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ON SOME INEQUALITIES FOR
ELEMENTARY SYMMETRIC FUNCTIONS

Mi LiN AND NEIL S. TRUDINGER

In this note, we prove certain inequalities for elementary symmetric funtions that
are relevant to the study of partial differential equations associated with curvature
problems.

In this note, we prove certain inequalities for elementary symmetric funtions that
are relevant to the study of partial differential equations associated with curvature
problems, (see, for example, [2, 3, 7]). In particular our first theorem relates to the
partial uniform ellipticity of the higher order mean curvature operators while our second
one is an improvement of an inequality of Ivochkina that was crucial in her study of
these operators in [2, 3]. From these two inequalities, we deduce further inequalities
that arose in our treatment of curvature quotients in [5].

We begin with some definitions and notation. First the k-th order elementary
symmetric function of n variables, Sy, is defined by

(1) Sk(A) = > Xig Xig -+ Ay

1€ <ig << KN
where 1 < k < n and XA =(Ay,...,A,) € R™. For consistency, we extend Si by setting

So(A) =1,
S},(A) =0 for k > n.

The function S; will be considered in the corresponding cone in R®, T'y, given by
2 I'n={A€eR"|S;(A)>0, forall j=1,...,k}.

It is easily seen that I'x is, in fact, a cone with vertex at the origin. Clearly I'y C T;
for £ 2 j and T, is the positive cone {A € R® | X\; > 0, : =1,... ,n}. For any fixed
t-tuple {#1,2,...,%:} € {1,2,... ,n}, we define

®3) Skiinia..it(A) = Sklr, =2, ==, =0,
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that is, Sk;i,..i, 1s the k-th order elementary symmetric function of the n — ¢ variables
{1, s ,'n,}\{il,. .. ,it}.

The following properties of the functions Sy will be used in this paper:

(4) Sk(A) = Ski(A) + AiSk—1;4(})
(5) Z Ski(A) = (n = k)Sk(A)

for all A € R™. Furthermore, if A € I'g, then at least k of the numbers Ay,... , ), are
positive and moreover

(6) Stiyig..i,(A) >0

for all {i1,%2,...,1,} C {1,2,... ,n}, I4+5 < k. As well, we have the Newton inequal-
ities

(k—1)(n—-k+1)
k(n—-k+2)

(7 SkSk-2(A) < [Se-1(N)]?

for A € R™, k > 2 and the Maclaurin inequalities

(8) I S*“)]w < [('1') & *’]m

for A €Tk, k212> 1; (see [6]).
Throughout this paper we shall write A in decreasing order,

9) R e N Y

where p(Z k) is the number of positive A;.
Our first theorem provides lower bounds for the ratios Sk—1;i/Sk—1.

THEOREM 1. There exists a positive constant 8, depending on n and k, such
that

Sk—l;i(A)

(10) Se_s (V)

20,

forall i 2k, A eTy.
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REMARKS. (i) It suffices to prove (10) for the case i = k, because Sg—1;i < Sk-1,j if
1 € 7. This follows from the formula, ‘

Sk—1;i = Sk—1;ij + AjSk-2;ij

and the positivity of Si_s;i; on I'x.
(ii) Our proof will yield the following estimate for §, namely

(11) O(n, k) > [1 + Z H (1+C: )] , C; = /(”;—_ 1)1

j=21i=j

In the special case n = 3,k = 2, we obtain 8 > 1/3, which is sharp, as is evidenced by
the example A; = Ay =1, As = —1/2. We provide an example later to show that the
condition i 2> k cannot be improved.

(i1) When ¢ > p, that is A; < 0, the estimate (10) is already known, in conjunction
with gradient bounds for curvature equations [1, 4]. In this case, (10) follows, with
8 = 1, immediately from the formula,

Sk-1(A) = Sk—1;i + XiSk—2;i-
PRrROOF OF THEOREM 1: We first prove the inequality,

k(n—k)

n—1

(12) |Sk—1;1] < CrSk—1;k, Ci =

Using the formula (4), we have

Sk;k + A1Sk—1;16 = Skk = Sk — A Sk—1;k
(13) 2 —AkSk-1;k
(14) Sk—1;1k + A1Sk—2;1% = Sk—1;k

