈ Ĝ and f̂ vanishes outside Ĥ. Let

AK,MĤ
(G) = { f ∈ A(G) : supp f ⊆ K and supp f̂ ⊆ MĤ}.

We say that the CQUP is valid on G if AK,MĤ
(G) = {0} for all d, K, Ĥ as above.

We will prove that AK,MĤ
(G) is finite dimensional and, if G has no (nonempty) open

compact subsets, then the CQUP holds on G. These results generalise their analogues
[12, Theorem 4 and Corollary 5, page 495] on the affine group of a local field and give
a new characterisation of locally compact abelian groups whose identity components
are noncompact. Suppose that G is abelian and let f ∈ L1(G), A f = {x ∈ G : f (x) , 0}
and B f = {x̂ ∈ Ĝ : f̂ (x̂) , 0}. As in [5], the group G is said to satisfy the qualitative
uncertainty principle (QUP) if, for every f ∈ L1(G),

ν(A f ) < ν(G) and µ(B f ) < µ(Ĝ) ⇒ f = 0 a.e.

A consequence of our results is that the CQUP and the QUP are equivalent on
noncompact abelian groups.
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2. Results

Throughout this paper, G denotes a separable locally compact group with type I
left regular representation equipped with a left Haar measure ν. Let ∆ be the modular
function of G and A(G) the Fourier algebra of G. For a complex function f on G,
we adopt the notation: f̌ (x) = f (x−1), f̃ (x) = f (x−1). Let Ĝ be the dual of G. Then
there are a standard measure µ on Ĝ, which we call the Plancherel measure (see
[2, page 225] or [13, page 545]), a µ-measurable field (π,Hπ)π∈Ĝ of representations of
G and a measurable field K = (Kπ)π∈Ĝ of nonzero positive self-adjoint operators such
that, for almost all π ∈ Ĝ, Kπ is semi-invariant with weight ∆−1, the operator π( f )K1/2

π ,
where f ∈ L1 ∩ L2(G), extends to a Hilbert–Schmidt operator onHπ, denoted P( f )(π),
and the mapP : L1 ∩ L2(G) −→ L2(Ĝ) extends uniquely to a unitary map of L2(G) onto
L2(Ĝ). In this case, the Plancherel formula, for f ∈ L1 ∩ L2(G), is∫

G
| f (x)|2 dx =

∫
Ĝ
‖π( f ) ◦ K1/2

π ‖
2
2 dµ(π).

We fix a Plancherel measure µ on Ĝ and a measurable field of nonzero positive self-
adjoint operators K = (Kπ)π∈Ĝ so that the conditions (i) and (ii) of [2, Theorem 5,
page 225] hold. This measure is unique up to equivalence and, for almost all π, each
Kπ is unique up to a constant multiple. Now, since µ is fixed, the field K = (Kπ)π∈Ĝ is
unique. Following the case of the affine group of a local field (see [3, page 235]), the
Fourier cotransformation F̄ is defined by

F̄ (T )(x) =

∫
Ĝ

Tr[T (π)π(x)] dµ(π),

where T ∈ L1(Ĝ) and x ∈ G. The regularised Fourier cotransform of a function
f ∈ A(G) is defined by f̂ := F̄ −1( f̌ ). By the remark below, this is equal to F ( f ) ◦ K
if f ∈ L1 ∩ A(G), where F ( f ) is the Fourier transform of f . For further details and
notation not explained here, see [13].

Lemma 2.1. Let f ∈ L1(G) with compact support. Then, for almost all π ∈ Ĝ,

π(∆ f )Kπ = Kππ( f ).

Proof. As in [14, Lemma 4.2], π(∆1/2 f )(Kπ)1/2 = (Kπ)1/2π( f ). It follows that

Kππ( f ) = (Kπ)1/2(Kπ)1/2π( f ) = (Kπ)1/2π(∆1/2 f )(Kπ)1/2 = π(∆ f )Kπ. �

Theorem 2.2 (Inversion theorem [14, Theorem 4.5]). Suppose that f ∈ A(G) and let
K = (Kπ)π∈Ĝ be the field defined above. If f ∈ L1(G), then F ( f ) ◦ K ∈ L1(Ĝ), where
F ( f ) is the Fourier transform of f , and

f (x) =

∫
Ĝ

Tr[π(x−1)F ( f )(π) ◦ Kπ] dµ(π).
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Remark 2.3. In the abelian and some unimodular cases, the Fourier inversion theorem
states that, for a class of functions, it is possible to recover a function from its Fourier
transform. In our case G is not unimodular and a function f ∈ L1(G) ∩ A(G) cannot
be recovered from its Fourier transform, but from its regularised Fourier cotransform
f̂ = F ( f ) ◦ K . Indeed, since f̂ = F̄ −1( f̌ ) and F̄ is bijective (by [13, Theorem 3.4,
page 547]), F̄ ( f̂ ) = f̌ and hence

f (x) = f̌ (x−1) = F̄ ( f̂ )(x−1) =

∫
Ĝ

Tr[ f̂ (π)π(x)−1] dµ(π).

