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Abstract

We prove that the homology classes of closed geodesics associated to subgroups of narrow class groups of real
quadratic fields concentrate around the Eisenstein line. This fits into the framework of Duke’s Theorem and can be
seen as a real quadratic analogue of results of Michel and Liu—Masri—Young on supersingular reduction of CM-
elliptic curves. We also study the level aspect, as well as a homological version of the sup norm problem. Finally,
we present applications to group theory and modular forms
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1. Introduction

Let p be a prime and consider the modular curve Yy(p) = ['o(p)\H of level p equipped with the
hyperbolic line element |dz|/y and volume element dxdy/y?, where H = {z = x +iy € C : y > 0}
is the upper half-plane and I'o(p) < PSL,(Z) is the level p Hecke congruence group! acting on H by
linear fractional transformations. Given a real quadratic field K of discriminant dx > O such that p
splits in K, one can associate to an element A € Cly of the narrow class group of K an oriented closed
geodesic C4(p) on Yy(p) (see Section 3.1 for details). In a celebrated paper [Duk88], Duke proved that
the geodesics {Ca(p) C Yo(p) : A € Cl;} equidistribute with respect to hyperbolic measure as dx
tends to infinity, meaning that

LAEC fc f(Z)M 1
k Jea(p) I FED g S oo, (1.1)
114zl vol(Yo(P)) Jy(p) Y

Y Aecr, ch(p)

for f : Yy(p) — C smooth of compact support (for further results, see [ELMV12], [MV06] and the
reference therein). In this paper, we study the homological behavior of the oriented closed geodesics —
that is, the map

Cly — H1(Yo(p).Z), A [Ca(p)] :=class of Ca(p), (1.2)

from the narrow class group to the integral homology of Yy(p) (which one can identity with the
abelinization of I'y(p) modulo torsion) as dx — oo. Our result can be stated as saying that the classes
concentrate around the Eisenstein line. This is a real quadratic analogue of the equidistribution of
supersingular reduction of CM elliptic curves as in [Mic04] (see Section 2). We also study the level
aspect (analogue of [LM Y 15]) leading to a homological version of the sup norm problem (see Section 6)
which might be of independent interest (for another application, consult [HN22]). We also present
applications of our distribution results — one group theoretic and another concerning nonvanishing of
cycle integrals of modular forms (see Section 1.2). Finally, we refer to Section 1.3 and Remark 1.9
below for geometric interpretations of our results.

1.1. Statement of results

Let p be prime and let g denote the genus of the (noncompact) Riemann surface Yy(p) satisfying
g = £ + O(1). The integral homology

Hi(Yo(p),Z) = 2°¢*!
sits as a lattice inside the real homology

Vp = Hi(Yo(p),R) = Ty(p)™® @ R = R**". (13)

Here and throughout we will (contrary to standard conventions) consider the Hecke congruence groups I'p(p) as subgroups
of PSLy (R).
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We will be interested in how elements of V), distribute when projected to the 2g-sphere, by which we
mean the map

Vp, —{0} » S(Vp,) :==(V, —{0})/Rsg, vi= 7, (1.4)

where we endow S(V),) with the quotient topology of the Euclidean topology of V,,. We define the
Eisenstein class

ve(p) € Hi(Yo(p), Z) (1.5)

as the homology class of a simple loop going once around the cusp at co with positive orientation (which
corresponds to the image of the matrix T = (1) in To(p)*® using the identification (1.3)). This is
indeed a Hecke eigenclass with the same eigenvalues as the weight 2 Eisenstein series, as we will see in
Section 3.2.1. Our first main result is the following.

Theorem 1.1. Let p be a prime and consider a real quadratic field K of discriminant dx such that p
splits in K with pOg = pi1p2. Consider a subgroup H < Cly, such that p; ¢ H and (Vdk) ¢ H. Then
as dg — oo, the classes of the closed geodesics associated to H concentrate around the line generated
by the Eisenstein element, meaning that

D [Ca(p)] — —ve(p), asdkx — e (1.6)
AeH

in the quotient topology of S(V,,).

This is the real quadratic analogue of a distribution result due to Michel [Mic04] (see also [EOY05],
[YanO8], [Kan09], [LMY 15] and [ALMW22]) concerning the map

Clg — EC0°(F ) (1.7)

from the class group of an imaginary quadratic field K (in which p is inert) to the isomorphism classes
of supersingular elliptic curves defined over F > (or equivalently over E). We refer to Section 2 for
a more elaborate explanation of the analogy between the two cases. We note also that our results can
be phrased as a weak convergence statement (see Theorem 5.1) which resembles (1.1). Another useful
analogue to have in mind is the distribution of lattice points on the unit sphere S> ¢ R3 [Duk88]:

i{(a,b,c) €eZ:d®+b*+c*=dy c S,

Vd
as d — oo (which is the basic case of Linnik’s Problem; see [MV06]); in both cases, one rescales the
points to get a convergence of measures to, respectively, the Haar measure and the point measure at
(minus) the Eisenstein element. We have the following useful corollary. In Section 1.3 below, we will
use this to explain the geometric content of our result.

Corollary 1.2. Let K and H < Cl}, be as in Theorem 1.1 and consider a basis B of V), containing
ve(p). Then for dx sufficiently large, the v g (p)-coordinate of the vector

Dl lCapl eV,

AeH
in the basis B has strictly maximal absolute value among all coordinates (and in particular is nonzero).

Remark 1.3. The conditions on the level and discriminant in the theorems above are necessary. If either
pOk = p1p; with p; € (Cl})2 or (Vdg) € H, then there is a basis for V,, (the Hecke basis) such that
the vg (p)-coordinate of
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>0 (Ca(p)]

Ae(CI%)?

is zero. In Section 3.1, we construct for each p an infinite family of real quadratic fields K that satisfy
the conditions in Theorem 1.1. It is unclear whether the statement should be true for any genus.

Remark 1.4. The restriction to prime level ensures that there are no old forms and also that there is a
unique Eisenstein class in the (co)homology. The main steps in the proofs should, however, work for
general (square-free) level, but the statements would have to be modified accordingly.

1.1.1. Varying the level
Our second result is concerned with the level aspect in the sense that we will obtain a distribution
statement uniform in p. Notice, first of all, that for v, vy, ... € V,, — {0}, the convergence

Vi, — Vo €S(V,)asn — o
is equivalent to

Vn Vo

Ival Ivol

for any (fixed) norm | - | of V,,. A natural question is to ask for bounds for the left-hand side of (1.8)
uniform in dg and p for certain specific norms of V,,. A basis B for H; (Yy(p), R) defines an isomorphism
of vector spaces V,, = R?¢*! (by mapping B to the standard basis of R?*!), and by pulling back the
L"-norm for 1 < r < oo, we obtain a norm on V,, which we denote by | - |z, (see (7.3) for details).
We notice that one can choose a sequence of bases for each p such that the convergence in (1.8) (with
say r = 1) is arbitrarily slow in p. This is parallel to the case of the distribution of CM points on
modular curves in the level aspect as considered in [LMY 13]; here, one has to consider ‘compatible’
test functions as the level varies. Similarly, we will consider certain ‘compatible’ bases of H; (Yp(p), R).
To define these, we recall (see Section 4.2) that the following matrices generate I'o(p);

—0asn — (1.8)

Sy = {4 Do (s ) 0<a<pl, (1.9)

where 0 < a* < p is such that aa® = —1 mod p. We say that a basis B of H(Yy(p),R) is a basic
basis of level p if it consists of homology classes containing the oriented geodesic connecting i € H and
oi € H for some o~ € S(p). We think of these bases as analogues of the sets £¢£°*(F 2) considered in
the imaginary quadratic case (1.7) (see Section 2). Our second main result is the following.

Theorem 1.5. Let p be prime and B a basic basis of level p with associated norm | - |p.« (note that
IvE(p)lB.co = 1). Let K be a real quadratic field of discriminant dx with no unit of norm —1 such that
p splits in K with pOg = p1p2 and p; ¢ (Cl}'{)z. Then we have

Zaecry2[Ca(p)]
| 2 accry)2 [Ca(p)]lB,00

+ve(p)|| <. pTredTe (1.10)

B,

As above, we get the following corollary.

Corollary 1.6. Let p and K be as above and consider a basic basis B C 'V, of level p containing v (p).
Then for dx >, p***%, the v (p)-coordinate of the vector

Do Capl eV,

A€(CIf)?

in the basis B has strictly maximal absolute value among all coordinates (and in particular is nonzero).
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The above result has a very close analogue in the imaginary quadratic case as worked out by Liu—
Masri—Young [LMY 15], who studied a level p version of the equidistribution of the map (1.7). One
can identify the finite set £¢°*(F ,2) = {ey, ..., e, } with the connected components of a certain conic
curve XP-* defined from the quaternion algebra over Q ramified at p and co. Thus, {e, ..., e, } defines
a basis for the 0-th homology group Hy(XP-*,Z). In this language, the results of [LMY15] can be
phrased exactly as (1.10) (see (2.5)). We will develop this analogy in greater detail in Section 2.

1.2. Applications

We will now present some applications of our results; one is group theoretic and the other has to do
with nonvanishing of cycle integrals of modular forms.

Consider a prime p = —1 mod 12 (for simplicity) and put n = pTH. Then I'y(p) considered as a
subgroup of PSL,(Z) is torsion-free with [y(p)2® = Z/?*!, and thus we know by the Kurosh subgroup
theorem that I'y(p) is a free group on n/2+ 1 generators (being a subgroup of PS1.,(Z) = Z/2Z+Z/3Z).

Let

0 ay a an-1 a, 1

—=—<—<...< < — ==

1 bO bl bnfl bn 1
be a Farey symbol of level p in the terminology of Kulkarni [Kul91], meaning that a;/b; are reduced
fractions such that a; ;.1 — a;+1b; = 1 forall 1 <i < n and that there is a pairingi <> i* on0,...,n—1
satisfying

bibi* + bi+1bi*+1 = (0 mod p.

Such a symbol always exists, even one that is symmetric around 1/2, by [Kul91, Section 13]. It follows
from [Kul91] and a classical result of Poincaré that I'g(p) is freely generated by (the images inside
PSLy(Z) of) T = (} 1) together with the n/2 = 2! matrices

ajs1biv + aib; —aiap — a1 aiesn C
fori < i a pair. (1.11)
bibi» + bis1bis1 —ai1bis1 — a;b;- P
The following group theoretic application can be thought of as an analogue of Linnik’s Theorem on the
smallest prime in arithmetic progressions (see also Theorem 2.3 below).