Eliminating A; from (13) and (14), yields

(Sk-1;1%)% — Sk;1xSk—2:1k < Sk—1;(Sk=1,1% + A Sk—2,1%)

= Sk—1;k5k-151
so that by Newton’s inequality (7) we obtain

(k—1)(n—-k-

k(n —k) D (S"-lalk)z < (Sk—l;k)zs

1-—
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whence (12) follows.
Now from (12) and (14), we have

CreSk—1;8 2 —Sk—1;k + M1 Sk—2,1%

so that

Sk_1;6 2 Sk-2;1k-

M
14+ Cy
Let us now suppose that (10) is valid wherever k and n are replaced by k£ — 1 and
n — 1, that is for some positive constant § = 8(k — 1,n — 1), we have

Sk—2,1k 2 0Sk_2;1.

Here we are replacing Si by Sk—1.1. Then we obtain

Sk—1;% 2 I ;\_12 Sk—2;1
1+C 17, (k-1 — Se-a)y
whence we conclude
(15) Skotih > 0 Siy
1+Cr+8
Since inequality (10) clearly holds for k=1, with § = 1, we are done. 1]

FURTHER EXAMPLES
(i) Taking k <nand \y =M, \;=1for1<i<k, \g=M"1 X =0fori>k,
we clearly have :
Sk—1;k—1 _ 1
Sk-1 - M+(k—2)+M—1

—0 as M — oo

which shows Theorem 1 is impossible for z < k.
(ii) For k=2 and n > 3 , we get from (11),

1

6 2) > 2442 -2)/(n—1)
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As with the case n = 3, 6(3,2) = 1/3, we also must have equality in this estimate.
This follows from the example

A=1 fori=1,...,k,
Ai=3s fort=k+1,...,n

where

n—3 n—2

8 = 1 ( 2(n—1)_2>, for n > 4.

Accordingly we have the sharp estimate

Sl;z S 1

(16) 51 T 24,2(n-2)/(n-1)

1
> —.
242

The last inequality also follows directly from the formula

(17) 0<25, =51 - M.
=1

Note when 6 is sharp, equality in (10) must be attained on I, otherwise the kit
partial derivative of the ratio must vanish, that is

Sk—1;85k—2;k
) ) A —
s, (A)=0

which contradicts A € 'y according to property (6).

Our second theorem is an improvement of the Ivochkina inequality [2].

THEOREM 2. There exists a constant C depending on n and k such that
(18) Sit1r(A) < Y Shon(A)(X)
i=k,iFr

forall AeTy.

PROOF: We separately estimate each of the terms @ in the sum of the left hand
side of (18). If @Q has an odd number of negative X;, we are clearly done. Let us assume
first that @ has an even number of negative factors and write @ in the form

Q = AA{AJ' A,’,AJ‘ <0

https://doi.org/10.1017/50004972700013770 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700013770

322 M. Lin and N.S. Trudinger (6]

and
A=)y -2

ig_1°

Without loss of generality, we can order A,

g 22X, >0> ) 22

a4l T k1"

Consequently

|4l = (A -+ 2s,)

<Ay A, A

A,-,“ ""\"k-ll
k—5—1

Since A € I'x, the sum of any n — k+ 1 of the A; is positive and hence
iy | S(p—k+ 1)
and thus

AL (n—k+1)" a0 0,0

< (
Sr—k+1) A A A
Next by expanding

Sk-1= Sk—151 + A1Sk—251
= Sk-1;1 + A1Sk-2;12 + A1A2Sk—3;12
= Sk-1;1 + Alsk_z;lz SRR o PR Ak_zsl;lz...(k_l) + A1 Apmr

we have the inequality
(19) Mz Apo1 < Skt
Hence
Q< 5(n—E+ 1S (0 + ()]
< %(n =k + 1) 7 [Sho15(0) + Sko1;5(X5)]

by virtue of (10) with # = 1, Remark (iii). The case when @ has all positive factors
follows directly from (19) and Theorem 1, although it could be deduced independently
of Theorem 1. 1]
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REMARK. We have dispensed with an assumption made by Ivochkina {2, condition
(2.7)] and our summation is taken from k to n rather than 2 to n. The latter improve-

ment is essential for our applications to curvature quotients.
APPLICATION. Observing that