Theorem 2.4. Let K be a compact subset of G, Ĥ a compact subset of Ĝ, d ∈ N∗ and,
for each π ∈ Ĝ, let Mπ be a subspace ofHπ of dimension dπ ≤ d. Then the space

AK,MĤ
(G) = { f ∈ A(G) : supp f ⊆ K and supp f̂ ⊆ MĤ}

is finite dimensional.

Proof. Without loss of generality, we can assume that Hπ is infinite dimensional.
Choose an orthonormal basis {eπk }k=1,...,dπ of Mπ and complete it with an orthonormal
basis of M⊥π , the orthogonal complement of Mπ, to obtain an orthonormal basis
{eπk }k=1,...,∞ ofHπ. Then M⊥π ⊆ Ker( f̂ (π))∗ for all f ∈ AK,MĤ

(G) and for all π ∈ Ĝ. Let us
show that the ball

BK,MĤ
(G) := { f ∈ AK,MĤ

(G) : ‖ f ‖K ≤ 1},

where ‖ f ‖K = ‖ f ‖∞ is the uniform norm of f on K, is equicontinuous. Indeed, for all
f ∈ BK,MĤ

(G) and x in a neighbourhood of x0 in K,

| f (x) − f (x0)| =
∣∣∣∣∣∫

Ĥ
Tr( f̂ (π)(π(x)−1 − π(x0)−1)) dµ(π)

∣∣∣∣∣
=

∣∣∣∣∣∫
Ĥ

dπ∑
k=1

〈(π(x)−1 − π(x0)−1)eπk , ( f̂ (π))∗eπk〉 dµ(π)
∣∣∣∣∣

≤ µ(Ĥ) sup
π∈Ĥ

dπ∑
k=1

‖(π(x)−1 − π(x0)−1)eπk‖.‖ f̂ (π)∗eπk‖.

Now, since f ∈ A(G) has compact support, then f ∈ L1(G) and, by Theorem 2.2,
f̂ (π) = π( f )Kπ. Using the equality π( f )∗ = π(∆−1 f̃ ) and Lemma 2.1,

‖ f̂ (π)∗eπk‖ = ‖Kππ( f )∗eπk‖ = ‖Kππ(∆−1 f̃ )eπk‖ = ‖π( f̃ )Kπeπk‖ ≤ ‖π( f̃ )‖.‖Kπeπk‖.

Moreover, since π( f̃ ) =
∫

G π(x) f̃ (x) dx =
∫

G π(x−1) f (x)∆−1x dx,

‖π( f̃ )‖ ≤ sup
x∈K

∆−1(x)ν(K)‖ f ‖∞.

Consequently,

| f (x) − f (x0)| ≤ sup
x∈K

∆−1(x)ν(K)‖ f ‖∞µ(Ĥ) sup
π∈Ĥ

dπ∑
k=1

‖(π(x)−1 − π(x0)−1)eπk‖.‖Kπeπk‖ → 0,
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when x tends to x0, since π(x)−1 tends to π(x0)−1 strongly (that is, in the strong operator
topology). Hence, by the Ascoli–Arzelà theorem, BK,MĤ

(G) is compact. By Riesz’s
theorem that every locally compact normed space is finite dimensional, it follows that
AK,MĤ

(G) is finite dimensional. �

Remark 2.5. Let f ∈ A(G). It is known that ‖ f ‖∞ ≤ ‖ f ‖A(G). So, an important
consequence of Theorem 2.4 is that the two norms ‖ · ‖∞ and ‖ · ‖A(G) are equivalent on
AK,MĤ

(G).

Theorem 2.6. Suppose that G is connected and noncompact and f ∈ A(G) has compact
support. Then f = 0 if and only if its regularised Fourier cotransform f̂ is compactly
supported and Im f̂ is finite dimensional. Thus, the CQUP is valid on G.

Proof. Suppose that f ∈ A(G) has compact support K such that supp f̂ ⊆ Ĥ and
Im f̂ ⊆ M :=

∫ ⊕
Ĝ

Mπ dµ(π), where Ĥ is a compact subset of Ĝ and dim M ≤ d ∈ N∗.
Towards a contradiction, suppose that f , 0 and take a compact subset K1 of G such
that K ⊆ K◦1 , the interior of K1. By Theorem 2.4, AK◦1 ,MĤ

(G) has finite dimension n and

{0} , AK,MĤ
(G) ⊆ AK◦1 ,MĤ

(G).