Corollary 1.7. Let p = —1 mod 12 be prime and consider a real quadratic field K of discriminant dg
and (wide) class number one such that p splits in K with pOg = p1p2 such that p, does not have a
generator of positive norm. Let (u, v) be the positive half-integer solution to u> — dxv? = 1 such that v
is minimal among all such and let a, b, c € Z satisfy b> — 4ac = dg and p|a. Then for dg >, p>**%,

the matrix (SZ‘V} MZ_"};’V ) € To(p) is not contained in the subgroup generated by the matrices (1.11).

The conjugacy class in I'y(p) of the matrix ('ﬁ;gt uz_cgv ) in the corollary above corresponds exactly
to one of the two oriented closed geodesic associated to the class group of K (see Section 3.1 for details).
We also obtain a related result when the wide class number of K is not one and for general prime levels
p, which is, however, a bit more cumbersome to state. We will refer to Section 8 for details.

The next application is concerned with the nonvanishing of integrals of modular forms over closed
geodesics. Let oy (n) = X 4|, d be the sum of divisors function. For a Hecke eigenform f € My(p)
with Fourier coefficients a s (n) (at o0), we have the trivial bound |a s (n)| < o7 (n). This means that for

any nonzero modular form f € M;(p), we can define
My =inf{c > 0: |ay(n)| < coy(n), Vn > 1} € (0, 0),

where again, a ¢ (n) denotes the Fourier coefficients of f at co.
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1 1
3 2

Figure 1. The closed geodesic on Yy(11) associated to the principal class in Q(V23).

Corollary 1.8. Let p be prime and let f € Mjy(p) be a holomorphic modular form of weight 2 and
level p with constant Fourier coefficient equal to 1. Consider a real quadratic field K of discriminant
dg and (wide) class number one such that p splits in K with pOg = p1p, such that p, does not have a
generator of positive norm. Let C denote the geodesic associated to the class group of K. Then we have
for dx > (My)'2ep*+€ thay

/ f(2)dz # 0.
c

Notice that the above does not depend on the choice of orientation of C.

1.3. Geometric interpretation

We will now explain the geometric content of Theorem 1.1. Recall that topologically, Yy(p) is a genus
g curve with two punctures where the genus satisfies g = % + O(1). We are interested in understanding
the sum of the homology classes of the oriented closed geodesics of the principal genus. The associated
geodesics will travel around Yy (p) in a complicated way but our results can be interpreted as saying that

‘closed geodesics from the principal genus wind around the cusp at infinity a lot’.

To illustrate this, let us consider the simplest nontrivial case p = 11 where the genus is one. A
fundamental polygon for Yy(11) is given by the hyperbolic polygon with vertices oo, 0, %, %, %, 1 as

illustrated in Figure 1. The associated side pairing transformations (forgetting inverses) are

T=(o1)A=(17)B=(13)

which define a set of free generators for I'y(11) (this follows from Poincaré’s Theorem as explained
in Section 4). As illustrated in Figure 2, when viewing Yy(11) as a double punctured torus, the matrix
T corresponds to a simple loop around the puncture at co, and A, B correspond to the loops going
around the two ‘holes’ of the torus. The content of Theorem 1.1 is concerned with the coordinates of
the closed geodesics in the basis {7, A, B} in the homology (or equivalently, when the corresponding
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0-1=-1

Figure 2. The {T, A, B}-coordinates in the homology of Yo(11) of the closed geodesic associated to the
principal class of Q(V23).

hyperbolic conjugacy classes are projected to the abelinization of I'y(11)). Now consider the quadratic
field K = Q(\/ﬁ) which has narrow class number two and wide class number one. In this case, we have
associated to the principal class I € Cl}, the conjugacy class of the following matrix:

= (835),

and one can check that we have
yr = BAT'r7' BTt

in our basis (see Figure 1). Observe that Yy(11) is homotopic to a wedge of three circles, and we are
counting the (oriented) number of times the geodesic goes around each of the three circles as illustrated in
Figure 2. We already see in this numerically very small example a tendency towards large T-coordinate.

Remark 1.9. Our results can be interpreted in the context of the classical problem of understanding the
distribution of the projection

m1 (M) - Conj(m1(M)) » m1(M)® = H|(M,Z) (1.12)

for a manifold M. Note that if I'y( p) is torsion free, then we have 71 (Yy(p)) = I'o(p) and H, (Yy(p), Z) =
I'o(p)®. For M a compact Riemann surface, there is a 1-to-1 correspondence between conjugacy
classes in 71 (M) and oriented closed geodesics. Phillips and Sarnak [PS87] obtained an asymptotic
expansion for the number of primitive geodesics of length < X with specified image under the map
(1.12). In the same setup, Petridis and Risager [PR08] obtained an equidistribution statement for subsets
A C H|(M,Z) with asymptotic density. Also, Petridis and Risager [PR05] showed that given a splitting
H\(M,Z) = Zv & V with v € H|(M,Z), the v-coordinate of closed geodesics become normally
distributed (when properly normalized) again ordered by the length of the geodesics. See also [NC20],
[Bv22]. From an arithmetic point of view, the ordering by geodesic length is not very natural as it gives
very large weight to discriminants with a large class group (compared to the discriminant), whereas the
ordering by discriminant does not seem to admit any nice geometric description.

2. Supersingular reduction of CM elliptic curves

The result of Duke [Duk88] mentioned in the introduction regarding equidistribution of closed geodesics
has an imaginary quadratic analogue, which amounts to the equidistribution of elliptic curves with
complex multiplication inside the moduli space of elliptic curves over C (i.e., CM points on the modular
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curve; see again [Duk88]). Similarly, our results can be seen as a real quadratic analogue of the
distribution of the supersingular reduction of elliptic curves with complex multiplication as investigated
by many authors [Mic04], [EOYO05], [Yan08], [Kan09], [LMY 15], [ALMW?22]. This analogy between
oriented closed geodesics in homology and supersingular reduction of CM elliptic curves is very natural
and appears, for example, in the recent work of Darmon—Harris—Rotger—Venkatesh [DHRV?21].

Let E0* (F,2) = {ey, ..., e,} denote the set of isomorphism classes of supersingular elliptic curves
defined over F ,». It is known that |E€6°*(F 2)| = % +0(1). We endow E¢6°*(F ,2) with the measure
defined by

wi‘1
up(ei}) = o—— 2.1
J=170j

where w; denotes the size of the endomorphism group of the elliptic curves corresponding to e;. Let E€€k
denote the set of isomorphism classes of elliptic curve (defined over Q) with complex multiplication by
the ring of integers of the imaginary quadratic field K with discriminant dx < 0 and class group Clg.
The set E€£k carries a natural Clg -action which is free and transitive. If p is inert in K, we have a map

ry: EClx — ECCF(F )

given by taking the mod p reduction where p is a prime ideal of the Hilbert class field of K lying over
p. The following is [Mic04, Theorem 3].

Theorem 2.1 (Michel). Consider a CM elliptic curve E € ELk and a subgroup H < Clk of index
< |dg|"*5. Then the orbits H.E = {rp(A.E) € ECL*(F)2) : A € H} become equidistributed as
dg — —oo with respect to the measure yp, given by (2.1).

The proof goes through an identification of £¢¢** (F ,2) with the set of connected components of a
certain conic curve

P .= PB*(Q)\PB*(Ag) /PB*(Z)Ku, (22)

where B denotes the unique quaternion algebra over Q ramified at p and co, PB* is its group of projective
units, K, denotes a maximal compact torus of PB*(R) and PB* (Z) denotes the projective units of 720
where O C B is a maximal order. Using the Jacquet-Langlands correspondence and a formula of Gross,
this reduces the distribution problem to subconvexity bounds of certain Rankin—Selberg L-functions
which is resolved (see [Mic04, Section 5] for details).

In order to set up the analogy with the real quadratic case, we will slightly reformulate the statement
in Theorem 2.1 above. Denote by Hy(XP-*,Z) the O-th (singular) homology group of XP-* with
integral coefficients (one should picture a copy of Z at each connected component of X?-°°), which is
a lattice inside the real homology group Hy(X?>*°,R). Note that both of these abelian groups carry a
natural action of the Hecke algebra coming from the description in terms of quaternion algebras (see,
for example, [BD96, Section 1.5]), and as such is isomorphic to the space of modular forms M;(p) of
level p and weight 2. We have a natural basis of Hy(X?>*°,Z) of geometric nature corresponding to the
classes ey, ..., e, (using suggestive notation) associated to each connected component of X”-*. In this
basis, the Eisenstein element is the following:

n
o -1
ey = Z w; e,
i=1

meaning that Tyeg = (€ + 1)eg for £ # p prime and T, the ¢-th Hecke operator. Using the above
identifications with supersingular elliptic curves and after fixing an elliptic curve E € £€{k, we get a

https://doi.org/10.1017/fms.2023.85 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.85

Forum of Mathematics, Sigma 9

map
p - Clg — {el, .. .,en} C H()(XP’OO,Z) C H()(XP’OO,R), A rp(A.E), 2.3)

which will serve as an imaginary quadratic analogue of the map (1.2). We will now consider Theorem 2. 1
as a statement about convergence (with respect to the standard topology) on the (n — 1)-sphere which
we identity with S(V), ) = (V.00 — {0})/R0 equipped with the quotient toplogy where V,, o, =
Hy(XP*,R) = R" (equipped with the Euclidean topology). As above for v € V,, . — {0}, we denote
by v € S(V,.«) the image under the natural projection V,, .o — {0} = S(V,, ). We can then recast the
equidistribution statement of Michel as follows.

Theorem 2.2 (‘Vector space’-version of Theorem 2.1). Let p > 2 be prime and let K be an imaginary
quadratic field of discriminant dg < 0 such that p is inert in K. Consider a subgroup H < Clg of index
< |d]<|1/2015 and a coset CH C Clg. Then we have as dg — —oo that

> rp(4) — e 2.4)
AeCH
in the standard topology of S(Vp «).
We will now show that this is equivalent to Theorem 2.1. Let B = {ey, . . ., e, } be the standard basis

for V,, . which defines an isomorphism V), . = R". As explained above, we get a norm | - |p,1 on
Vp, by pulling back the L'-norm in the standard basis of R”. Now recall that the convergence on the
(n — 1)-sphere S(V), ) is equivalent to the convergence statement (1.8) using, for example, the norm
| - |3,1- Notice that we have

D rp(a)

AeCH

n
= |H], leols1 =) wi,
i=1

B,1

recalling that the e;-coordinate of eq is equal to wi‘l. Now the convergence in (1.8) implies that the
ej-coordinates of 3, sccpy 7 (A) converge to those of eg (both normalized). This recovers the statement
of Michel as in Theorem 2.1 up to the fact that Theorem 2.2 does not see that 7, (A) is always equal to
one of the vectors eq, ..., e,.