OS:
aX;

(20) = Sk—l,i)

we may write the estimates (10) and (18) in the form

OSx 9 " 5S4 .
_— > — — >
(21) o (2) > n—-k+1 = Oj (A) for A€T%, i >k,
Zﬂ OSk,, \2
(22) Sk+1;r < C B_A(A‘) for A € I‘k, Ar > 0.
' i=kigr %

We need an extension of (22) for quotients of elementary symmetric functions

(23) Sk,l = % fork>12> 1,
1

which follows by combination of Theorems 1 and 2.

THEOREM 3. There exists a positive constant C depending on n and k such

that
Sk+1;7(A) >~ 8Ska(A),, 12
Ok+1r\A) , .
(24 509 SO 2 Tan ™
i=k,i#£r
forall AeT.

PROOF: We calculate, (as in [7]),

askyl — Slsk—l;i - SkSl—l;i

— St;iSk—1;i — SkiSi—1;i
st
n(k — 1) 5:Sk—1;i . )
> P H ,
Z ¥ (n-1) 5? (by Newton’s inequality)
n(k—1) Sk—1;i
> 3
(25) = k(n — l)a(l + l,n)-——Sl

for i > 1+ 1, by Theorem 1. The desired inequality (24) then follows directly from
Theorem 2. 0

https://doi.org/10.1017/50004972700013770 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700013770

324 M. Lin and N.S. Trudinger (8]

Next, following Ivochkina 3], we estimate
Sk—l;rAf- =X Sk =2 Sk i

= A Sk+ {ZSk 11A2 (k+1)sk+1r_sksl r}
i#r

(26) < (Ar - %Sl;r) Sk + c 2 Sk-l;iA?

itr

by Theorem 2, where C is a further constant depending on k& and n. Consequently we
have

85
oA,

X2 < 515, BS k

(27)

l#r
with S; replaceable by A,, when k > 2. For quotients, we now prove a stronger version
of (27).

THEOREM 4. There exists a positive constant C depending on n and k such
thatfor [ 21, A€ Ty

Sk, 2 ¢ 35k1
(28) T < C‘#Zr

PROOF: Let us write

oF

(29) , F() = Sei(A), F(A)= W i=1,...,n.
From (25) we have
Sk—1;i  Si-y;i
A2 = A2 =i i
R = Py (S - St
Sii Sk
(30) =FX; ( S, A )

by (4). To estimate the second term on the right hand side of (29) for i = r, we sum
(29) over i # r, to obtain

kar T

(31) EFAz = —[(l +1)Si41 — SirAr] — (B + l)S’H’l r_ =

i#ET
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so that by Theorem 3,

Siir 1 , F
_ A < = A2 4 [S,. -
57 A < g1+ (k+1)0] }i#;m, + 15 Sirde = (14 1)S101)

(32)

where C is the constant in (24).
Since Si4+1(A) > 0, it remains to estimate the term
F
S
on the right hand side of (31). First we observe from the proof of Theorem 2, that any

Sl;rAr

term @ in Sj.A, can be estimated by
(33) Q1 < (n = D) Adg -+ A,
so that by (19),

StrAr -1
(34) S < (M) )= 0
Similarly we can prove the estimate
(35) Si < (:) (n—~k+1)* XSt

for any j < k. For, using
Sk = Sk;j + AjSk-1;5,

we see that (35) is automatically true if Si;; < 0. Otherwise we estimate as above

< (ke ih

< (:) (n—k+1)" 281
by (19). Similarly to the above estimation, we also have, for j <1 +1,

A8 € (1;) n-1l+ 1)’/\1 D VIR

(36) < (’;") (n — L+ 1)'A;81,;.

Combining (34), (35) and (36), we thus obtain for j <1+1,
Sl; 'Sl:—l; j
JSlz J A?

(37) < CF;\2

F
— 5. <
Sl Sl,rAr X C

where C depends on n,k,l. By choosing j # r, we thus complete the proof. 0

REMARK. Theorem 4 1s a crucial inequality in our derivation of second derivative esti-
mates for solutions of prescribed curvature quotient equations [5].
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