Let { fi : 1 ≤ i ≤ n} be a basis of AK◦1 ,MĤ
(G), K2 =

⋃n
i=1 supp fi and N(K2) be an open

neighbourhood of K2 such that

AK2,MĤ
(G) = AN(K2),MĤ

(G).

Let εx, x ∈ G, be the function defined on G by εx(t) = 0 if t , x and εx(x) = 1. By
Theorem 2.2 and Lemma 2.1, for 1 ≤ i ≤ n,

f̂i ∗ εx(π) = F ( fi ∗ εx)(π)Kπ = F ( fi)(π)π(εx)Kπ

= F ( fi)(π)Kππ(∆−1εx) = f̂iπ(∆−1εx).

Thus, Im( f̂i ∗ εx(π)) ⊆ Mπ and supp( f̂i ∗ εx) ⊆ MĤ .
Suppose that x→ e, the neutral element of G. Then fi ∗ εx ∈ AN(K2),MĤ

(G) for all
i and so fi ∗ εx ∈ AK2,MĤ

(G). Consequently, there is an open neighbourhood N(e) of
e such that K2N(e) ⊆ K2 and thus K2N(e) = K2 is open and compact. But this is
impossible, since G is connected and noncompact. This contradiction completes the
proof. �

Remark 2.7. These results generalise their analogues on G = ax + b, the affine group
of a local field, a particular case of a nonunimodular group (see [12, Theorem 4 and
Corollary 5, page 495]). Indeed, if G = ax + b, then, for any f ∈ A(G), supp f̂ = {π}
is compact, where π is (up to equivalence) the unique infinite-dimensional irreducible
unitary representation of G (see [3, page 209]). So, AK,MĤ

(G) reduces to the form
AK,M(G) = { f ∈ A(G) : supp f ⊆ K and Im f̂ ⊆ M}.

Corollary 2.8. If the CQUP fails on G, then G contains an open compact subgroup.
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Proof. If the CQUP fails on G, then, by the proof of Theorem 2.6, there exists
a nonempty open compact subset K2 of G. It follows that K−1

2 K2 is a compact
neighbourhood of the identity and hence, in view of [4, Theorem 7.5, page 61], G
contains an open compact subgroup. �

Remark 2.9. In some unimodular cases, for example, if G is abelian or of bounded
representation dimension, that is, sup{dimπ : π ∈ Ĝ} <∞, then AK,MĤ

(G) reduces to the
form AK,Ĥ(G) = { f ∈ A(G) : supp f ⊆ K and supp f̂ ⊆ Ĥ}, since Im f̂ is always finite
dimensional. In these cases, the CQUP holds on G if and only if

CF(G) := { f ∈ A(G) : supp f is compact and supp f̂ is compact} = {0}.

Corollary 2.10. If G is abelian, then the CQUP holds on G if and only if the identity
component of G is noncompact.

Proof. Suppose that G contains an open compact subgroup H and let 1H be the
characteristic function of H. Then 1H ∈ CF(G) and so the converse of Corollary 2.8
is true. It follows that the CQUP holds on G if and only if G does not contain any open
compact subgroup, which is in turn equivalent to saying that the identity component
of G is noncompact. �

Remark 2.11. Suppose that G is abelian and let f ∈ L1(G), A f = {x ∈G : f (x) , 0} and
B f = {x̂ ∈ Ĝ : f̂ (x̂) , 0}. Following [5], the group G is said to satisfy the QUP if for
every f ∈ L1(G),

ν(A f ) < ν(G) and µ(B f ) < µ(Ĝ)⇒ f = 0 a.e.

If G is abelian and noncompact, then, by [5, Theorem 1, page 137, and Theorem 2,
page 139], G satisfies the QUP if and only if the identity component of G is
noncompact. Thus, the CQUP and the QUP are equivalent on noncompact abelian
groups. However, from [6, page 588], for the definition of the QUP in the (nonabelian)
unimodular case, the Plancherel measure µ is replaced by the measure µ′ defined by
µ′(Ê) =

∫
Ê dim π dµ(π), where Ê is a µ-measurable subset of Ĝ. If G is of bounded

representation dimension, then the condition µ′(B f ) < µ′(Ĝ) reduces to the form
µ(B f ) < µ(Ĝ) and, by [6, Theorem 2.2, page 590, and Theorem 2.4, page 592], the
CQUP and the QUP are harmonically equivalent on such G which are neither compact
nor discrete. Note that, in our definition of the CQUP, we retained the Plancherel
measure µ in all cases (abelian, unimodular and nonunimodular).
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