2.1. Supersingular reduction of elliptic curves of varying level

It is natural to ask what happens if we let p vary with dg as has been considered by Liu—Masri—Young
[LMY 15]. In the above terminology, they consider the convergence with respect to the basis correspond-

ing to the connected components {ey, ..., e,} of XP>®. Then [LMY 15, Theorem 1.1] amounts to the
following:
2 aecix Tp(A) €0 1
/8+& —1/16+¢&
- Lg p ldk | , (2.5)
H I Xacci Tp (A1 leols, ©

B,

where again, | - |31 and | - | g, denote the pullback of, respectively, the L'-norm and sup norm under
the isomorphism V), .o = R”" defined by B = {ey, ..., e,}. We note that the statement (2.5) is exactly
parallel to Theorem 1.5. Translating back to the language of elliptic curves, (2.5) implies the following

analogue of Linnik’s Theorem on the smallest prime in arithmetic progressions.
Theorem 2.3 (Liu—Masri-Young). The reduction map rq : E€lx — S&’;ﬁ is surjective for
ldi | . p'®*e.

We think of Corollary 1.7 (and more generally Corollary 8.1 below) as a real quadratic analogue of
the above.
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3. Arithmetic background

In this section, we will introduce some basic facts about, respectively, oriented closed geodesics asso-
ciated to class groups of real quadratic fields and (co)homology of modular curves.

3.1. Real quadratic fields and closed geodesics

We will refer to [Pop06] and [Dar94] for an in-depth account of the following material. Let K be a real
quadratic extension of Q of discriminant dx > 0. Let p be a prime which splits in K and fix throughout
a residue » mod 2p such that 7> = dx mod 4p. Then we have the following equality of ideals:

P Va|[ ) r+Vax
2 p’ 2 )

pOk = [p,

where we use the following notation for @, 8 € K:
[a,B] :=Za+ZB C K. 3.1

In other words, [p, %] are the two prime ideals of Ok lying over p.

We let Clj, denote the narrow class group of K (i.e., fractional ideals modulo principal ideals
generated by elements of positive norms). Below, when the discriminant dg is clear from context, we
let I € Cly denote the class containing the principal fractional ideal (1) = Ox C K and J € Cl} denote
the class containing the different (Vdx) = Vdx Ox C K. Observe that for fundamental discriminants
divisible by a prime ¢ = 3 mod 4, there exists no unit with norm —1 (as —1 is not a quadratic residue
modulo g) which implies that J # I. In this case, a principal ideal belongs to the class J exactly if it has
a generator with negative norm.

We will now show the following result, which is closely related to the conditions appearing in our
main results as we will see below.

Proposition 3.1. Let p be an odd prime. Then there exists infinitely many positive fundamental discrim-
inants d such that J # I and [p, r—;@] € J inside Cly with K = Q(Vd).

Proof. Pick an odd prime ¢ = 3 mod 4 such that —p is a quadratic residue mod g. Then by simple
considerations about quadratic residues, there is a residue # mod 8¢ such that

gl®+p, ¢*J*+p and (*+pmod 16) € {1,5,8,9, 12,13},

meaning in particular that 2 + p = 0 or 1 mod 4. Now for each n = ¢ mod 8¢, there is a unique positive
fundamental discriminant d > 0 and integer m > O such that dm? = n”> + p. By construction, we have
gld, and thus J # I inside Cl}, where K = Q(Vd). Furthermore, we have the factorization

-p=(n- \/Em)(n + \/Em),

which means that [p, r,z\/g ] is a principal ideal generated by n + Vdm (for some choice of sign +). By

construction, the norm of n+Vdm is negative (and equal to —p). By the above, this implies [ p, ’_2\/67 leJ

in Cl as wanted. =

Now it follows thatif J # I, then J ¢ (Cl})z. Thus, for p, d as in Proposition 3.1 and each subgroup

H < (Cl}})z, we have [p, = 4] ¢ H. This gives plenty of examples for which Theorems 1.1 and 1.5
apply, recalling that {p1, p2} = {[p, Z54]}.
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3.1.1. Closed geodesics and class groups

Let p be prime and K a real quadratic field of discriminant dx such that p splits in K. Let »r mod 2p
as above be such that 7> = dg mod 4p. Denote by Qk p (suppressing r in the notation) the set of all
integral binary quadratic form

O(x,y) = ax” + bxy + cy2

of discriminant b*> — 4ac = dg and level p, meaning that ¢ = 0 mod p and b = r mod 2p. The group
I'o(p) acts naturally on Qg ,, by coordinate transformation. It is a classical fact, essentially due to Gaul3,
that there is a natural bijection (depending on the choice of » mod p)

Cly — To(p)\Qxk p- (3.2)

When the level is trivial, the above bijection is induced by mapping ax? + bxy + cy? to the narrow ideal
7sign(a)b+\/ﬂ]
2lal

class of the fractional ideal [1, (using the notation (3.1)).

Given an integral binary quadratic form Q(x, y) = ax? + bxy + cy?* of discriminant dx and level p,
we associate the following matrix:

u+bv 2cv
Yo =

—2av u— bv) € To(p), (3:3)

where u, v are positive half-integers satisfying Pell’s equation u” — dx v?> = 1 and such that v is minimal
among all such solutions (i.e., the fundamental positive unit of K is ex = u + vVdg).

For A € Cl}, we denote by Ca(p) the oriented closed geodesic on ¥y(p) obtained by projecting the
oriented geodesic connecting zp and ypzp, where

_ —sign(a)b +iVdg
- 2|al

and Q € Qk , corresponds to A under the isomorphism (3.2) (the image in Yy (p) is independent of the
choice of representative Q).

3.2. (Co)homology of modular curves

Here and throughout, we will consider matrices in SL;(R) as elements of PSL,(R) without further
mentioning. Let p be prime and consider the Hecke congruence group (or more precisely, its projection
to PSL,(R))

To(p) :=={(25) e PSLy(Z) : plc}.
Let
Yo(p) :==To(p)\H, Xo(p) :=Yo(p) = Yo(p) UTo(p)\P' (Q)

be resp., the modular curve of level p and its compactification which is a compact Riemann surface of
genus g = 1”—2 +0(1) (see, for example, [Shi94, Proposition 1.40]). We can consider the integral singular
homology group [Hat02, Chapter 2]

H\(Yo(p),Z) = 2°¢"",
which sits as a lattice inside the real homology

H,(Yo(p),R) = R?8*1,
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We will be interested in the distribution of oriented closed geodesics inside the lattice H1 (Yo (p),Z).
We have the cap product pairing

()t Hi(Yo(p),R) x H' (Yo(p),R) > R (3.4)

between real homology and cohomology which identifies H'(Yo(p),R) with the linear dual
H;(Yo(p),R)*. Given a basis B of H,(Yy(p),R), we denote by B* ¢ H'(Yy(p),R) the dual basis
of B with respect to the cap product pairing as in (3.4).

Recall that the de Rham isomorphism gives a description of H'(Yy(p),R) in terms of real valued
harmonic 1-forms on Yy(p). Any such 1-form is a linear combination of forms of the type

wr =2mif(z)dz, wy =2nif(z)dz,

where f € M,(p) is a weight 2 and level p holomorphic form (not necessarily cuspidal). We also have
a surjective map

To(p) » Hi(Yo(p),Z), v {z,vz}, (3.5)

where z € H (the class does not depend on the choice of z), and we are using the following notation for
71,22 € H:

{z1, 22} := [class of the oriented geodesic connectingz; and z;] € H;(Yo(p),R), 3.6)

which defines an element of the real homology H; (Yy(p), R) via integration against 1-forms. The map
(3.5) induces an isomorphism

To(p)™ /[ (To(p)™®)or = Hi(Yo(p),Z). 3.7

We note that for a closed oriented geodesic C4(p) as in the previous section, the homology class
[Ca(p)] € Hi(Yo(p),Z) corresponds exactly to the image of (any) y¢ as in (3.3) under the map (3.5).
Using the above identifications, the cap product pairing is induced by the map

vz
Fo(p) X Ma(p) 3 (7. f) H/ wr,

for any z € H.
The natural pullback map induced by inclusion fits into a short exact sequence of R-vector spaces

0 — H'(Xo(p),R) » H' (Yo(p),R) > R — 0, (3.8)

using here that we have two cusps (which, as we will see, implies that the Eisenstein space of weight
2 is one-dimensional). This identifies H'(X,(p),R) with the parabolic classes in H!(Yo(p),R) (i.e.,
classes which vanish on all parabolic elements of I'y(p) using the above pairing). Under the de Rham
isomorphism, the parabolic classes correspond to 1-forms obtained from holomorphic cusp(!) forms of
weight 2 and level p (see, for example, [Shi94, Section 5]). Similarly, we have the pushforward map
H(Yo(p),R) — H{(Xo(p), R) whose kernel is exactly given by the image of the parabolic elements of
I'o(p) ® Rinside H (Yy(p), R) under the map (3.5).

3.2.1. Hecke operators

Due to the arithmetic nature of ['y(p), we have a family of commuting linear operators acting on all of
the above-mentioned (co)homology groups, namely the Hecke operators. The Hecke action is induced
by the following: on the space of holomorphic forms Mj(p) of weight 2 and level p, the n-th Hecke
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operator T,, acts by (see, for example, [IK04, (14.46)])

ACEEIDYEDY f("z;b), (3.9

ad=n, 0<b<d
(a,p)=1

the Fricke involution W), acts as

Wy, f(2) =p~'z2f(=1/(p2)) (3.10)

and we also have the involution ¢ given by
tf(2) = f(-2), (3.11)

defined for f € Mjy(p) & My (p). Notice that, with this normalization, the Ramanujan conjecture
amounts to the bound < d(n)n'/? for the Hecke eigenvalues. See also [Shi94, Section 5] for an intrinsic
definition in terms of group cohomology using double cosets. Similarly, we can define an action on the
homology groups by (using the notation (3.6))

az1+b az+b
T.{z1,22} == Z {1727} (3.12)
ad=n, 0<b<d
(a,p)=1
Wplzi, 22} = {-1/(pz1), -1/(pz2)} (3.13)
and
Hz1, 22} = {-71,-22}. (3.14)

One can now check that all of these operators are pairwise adjoint with respect to the cap product pairing
as above. Furthermore, it can be shown that all of these linear operators commute, and thus we can find
a common eigen-basis. Explicitly, such a Hecke eigen-basis for H' (Yy(p), R) is given by

Bhecke(p) = {w} : f € Bp, e € {£}} U{we(p)}, (3.15)
where
. 2nif(z)dz +2nif(z)dz 1
wf = T T T € H (Yo(p). ),
with B, = {fi,..., fg} € S2(p) a basis of Hecke normalized (i.e., the first Fourier coefficient is 1)

holomorphic cuspidal eigen forms of weight 2 and level p. And
we(p) = E,p(2)dz € H' (Yo(p).R) (3.16)
is the normalized Eisenstein class defined from the weight 2 Eisenstein series of level p:

E -E E;(pz) - E;(z 24 .
Ez,p(z) = )4 2(pz) Z(Z) — p 2(p ) 2( ) =1+ 6271'12 +...,
p-1 p-1 p-1
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where E; denotes the the weight 2 Eisenstein series of level 1 and E7 the modified Eisenstein series
given by

: 3
Ex(z) :=1-24 Z o1 ()X = E3(z) + —. (3.17)
n>1 Ty

Here, oy (n) = %4, d is the sum of divisors function. One obtains a Hecke eigen basis for the homology
as the dual basis of Byecke (p) With respect to the cap product pairing (3.4) which we denote by

Buecke(P)" = {v3 1 f € Bp, 2} U{ve(p)} € Hi(Yo(p),R), (3.18)

where (v; , w?) = 1for f € B, and (ve(p),we(p)) = 1. Since the constant Fourier coefficient of E, ,
is 1, one sees that, in fact,

VE(P) = {i7i+ 1} € Hl (YO(P)’Z)’ (319)

with notation as in (3.6). In other words, vg(p) is the (normalized) Eisenstein class in homology
appearing in Theorem 1.1 which geometrically is the class of a simple loop going around the cusp at co.
We have the following classical formula for y € PSL;(Z) (see, for example, [DIT18, (55)]):

vz
/ Ej(2)dz = ¥(y).
Z
where

c

b c=0

{ﬂl 12sign(c)s(a,c) — 3sign(c(a+d)), ¢ #0
a’

is the Rademacher symbol with
s(a,c) = ) (L)(12)),
n=1

the classical Dedekind sum with

Cfx-lxl-1/2, x¢z
«x»—{o, .

the sawtooth function. Notice that ¥(7y) does not depend on the representative of y € PSL,(Z) as should
be the case. This implies the following key formula for y € Ty(p):

(eyzhws(p)) = — =T, (3:20)
where
v = (89 0) = (o 7 ) e PSLac@),
with y = ( a Z). Using the trivial bound ¥(y) < @ + ¢ (for ¢ > 0), we get the following useful
estimate:
{z. vz} we(p) < p|a+—d|+cz, y=(45) €To(p),c>0. (3.21)

pc
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Recall the short exact sequence (3.8) above. A Hecke-equivariant splitting is given by mapping 1 € R
to the Eisenstein class wg (p) = E», ,(z)dz (this fits into a general framework due to Franke [Fra98]).
This defines an isomorphism

H'(Yo(p),R) = H'(Xo(p),R) & Rwg (p), (3.22)

and we will denote the projection to the ‘cuspidal subspace’ (which we will identify with H' (Xo(p),R))
with respect to this splitting by

Peusp : H' (Yo(p),R) = H'(Xo(p),R) € H' (Yo(p), R), (3.23)
which is explicitly given by
Pcuspw =w—(ve(p), w)wEe(p),

where vg (p), wg (p) are the Eisenstein classes defined above.

4. Background on Fuchsian groups

In this section, we will review some useful facts regarding the geometry of fundamental polygons of
Fuchsian groups. We will refer to [Bea83, Section 9] for an in-depth treatment.

4.1. Fundamental polygons

Let I' ¢ PSL,(R) be a Fuchsian subgroup of the first kind (i.e., a discrete and cofinite subgroup of
PSL,(R)). A fundamental domain for T is a locally finite domain F c H such that

1. For any z € H, we have yz € F for some y € I.
2. If z1,zp € F are I'-equivalent, then z; = zp or 21,22 € O.F.

We say that F is a fundamental polygon for T if F is furthermore (hyperbolically) convex with a
piecewise geodesic boundary. We define a side of F as a nonempty subset of the shape yT—" N F with
Id # y € I'. We define a vertex of F as a non-empty subset of the shape yiF Ny F N F with
Id, y1,y2 € I pairwise distinct. It can be shown that a fundamental polygon F has an even number of
sides which are pairwise I'-equivalent, and I"F gives a tessellation of H. The set of elements identifying
sides of F are called the side pairing transformations associated to F which we denote by S(F) c I
(which formally is a multiset if there are order two elements in I'). Given a side L of F we refer to the
side pairing transformation associated to the side L as the element oo € S(F) such that o~ 'L is also
a side of F. Similarly we say that o is the side pairing transformation associated to the side yL of the
translate y F foreachy e I

It is known that S(F) generates I" for any fundamental polygon F, and it is a fundamental fact that
one can understand the relation between the elements of S(F) from the geometry of a fundamental
polygon and vice versa (see Lemma 4.3). A simple but key incarnation is the following.

Proposition 4.1. Let F be a fundamental polygon for a discrete and co-finite subgroup I' C PSL,(R).
Consider a sequence of consecutive I'-translates of F:

.7'-,’}/1.7:,...,’)/,,]:.
Then
Yn =0102" "0y,

where oy € S(F) denotes the side pairing transformation associated to the side shared between y;_F
and vy; F (here, we put yo = 1d).
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Proof. Note that the side of F shared with | F will exactly have associated o] = y; € S(F). Now if
the side shared between | F and y,F has associated 0 € S(F), then we have

»F = (10207 ) (01 F) = o1onF.
Continuing like this, we get
YnF =000 F,
and since yF =y’ F implies y =y’ € T" by condition (2), we conclude the wanted equality. O

A first application of Proposition 4.1 is the following slight reformulation.

Corollary 4.2. Let ¢ : [0, 1] — H be a continuous, injective curve with ¢(0) = z € F and c(1) = yz for
some y € I'. Assume that c¢([0, 1]) does not intersect the set of I'-translates of the vertices of F. Then
one can code the element 7y in the following way; let oy, ...,0, € S(F) be the (ordered) sequence of
side pairing transformations associated to the intersection between the curve c and I'-translates of the
sides of F. Then one has

Y=01"":0p.

When ¢([0, 1]) is a closed geodesic (when projected to I'\H), this is known as geometric coding of
geodesics (see [Kat96] for a nice treatment).

As a second consequence, we note that if the sequence of translates ‘loops around’, meaning that
vn = 1, then one obtains a relation between the side pairing transformations S(I"). This yields immedi-
ately that if two sides of F are paired, then the associated elements in S(F) are inverses. We call these
the inverse relations of F. We also get relations by looping around the vertices of F which we will now
make precise. Observe that the embedding F c H defines an orientation on the boundary . F. Let L
be a side of F with leftmost (wrt. the orientation) vertex v| and let oy € S(F) be the associated side
pairing transformation. Let L, be the side of F different from oy Ir, containing the vertex v, = oy Ly
and let o € S(F) be the associated side pairing transformation. Continuing like this yields a periodic
sequence of pairs

(Ly,v1), (L2, v2), ...,

with minimal period m > 1, say, which we call a cycle of F. It is now clear that o0 . . . 03, fixes v;.
Thus, if we put v = |I'}, | (i.e., the size of the stabilizer of v; inside I'), then we get the following relation
on the side pairing transformations:

(o102 ...0m)” =1,

where if v = oo (i.e., vq is a boundary vertex), this is understood as the empty relation. Notice that the
relation does not depend on the choice of starting point (L, v). We call these the cycle relations of F,
and we have the following key theorem of Poincaré; see [Mas71] for a proof.

Lemma 4.3 (Poincaré’s Theorem). The side pairing transformations S(JF) generate I, and the inverse
and cycle relations give a complete set of relations for S(F).

Secondly, it is clear that each side appears in exactly one cycle. Thus, we obtain the following useful
fact.

Lemma 4.4 (cf. Lemma 5.3 of [Vo0i09]). Each side pairing transformation appears exactly once in a
cycle relation.
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4.1.1. Bounding coordinates of side pairing transformations
Now we consider the image of the inverse and cycle relations when mapped to V,, under the composition
of maps:

To(p) » To(p)™ » Hi(Yo(p),Z) = V, = H|(Yo(p),R) = R¥®*,

Notice that since V/, is torsion-free, we can divide the relations by v so that all coefficients in the relations
are contained in {—1, 0, 1}. By killing the inverse relations, this yields a system of linear relations with
a variable for each pair {o,c™'} ¢ S(F) of side pairing transformations so that each such variable
appears once with positive and once with negative sign (which follows from Lemma 4.4).

Let B = {vg,...,v2g} C V), be a basis of the real homology corresponding to side pairing transfor-
mations o € S(F) under the surjection (3.5). Combining the cycle relations with the choice of B gives
rise to a system of linear equations in V,:

Lrp(X0,...,Xn) = { Z ajiXxi + Z bjv =0} ,
0<k<K

0<i<n 0<j<2g

where xo, . . ., x,, are variables, one for each pair {o, "'} ¢ S(F) not corresponding to an element of
B. Lemmata 4.3 and 4.4 translate to two key properties:

1. Lr p has exactly one solution (xg, . ..,x,) € (Vp)"”.
2. For any subset A C {0,...,K}, and any indices 0 <i < n,0 < j < 2g, we have

D ais ) by e{-1,0,1}.
keA keA
We have the following general result about such systems of linear equations.

Lemma 4.5. Let

0<i<n 0<j<2g

,C()C(),...,xn) 2{ Z a;rX; + Z bjkvj 20}
0<k<K

be a system of linear equations in 'V, satisfying (1) and (2).

Then the unique solution (xg, . ..,X,) € (V,,)”Jrl satisfies
xi= Y evy, cij € {-1,0,1} @1
0<j<2g

Jorall0 <i < n.

Proof. We proceed by induction on K + 1 > 0 (i.e., the number of equations). If K + 1 = 0, then
there is nothing to prove. Now assume the claim is known for systems of K’ < K + 1 equations. We
start by making the following reductions. We may assume that all equations contain a variable (i.e.,
Vk3i : a; # 0), since otherwise we can remove such an equation. Furthermore, we may assume that
there are some variables appearing exactly once (i.e., 3i : [{k : a;x # 0} = 1). If this is not the
case, then by (1) and (2) every variable appears exactly twice with coefficients +1, respectively. This
means that the equation obtained by adding all of the equations in L(xo, . . ., X,) has to be trivial. Thus,
by removing any equation, we obtain an equivalent system with K equations, and we are done by the
induction hypothesis.

The key observation is that there is always an equation with exactly one variable appearing (i.e.,
3k : |{i : a;x # 0}| = 1). If not, then since every variable appears at most twice and there is one variable
appearing once (by the above reductions) we have a system of linear equations with more variables than
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equations. Thus, the number of solutions (xo, . . ., x,) € (V,)"*! is either 0 or co, which contradicts (1).
Let x; be the only variable appearing in some equation. Then this equation determines x;, which by (2)
satisfies (4.1). Now if —x; does not appear, we are done by the induction hypothesis. Otherwise, we add
the equation containing x; to the one containing —x; which gives a system of K linear equations again
satisfying (1) and (2). Thus, the claim follows from the induction hypothesis. O
Corollary 4.6. Let T be a Fuchsian group with a fundamental polygon F, and let B be a basis for
H{(T'\H, R) consisting of classes of the form {z,0z} with o € S(F) and z € H.
Then we have for any oo € S(F), z € Hand w € B* that

|({z, 0z}, w)| < 1.
Proof. Observe that if the variable x; corresponds to {co, 0"1} € S(F), then the numbers
(<{Z’ O—Z}’ w))weB*

are exactly the coordinates of either x; or —x; in the basis B where (xo, ..., X;) € (Vp)"” is the unique
solution to £z p. Now the result follows directly from Lemma 4.5. O

4.2. Zagier’s fundamental polygon

We will now consider a fundamental polygon for I'g(p) introduced by Zagier [Zag85, Section 3] which
will give rise to a set of natural bases for the homology. The following is a fundamental polygon for

To(p):
Frag(p) = UL 101 Fad,
where oy = (§7') for0 <i < pand o, = (), and
Faa={z€H:|Rez| < 1/2,|z| > 1} “.2)

is the standard fundamental polygon for PSL;(Z). This gives rise to the side pairing transformation set

SFzag ) = P3N v {( ey 7) 0 <a<pf,

where 0 < a* < p is such that aa® = —1 mod p. Recall that T'y(p) is normalized by the matrix
Wy, = ( \Om _1{)\/‘7), which implies that also Fz,(p) = W,,]:"z;,lg (p) is a fundamental polygon for I'y(p)

with side pairing transformations given by

SFraa @) =Wy ({( 2 1)U U aten @) 0 <a < p} ;!
= (oA prof(p ) 0 <a <l

which, by Lemma 4.3, generate I'y(p) (as claimed in the introduction). Both of these fundamental
polygons have the nice property that all cuspidal sides (i.e., sides containing a cusp) are paired by
a parabolic element of I'o(p) (which is not the case for all fundamental polygons). The elements of
S(Fzag(p)) are minimal in the sense that the archimedean sizes of the entries are as small as one can
hope for (< p). Explicitly, the fundamental polygon Fz,.(p) has p + 3 vertices: the two cusps 0 and

2j-1+iV3 1+t

oo as well as \F for 0 < j < p. We see that the matrix W), takes the hyperbolic triangle with

vertices IHI O 1”( to the hyperbolic triangle with vertices 1+“f , 00, i3y 1 articular, the
(==~ yp g 3 P
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subgroup (W,,,Io(p)) < PSL>(R) has a fundamental domain contained in

{zeH:|Rez| < 1/2,Imz > V3/(2p)}, 4.3)

which will be useful later on.
We define the following compatible family of bases of the homology groups.

Definition 4.7. A basic basis of level p is a basis B C H|(Yy(p),R) consisting of elements {z, oz} with
z € Hand o € S(Fzae(p)).

4.3. Special fundamental polygons

By the Kurosh subgroup theorem, we know that any subgroup of PSL,(Z) = Z/2Z+7Z/3Z is isomorphic
to a free product of a number of copies of Z/2Z,7Z/37Z and Z. In particular, a torsion-free Hecke
congruence subgroup I'y(p) is a free group on k = rankz Iy(p)2® generators. We will now describe
an explicit geometric way due to Kulkarni [Kul91] for constructing a set of independent generators of
I'o(p). The starting points are so-called special fundamental polygons of T'y(p).

Let g be the genus of Yy(p), and e;, e3 the number of conjugacy classes of subgroups in I'y(p) of
order, respectively, 2 and 3. Following [Kul91], we define a Farey symbol of level p as a sequence of
reduced fractions

0 ay a an-1 a, 1

sz—o<b—1<...<bn_1 bn 1

with n = 4g + e + e3 such that a;11b; — a;b;y; = 1 for all 1 < i < n. Furthermore (considering below
the indices modulo n + 2),

o there are e, even indices i such that
b + b +1 = 0mod p,
o there are e3 odd indices i such that
b +bibiy +lerl = 0 mod p,
o for the remaining 4g free indices, there is a pairing i <> i* satisfying
bibi +biy1bi»+1 =0 mod p.

Such a symbol always exists, and one can even find one which is symmetric around 1/2 [Kul91,
Section 13]. Dooms—Jesper—Konolalov [DJK10] have described an algorithm for determining Farey
symbols of a general level.

Consider the polygon P(p) with vertices at oo, at the fractions of the Farey symbol, at the midpoint
of the geodesic circle connecting a;/b; and a;+1/b;+1 for i an even index, and for an odd index i at the

PGL,; (Z)-translate of ”2‘5 lying between a;/b; and a;41/b;+1 (for details see [Kul91, Section 2]). Note
that P(p) consists of PGL;(Z)-translates of

Fri={zeH:0<Rez<1/2,]z] > 1}. 4.4
The map * defines a side pairing transformation on this polygon by identifying the half circle connecting
=, Zf*‘ and the one connecting $-*! ,‘;' as well as identifying the vertical sides of P (p) and the elliptic

sides. By Poincaré’s theorem, 73( p) together with this pairing defines a subgroup of PSL;(R) which can
be shown to be equal to Iy (p). Furthermore, since PP (p) has a minimal number of sides, it follows that an
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independent set of generators of I'y(p) is given by the matrices which map between the sides identified
by the pairing induced from . These matrices are explicitly given by (see [Kul91, Theorem 6.1])

T=(,1), (4.5)

and the e, matrices of order 2 and e3 matrices of order 3

aisibisi +aib;  —a? —a?, 4.6)
b?+b?,  —aibi —aib;)
bt +aibia +aib; —a’>—a;ai. —a?
Ai+10j+1 T AjDit] + 4D a; —a;aiv1 —a; 4.7
b? +bibiy + b, —ainbia — aiabi —ab;| '
together with the 2g hyperbolic matrices
ap41biv1 + apby —a;ai — ajp1a;y - .
for i < i* a pair. 4.8)
(bibi* +bi1biy1 —aiz1biy — aibi*) P

Observe that the 2¢ hyperbolic matrices above, together with 7, define a basis for H;(Yy(p),R) under
the map (3.5). Recently, Doan—Kim—Lang—Tan [DKLP22] have shown that one can find minimal special
Sfundamental polygons Pin(p), meaning that we have

bibiy +biy1bpy =p, 0<1i<n,

which implies that, in fact, S(Pmin(p)) € S(Fzag(p)).

5. Proof of Theorem 1.1
In this section, we will prove the following statement which implies our first main result.

Theorem 5.1. Fixaprime p andé € (0, 211T)' Consider a real quadratic field K of discriminant dg such
that p splits in K with pOg = pip2. Consider a subgroup H < Cly, withp, ¢ H and J = (\dk) ¢ H.
Then for any w € H'(Yo(p),R), we have as dg — oo

Yacu({lCa(p)lw) s
e Cap Loz - VEP: @)+ 00(dg?), 5.1)

where {-,-) denotes the cap product pairing, and vg(p),wg(p) are the Eisenstein classes in
(co)homology defined in (3.16) and (3.19).

First of all, let us see how Theorem 1.1 follows from this.

Proof of Theorem 1.1 assuming Theorem 5.1. Let B be any basis of V,, = H;(Yy(p),R) containing
ve(p) and let B* denote the dual basis of H!(Yy(p),R) with respect to the cap product pairing.
Consider the isomorphism V,, = R22*! defined by sending B to the standard basis of R?6*! and denote
by |- | = | - |, the norm on V,, obtained by pulling back the sup norm with respect to the standard
basis of R26*!, We will prove the convergence (1.8) which implies Theorem 1.1. By Theorem 5.1, we
have for dx large enough that

YA = max| 3 (Cap)] )| = | " ((Ca(p)] 0r (p)| max (1(vE (p), )] + 0w (d5))
AeH ¥ AeH AeH @

(5.2)

= | D dCaP]wr()|(1+ 05 (d)), (5:3)

AeH
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By the triangle inequality, we conclude that

2acuCa(p)] H
Hu Sacn Catpyl] T VEP) ©4)
H aert[Ca(p)] | SacnlCall | 55
Soaen (A ()] 0 )] Tosenl I :

Finally by (5.3) and Theorem 5.1, the above is bounded by O B(d;f ), which yields the wanted
expression. O

The rest of this section is occupied with the proof of Theorem 5.1. The idea is to do a change of
coordinates to the Hecke basis (3.15) of the real cohomology. Then using formulas due to Hecke and
Waldspurger (more precisely, an explicit extension due in this case to Popa [Pop08]), we reduce the
problem to a question about certain special values of L-functions. Now the result follows upon applying
subconvexity bounds (as well as lower bounds for L-functions on the critical line). This is exactly the
same proof structure as is used in the automorphic approach to Duke’s Theorem (see, for example,
[MVO06] and the references therein).

Given w € H'(Yy(p),R), we obtain by expanding in the Hecke basis for homology defined in (3.18)
that

([Ca(P)], w) = (vE(p), w)([Ca(p)], wE(P)) + Z (i o)[Calp)], w}).

feBp,x

Now we want to average over cosets CH C Cl}, for subgroups H < Cl}, of the narrow class group.
Using a standard trick from Fourier analysis, we can write

S el oy="2 S 0 Y (e wTa)

AeCH IClik | YOl =1 AeCI
= (e(p)w) Y ([Ca(p)], we(p))
AeCH
- <vf,w>|'Cl+'| SO Y (el etRA). 6.6
feBp,x YeCTL yp =1 AeCly

The inner sums in the cuspidal contribution are twisted Weyl sums, which we will have to estimate.
These sums fits into the framework of toric periods (see, for example, [ELMV 11, Section 4]) and
they turn out to be related to special values of automorphic L-functions as first proved by Waldspurger
[Wal85]. This is exactly the reason why we have changed to the Hecke coordinates.

5.1. The Eisenstein contribution

In order to estimate the Eisenstein contribution, we will rely on the following classical formula of Hecke
(see [DIT18, (68)]):

2 / E3(2)dz x(A) = 6(1 = x(J))L(x.0),
AeCli p

where E3(z2) = E»(2) — 71 (with E(2) defined in (3.17)), J = (VD) € Clj is the different of K and
L(, s) denotes the (finite part) of the Hecke L-function associated to the narrow class group character
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X - Thus, by a change of variable, we get

> [ eEeadca = Y[ E@d)

AEC]';( A(p) AEC]}'( pCa(p)
We notice by direct computation that p C4(p) (i.e., the dilation of C4(p) by the factor p) is again a

closed geodesic as follows. If C4 (p) corresponds to the quadratic form ax? + bxy + cy? of discriminant
dk and level p, then p C4(p) corresponds to I%xz + bxy + c¢py? (which now might not be of level p).

Recall that in Section 3.1 we fixed a residue » mod 2p such that 7> = dg mod 4p. One can now check
by direct computation on ideals that

(Zg +Zb_— “dK)(Zp Lzl —YeK 'dK) =7Za +Zb_T Vdk
p

2 2

if a > 0, and similarly,
d - bvd —\d d—bv\d
(Z(—g\/dK) + ZTK) (Zp + erK) = Z(-avdx) + 2
p

if a < 0. This implies that when projected to the modular curve PSL;(Z)\H of level 1, we have

pCa(p) =Caa, (1),

where A, = [p, = sz ] € Cl (using the notation (3.1)). This implies that
Y ealoromn@ = Y [ p@dz
AeCr, aecty, YCa(p)

= p%l(l - x(N)(x(Ap) = DL(x,0), (5.7

using that (p—1)E», , (z) = pE;(pz)—E;(z). Note that the above vanishes when y (J) = 1or x(A,) = 1.
By the functional equation for odd class group L-functions [DIT18, p. 13] and the fact that class
group characters are self-dual (i.e., y o ¢ = y where ¢ denotes complex conjugation), we conclude for

X € 6@ with y(J) = —1 that
L(x,0) = L(x,0) = L(x 0 ¢,0) = L(x,0) = 72’ L(x, 1) > 0. (5.8)

By standard estimates for L-functions on the critical line for all & > 0, there is some uniform (but
ineffective) constant ¢ > 0 such that

L(x,0) > cody**. (5.9)

Proposition 5.2. Ler H < Cly be a subgroup such that A,, ¢ H and J ¢ H. Then for each & > 0, there
exists a constant ¢ > 0 such that

1/2-¢

2 {[CaPwe(p)) < —eo=—. (5.10)

AeH
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Proof. By orthogonality, the Hecke formula (5.7), and equations (5.8) and (5.9), we conclude

H
> ACamlos) = Y Y el osr)x(A) 5.11)
AeH K O sy =1 AECI
X€EClk xu=1 K
12|H
=_% > DL (1-Rex(Ap))L(x,0) (5.12)
p K yeCl:  AeCly
xiH=Lx(J)=-
dl/Z—s H
< et ||c1+|| Y, (1-Rex(4,), (5.13)
K ear:
xa=Lx(J)=—

where we are using that (1 — Re y(A,)) > 0. Now we observe that if H’ := (H, J) < Cl denotes the
group generated by H < Cly and J = (Vdk ), then we can write

Cli | :

2 (-Rex(Ap)=Tp=Rel D, x(ApH)= 3, x(A,H)| (.14
/\/eél_}';: x€eCly /H XeCT,'Q/?’

xa=lx(J)=-1

(5.15)

ICr | ,
e Ap € H
A, eH'

Here, we are using that J ¢ H, which implies that |[H’| = 2|H|, and A, ¢ H. Inserting this into the
above yields the wanted estimate. O

5.2. The cuspidal contribution

In the case of cuspidal Weyl sums, we will use the following formula due to Popa [Pop06, Theorem
6.3.1] (see also the first formula in the introduction of [Pop06]):

2

D ACap) wpX(A)| = d*Lix @7y, 1/2), (5.16)
AeCIy,

where 7y denotes the GL;-automorphic representation associated to f, ), denotes the GL-automorphic
representation associated to y via automorphic induction and L(r s ® m,, 1/2) denotes the central value
of the (finite part of the) Rankin—Selberg L-function of 7 and r, . This implies

1/4
2 CAPLwPTA) = A (ef 4 |Linr @7, 1/ 2 € gIL(xs @77, 1/2)P2), (517)
A€Cly
with |e¢ | = |ef z| = 1. By the subconvexity bound

L(ny ®my,1/2) <5 d}(/2—1/1057
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due to Michel [Mic04, Theorem 2], we conclude the following bound on the twisted Weyl sums:

D Ca(p)], wh)x(A) <5 a2 (5.18)
AeCIy,

Combining this with the lower bound for the Eisenstein contribution yields the proof of our main
result.

Proof of Theorem 5.1. Let H < Cly be a subgroup as in the statement. Then by Proposition 5.2, we
have for all € > 0 that there exists an absolute constant ¢, > 0 such that

D AlCalp)] we(P)] == D Ca(P) we(p)) = ced > *p". (5.19)

AeH AeH

Now the result follows from (5.6) (with C = 1) by dividing through by (5.19) and bounding the cuspidal
contribution using (5.18). Here, we are using that the number of narrow class group characters y such

that y g = 1 is exactly %, and the remaining terms in (5.6) do not depend on di . O

6. A homological version of the sup norm problem

In this section, we will deal with the problem of obtaining a version of Theorem 5.1 where the level p
is allowed to vary. By (5.6) and (5.17), this requires, first of all, bounds for L(ny ® m,,1/2) in terms
of both dg and p which in the case of genus characters has been studied by Petrow and Young [PY 19].
Secondly, we will need estimates for the cap product pairings (v}i ,w) (with f € B),) in terms of p. This
can be thought of as an analogue of the sup norm problem from arithmetic quantum chaos (see, for
example, [BH10]) as we will explain below. We will have to restrict to certain compatible families of
w € H' (Yo(p),R), which in our case will be dual bases of basic bases of level p as in Definition 4.7.

Theorem 6.1. Let p be prime and let B ¢ H\(Yy(p),Z) be a basic basis of level p. Then for w € B*
(the dual basis of B with respect to (3.4)), we have

DTS @) < ptte 6.1)

ec{t} fe€By

See Remark 6.2 below for thoughts on the optimal bound that one can expect. Notice that since the
newforms f* € B,, are Hecke normalized, the dual vectors v]% are very subtle quantities as they are related

to the minimal periods cj; of f (characterized when f has rational coefficients by (c})_l Re f(z)dz €

H'(Xo(p),Z) being primitive, and similarly for c}). Upper bounding c¢% in terms of the level is
extremely hard as any polynomial bound implies (a weak form of) the ABC{conjecture (see [Gol02]).

To put Theorem 6.1 into perspective, it is again useful to compare to the imaginary quadratic
analogue of supersingular reduction of CM elliptic curves. Recall that in Section 2 we defined an
n-dimensional vector space Hy(X”*°,R) having a canonical basis e, ..., e, corresponding to the
connected components of the conic curve XP-* as defined in (2.2), which, in turn, can be identified
with isomorphism classes of supersingular elliptic curves defined over F,». There is a canonical bilinear
form (-, -)ss on Ho(XP-*,R) given by

(ei,ej)ss == 0; jWi, (6.2)

where w; is the size of the endomorphism ring of the elliptic curves corresponding to e;. The homology
group Hy(XP-*,R) carries a natural action of the Hecke algebra (of level p) defined via correspondences,
and these linear operators are self-adjoint with respect to the bilinear form (-, -)s. The homology group
Ho(XP*,R) is (by the Jacquet-Langlands correspondence) isomorphic as a Hecke algebra to the space
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M (p) of holomorphic modular forms of level p and weight 2. In particular, one can associate to each
Hecke eigenform f a unique element ey € Ho(X?”>*,R) suchthat (e, er)ss=1land Ty ey = Ay (£)ey,
where A (£) denotes the £-th Hecke eigenvalues of f with £ # p prime. In this setting, we are interested
in upper bounds for the ‘L"-norms’:

n 1/r
lesl, = (Z: |<ef,ei>ss|’) J<r<oo, efleo:= max [{ef,ei)ss]
1=

Putting = 2 and using Parseval, one obtains |le |» = 1 which implies the trivial (or convexity) bound
lesl- < 1forall r > 2. In the case r = oo, Blomer and Michel [BM11] were the first to go beyond
this by proving |e s | < p~1/6+2 This was recently improved by Khayutin—Nelson—Steiner [KNS22,
Corollary 2.3] who obtained [l 7 [0 < p~1/4*+¢ Liu-Masri—Young [LMY 15, Proposition 1.12] obtained
the L*-bound ey |4 < p~1/8+.

The fact that the Hecke operators are self-adjoint with respect to the bilinear form (6.2) on
Hy(XP-*, R) implies that the dual basis

el,...,e, € Hy(XP R)"

of ey, ..., e, (Which we can identify with w;l Gyl dsss v s w;l (-, en)ss) have the same behavior under
the action of the Hecke algebra. This is why in the proof of the level aspect version (2.5) by Liu-
Masri—Young one does not need any nontrivial input to bound the factors (e, e;)ss appearing when
spectrally expanding; one can simply employ the trivial Parseval bound )’ ¢ ¢ B, [{er,ei)ss [> < 1.This is
not necessarily the case for the basic bases B ¢ H;(Yy(p),R) in our setting. This means, in particular,
that we do not know whether

v, wE) (v V) (6.3)

is positive or not for v € B and v* € B* such that (v,v*) = 1. This lack of positivity makes it hard to
obtain any bound at all.

6.1. The method of proof

The first natural approach to bounding the left-hand side of (6.1) would be to use a version of the
amplified pre-trace formula approach to the sup norm problem in arithmetic quantum chaos (see, for
example, [BH10]). This is, however, not very effective due to the possible non-positivity of (6.3) (i.e.,
we are working in a Banach space rather than a Hilbert space). However, it has become apparent from
the work of Steiner [Ste20], Khayutin—Steiner [KS20] and Khayutin—Nelson—Steiner [KNS22] that one
in many cases can obtain very strong sup norm bounds by using the theta correspondence. We will
employ a version of this argument in our setting. The basic fact is that for vo € H;(Xo(p),R) and
w € H'(Xo(p), R),

Z(Tnvo, w)e*rinz (6.4)

nx1

defines a cusp form of level p. This follows easily by the fact that the +1 isotypic components of ¢ acting
on H;(Xo(p),R) are isomorphic as Hecke modules to the space of holomorphic cusp forms S, (p) of
weight 2 and level p (which is an incarnation of the Eichler—Shimura isomorphism [Shi94, Section 8.2]).
This can be seen as an instance of the theta correspondence (see [DHRV21, Section 5.3]). We will give
a simple proof below of the exact statement that we need. Now the key fact is that if tvg = +v, then the
L*-norm of (6.4) is (by spectrally expanding) equal to

D Kvo, 0PI, w) 2.

feBy
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Note that now we have obtained positivity for free! Thus, we are reduced to, one the one hand, a lower
bound for |(vg, w® }|> which we resolve in Corollary 6.5, and on the other hand, a bound for the L?-norm
of (6.4) which is essentially equal to

Z [(Twvo, Peusp w>|2

n

(6.5)

I<n<p

The above is an analogue of the second moment matrix count that appears in, for example, [KS20,
Section 9]. We will bound (6.5) using geometric coding of geodesics.

Remark 6.2. Let B be a basic basis of level p and let v € B and v* € B* such that (v, v*) = 1. Then we
get by expanding in the Hecke basis

1= Z W5V, wF).
feBp.+
As we will see in Corollary 6.5, we have on average that (v,af;’.) = 1. Thus, if the classes VJ;'. are

perfectly distributed (relative to B), then we would have (vji, ,v*) =< 1/p. Thus, the strongest sup norm
conjecture one can hope for is

(v w) <o pIt,

for w € B*. This might, however, be too much to hope for.

Remark 6.3. The dual sup norm problem corresponds to obtaining bounds for the modular symbols

sup [{v,wy)l,

veEB
forv € B as p — oo, where wy = f(z)dz with f € B}, a holomorphic Hecke eigenform of weight 2
and level p. Let v = {yz, z} € H{(Yo(p),Z) withy € S(Fzae(p)), which we may assume is hyperbolic.
Picking z on the fixed circle of y and using Holder’s inequality, we see that

d
v wp)] < 2n /cy |Im(Z)f(Z)|Im(ZZ) <. p'*e,

using the sup norm estimate coming from [KNS22, Theorem 1.6]. Here, C,, denotes the closed geodesic
on Xp(p) associated to y with hyperbolic length £(C,) < log p. Notice that we also have the trivial
bound

1/2 1/2

Y lwont| <o [| 3 im@r@F| S <, pe

feB, &\feB,

by Minkowski’s integral inequality and the pre-trace formula (thanks to the referee for pointing this out).

6.2. A lower bound for modular symbols

In this section, we will construct the homology class vo € H|(Xo(p),R) mentioned above such that
{vo, u);—;) is ‘not too small’ in terms of the level. We will be constructing v in terms of classes of the
shape {;‘—7, oo} for 1 < x < p (using the notation (3.6)). This reduces the problem to a lower bound for
the additive twist L-functions of f. One could naively try to calculate the average of all additive twists
with I < x < p. But this yields very poor results as there is a lot of cancellation in this sum. Instead, we
use that the second moment coincides with the second moment of Dirichlet twists of the L-function of f
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(by the Birch-Stevens formula). By Cauchy—Schwarz, it suffices to calculate the first moment of these
L-functions instead. Such a calculation is quite standard using an approximate functional equation. The
exact case we need, however, does not seem to have been considered before as we are in the case of joint
ramification. For the sake of completeness, we have provided a detailed argument below.

To be more precise, let f € B, be a Hecke normalized eigenform and let y be a primitive Dirichlet
character modulo g with p|q. Then we define the twisted L-function as the analytic continuation of

A
L(f.x>5) :=Z%

n>1

(here the Ramanujan conjectureis [A ¢ (n)| < d (n)n'/?). By the Birch—Stevens formula (see, for example,
[Nor21, Proposition 6.1]), we have for a primitive y with y(—1) = +1

WOV RL(f ) = Y LE(f.a/q.5)x(a), 6.6)
a mod g
where
+ _ L(f.a/q,s) £ L(f,—a/q,s) O Ay (n)e(na/q)
L*(f,alq,s) = 1z (=0 , L(f,a/q,s) .—ZW, Res > 1

nx1

are the additive twist L-series satisfying analytic continuation and the functional equation

yr(9)g*L(f,a/q,s) =y (1= 5)q'*L(f,-a/q,1 - s),

where aa = 1 mod g and y¢ (s) = ['(s +1/2)(27)™" (see e.g. Nor21, Proposition 3.3). This implies the
functional equation

Yf (S)QSL(f’ X S) =&ExYYf (1 - s)ql_XL(f’)_(’ 1- S)’ (67)

_ 2
where g, = =TW" Note that by inserting the Fourier expansion of f and interchanging sum and integral,

we arrive at the identity
({%,oo},a)?) =—L*(f,§,1/2). (6.8)

Lemma 6.4. Let f € B, and let q be an integer such that p|q. Then we have (uniformly in p and f) that

Z*d: L(f,X, 1/2) =1+ 08(q_1/4+8)’

1
vila) £,

where the sum is restricted to primitive characters y modulo q with xy(—1) = £1, and ¢} (q) denotes
the total number of such characters.

Proof. By the approximate functional equation [IK04, Theorem 5.3] using (6.7), we can write the
moment in question as

2 *,+ /l(n) _
2*(q) Z Z fn (X(H)V(:—/l)+8)()((n)V(quﬁ)), (6.9)

x mod g nx1

for some 0 < A < 2 to be chosen and V : R,y — R a smooth, rapidly decaying function satisfying
V(iy) =1+ 0(y1/3) as y — 0 (see [IK04, Proposition 5.4]). Now by a simple application of Mobius
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inversion, we get that for (n,q) =1,

D) = u(a/d)e(d)(Buzi () £ Sumot (@)/2: (6.10)
Xx mod g dlgq

ot 1 K>(n;d) + Kr(—n;d
> et == Y uafdypla) 2D TR, 6.11)

x mod g dlgq

where K> (n;d) = ¥ y=p (a) €((x +y)/d) denotes the usual 2-dimensional Kloosterman sum. By Weil’s
bound and standard estimates, we conclude that for (n, g) = 1,

D e xn) <. g, 6.12)
x mod g

Now for the primary part of the sum (6.9) we obtain using the analytic properties of V mentioned above
as well as (6.10), we get

1 *,+ A (}’l) n
X x(n)V(j) (6.13)
#=\q x mod g n>1 n 4
1-2/3 1 pi
Stroi LSy B (6.14)
ACRAO petla) M
I<n<gt*®

with the main term corresponding to n = 1. Now using the Ramanujan bound |1/ (n)| < d (n)n'? <,

nl/2+e we get
Ar(n
2 o, D Dlmd e )VEE < gteg (6.15)
n
n=+1(d) l<sm<qte/d *
l<n<ct®

which bounds the error-term in (6.13) by O . ((¢' =3 +¢%/?*#¢) /¢*(g)). Similarly, by using (6.11), we can
bound the dual sum by O . (¢*/>V?*#/¢* (¢)). Choosing A = 3/2 and recalling that ¢%(¢q) >, ¢'~%,
we get the wanted asymptotic formula. O

Corollary 6.5. There exists an absolute constant co > 0 such that for any prime p, f € By, and € € {+},
we have

1
=7 2 Mg mhef)F 2 e (6.16)

O<a<p

Proof. First of all, recall that the following matrices generate I'g(p):

T=(1), (1“7_(“‘1*;)/1’): 0<a<p,

where 0 < a* < p are such that aa = —1 mod p (as is proved in Section 4.2). Since w* are nonzero
cohomology classes vanishing on parabolic elements, we conclude that the left-hand side of (6.16) is
always nonzero.

We now define the Fourier transform of

(Z/pZ) 3 a = ({5, 0} w}
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as follows for a Dirichlet character y mod p:

Lioo= 3 g ohoixa.

a mod p

For y primitive with y (—1) = +1, we have by the equality (6.8) and the Birch—Stevens formula (6.6) that

L% (x) = <%V e (R)L(fox, 1/2).

Now by Parseval, we have

) KighopP =~ 30 TPz =25 Y I 1/P

O<a<p x mod p x mod p

Using the previous lemma, we conclude by Cauchy—Schwarz that

2
1 *, % 1 *,+
. IL(f X 12 2| = L(f.x.1/2)| 21/2,
%(ﬁxép su(ﬁx;jp
for p large enough. This yields the wanted lower bound since ¢4 (p) < p — 1. O

Remark 6.6. Using a subconvexity bound for L(f ® y, 1/2) as in [MV 10], the above implies that there
is some constant § > 0 such that L(f ® y, 1/2) is nonvanishing for at least > p¢ of both odd and
even characters. This improves on Merel [Mer09, Corollaire 2], who has shown using modular symbol
techniques that for f € B, there exists at least one odd and one even character y of conductor p such
that L(f ® x, 1/2) # 0. One can probably get much better results using mollification.

6.3. Reduction to a counting problem

We will now use the theta correspondence in a simple form to reduce the sup norm problem to a certain
counting problem.

Lemma 6.7. Let w € H' (Xo(p), R) be a cuspidal cohomology class. Then we have

3 Zoex<p ((Tn{Z, 00}, )P + KT {%, 0}, w) ) o

DN sl < pe Y : 8n/p

ee{zx} feB)p n>1

uniformly in p, where (-, -) denotes the cap product pairing (3.4) between homology and cohomology
and T, denotes the n-th Hecke operator.

Proof. For(0 < x < p and € = (€1, &) with ; € {£1}, we consider the following class in the compactly
supported homology

vi=1+e0(l+ esz){%,OO} (6.17)

= {1%7 OO} + El{_i’ OO} + 62{_1’0} + 6162{%’0} € Hl (XO(P)aZ) (618)

X
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By construction, v§ is contained in the €; eigenspace of the involution ¢ as in (3.14), and in the e
eigenspace of the Fricke involution W, as in (3.13). Associated to 0 < x < p, € € {(+1,+1)} and
w € H'(Xo(p),R) (suppressed in the notation), we define g : H — C by

g(2) = Z(TnVE,w>ez”i"Z. (6.19)

n>1
By expanding in the Hecke basis of cohomology, we obtain
TS ey= > Ao, ).
f€By:

Wpf=eaf

By newform theory, we know that for f € B, we have A7 (n) = ay(n), where ay(n) denotes the
Fourier coeflicients (at o) of f. Thus, we conclude that

g = Y (LM wf(),
f€By:
W, f=eaf

and, in particular, g € S>(p) is a holomorphic cusp form of weight 2 for I'y(p) contained in the e,
eigenspace of W,. This can be seen as an instance of the theta correspondence as explained above. By
orthogonality of Hecke eigenforms, this implies the key identity

(@ ewe= D, (s Pral (v 0L ), (6.20)
f€Bp:
WIJfIEZf

where (f, g)pet = /Yo( Y (z)g(z)dxdy denotes the Petersson inner-product on S, (p). Recall from (4.3)
that the subgroup

I5(p) = (Wp,To(p)) € PSLa(R)
has I'y(p) as an index two subgroup and has a fundamental domain contained in
{z€H:|Rez| <1/2,Imz > V3/(2p)}.

By unfolding and using that |g|? is invariant under the Fricke involution W), by construction we arrive
at the following bound:

o0 1/2
> mlosonetl =2 [ lg@Pady < [ [ jgPasdy
o (P)\H V3/(2p) J-1/2

fEBpl FO p)
Wyf=eaf
< Z |(Tnv§,w)|2/ e_4""ydy
nsl V3/(2p)
2
< Z KIwvs, @) e 2V3mn/p - (6.21)
n

nx1

Notice that for f € B, with W, f = e f, we have by self-adjointness of « and W, with respect to the
cap product pairing that

05w = K{E, o} w).
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Now we sum over 0 < x < p, € € {(x1,+1)} and apply Corollary 6.5 to the left-hand side of (6.21).
Finally, by expressing the Petersson inner product in terms of a special value of an adjoint L-function
(see, for example, [PR 18, (8.6)]) and using the lower bounds of Hoffstein—Lockhart [H[.94], we arrive at

F Fype = PEOYIELD e

83

Finally, we have by linearity of 7}, that
KTv§ )P < KT { %, 0o}, )P + (Tu{ =%, 00}, ) * + (Tl 5, 00}, ) > + KT~ 1, 0}, w) %,

from which we conclude the wanted inequality since 2V37 > 8. O

6.4. The counting argument

By Lemma 6.7, we are reduced to a certain second moment count. We think of this as an analogue
of the matrix counts that show up in most approaches to the (arithmetic) sup norm problem (see, for
example, [Tem15]). Recall the Ramanujan bound |17 (n)| < n'/?d(n) for Hecke eigenforms f € B,,.
This implies for any class v € H;(Xo(p),R) and w € H' (Xy(p),R), we have

(Tpv, ) <y 0 n'?d(n), asn — oo.

This is, however, not useful as for us the main point is exactly the dependence on v and w. Our approach
is to use the explicit description of the Hecke operators and then lift the counting from I'y(p)2 to Ty (p).
As a first step, we use geometric coding as in Proposition 4.1 to obtain the following.

Lemma 6.8. Let w € H'(Xo(p),R) be a cuspidal cohomology class and y = (a5) e To(p) with
¢ > 0. Then we have

[({yoo, 0o}, w)| < | max [({z, 00}, w)]loge, (6.22)
O<x<p P

uniformly in p.

Proof. Observe that {yoo, co} only depends on a/c mod 1. This means that without changing the
homology class, we may assume that a,d are integers satisfying 2¢ < |a + d| < 4c as well as
—c < a —d < c. This implies that all entries of y are O(c), and that the half circle S, fixed by y
intersects the standard fundamental domain Fyg for PSL;(Z). Recall Zagier’s fundamental polygon
Fa . (p) for I'y(p) defined in Section 4.2 which consists of PSL;(Z)-translates of Fgq, as well as the
fundamental polygon Fz,s(p) = W, féag (p). This latter polygon has the advantage that all entries of

the associated side pairing transformations are of size < p, whereas for F, g( p), the lower left entry

can be of magnitude p?. Notice also that the assumptions on y above ensure that the half circle S, fixed
by v intersects the Siegel domain {z € H : |Rez| < 1/2,Imz > 1} which is contained in Fz,,(p).

We now consider the geometric coding of y with respect to Fz,,(p) as in Corollary 4.2. This yields
an expression

Y=01""0N,
where 0; € S(Fzag(p)) are side pairing transformations. When considering the class {yoo, 0} €
H{(Xy(p),2Z) in the compact homology, we can ignore the parabolic elements among the o;’s. More

precisely, if 0'1’ s a'[,’ is the subsequence of o7, . . ., o consisting of non-parabolic elements, then we
have
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4
{yeo,00} = Y {or/e0, 00} € Hi(Xo(p), D).

i=1

Now ¢ is exactly the number of intersections between the geodesic from w to yw (for any w €
Fzag(p) N'S,) and I'o(p)-translates of the sides of Fz,.(p) being paired by non-parabolic elements.
This is equal to the number of intersections between the geodesic from w to y'w (where y’ = W,,)/W;l

and w € .Fz’ag(p) N S, and I'h(p)-translates of the non-parabolic sides of féag (p) (this follows by

conjugating everything which preserves parabolicity). Recall that for féag(p), all sides containing a
cusp are paired by parabolic elements. Since }"éag (p) consists of PSL;,(Z)-translates of Fyqg, we can
bound ¢ by the number of intersections between the geodesic from w to y'w (for w € Fgyqg N S,/) and
PSL,(Z)-translates of the non-parabolic side of Fyq — that is, the arc

{zeH:|z|=1,-1/2 <Rez < 1/2}.
It now follows from a result of Eichler [Eic65, Satz 1] that
¢ < log((a")*+ (b)) +(¢')? + (d")?) < loge,

where a’, b’, ¢’, d’ are the entries of y’, which by the assumptions on the entries of y are all O(pc) =
O(c?). By definition of Fzag(p), we have for all 1 < i < ¢ that o/co is of the form % with 0 < x < p.
Thus, we conclude

[{{yoo, o}, w)| < £| max |({£,°°},w>|) < logc( max [({7, o}, w)|],
O<x<p P Oo<x<p P

as wanted. O

This implies the following result for basic bases. Recall the definition of the cuspidal projection
operator Py, in (3.23).

Corollary 6.9. Let B be a basic basis of level p. Then for y = (g Z) € I'y(p) with ¢ > 0 and w € B*,
we have

|<{7°o9 OO}, IPcusp UJ>| < log c,

uniformly in p.

Proof. By Proposition 6.8, we are reduced to proving that

01<nxa<xp |({%,00},Pcuspw)| <1

for w € B*. Recall that we have
({5, 0} Pagpw) = ({yxz, 2}, w) = (VE(p), @) {{yx2, 2}, wE(P)),

where y, = (; *(Xf;tl)/”) with 0 < x* < p such that xx* = —1 mod p and z € H is arbitrary. Now by

Corollary 4.6, we have
<VE(p)’w> < 15 <{7xZ, Z}7w> < 1,
and by (3.21), we have

* 2
X —X"|+
(e chwe(p)y < LEZEIEP pz' Ly

which yields the wanted bound. O
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6.5. Proof of Theorem 6.1

Combining all of the above, we are now ready to prove our sup norm bounds.

|<Tn{%soo}’Pcuspw>| < Z Z
< Z Z log pd <, p©n'*®. (6.23)

Proof of Theorem 6.1. Let B be a basic basis of level p. By the definition of the Hecke operators acting
on homology (3.12), we have for w € B* by Corollary 6.9
ax+bp
d 00 ¢, Peusp @
ad=n, 0<b<d p
(a,p)=1
ad=n, 0<b<d

(a,p)=1

Here, we are using that (ax + bp, p) = 1, meaning that ax+hp is of the shape yoo for y € I'y(p) with

left lower entry of size O(pd). By changing contours, we have the following equality of compactly
supported homology classes:

(L0 ={(.F, 10,0} ={(,F,)oo 00} ={Z5, 0}, 0<X<p:x¥=1modp.
A similar argument as above, again using Corollary 6.9, yields
(Tl 00}, Pap @) < p°n'*®, w e B
Thus, by Lemma 6.7, we conclude that
n2+8
D o <o p Y eI < pte we B
feBy n>1 n

as wanted. O

7. The level aspect
Using the second moment bound from Theorem 6.1, we are ready to prove our main result.

Theorem 7.1. Let p be prime and let K be a real quadratic field of discriminant dg with no unit of norm
—1 such that p splits in K with pOk = p1p, and py ¢ H where H = (Cl}, )2,
For B a basic basis of level p and w € B*, we have

2acu(lCa(p)], w)
| Xaeu({[Ca(p)], we(p))l

where v (p), wg (p) denotes the Eisenstein classes in homology and cohomology as defined in (3.19)
and (3.16), respectively.

= —(ve(p), w) + 0 (d 7 pe), (7.1)

Proof. Starting from (5.6), we want to bound the cuspidal contribution on the right-hand side, which by
(5.17) can be expressed in terms of L-functions. Recall that class group characters y such that X|(CI,)?
(i.e., genus characters) correspond to factorizations djd, = dk in terms of fundamental discriminants,
and we have

Ly ® my,5) = L(f ® xay> S)L(f © Xy 9),
where yq, = ( i) are quadratic characters. Now we apply Cauchy—Schwarz followed by Holder’s

inequality with exponents (3, 3, 3) combined with Theorem 6.1 as well as the third moment bound of
Petrow and Young [PY 19, Theorem 1]:
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2

D ([CA(P)] Peusp @)

AeH

<d 7 Y IRl Y D) LU @ xan DL © xay 1/2)

f EBp,j: didr=dk f EBP
<d > DT 10E, W)
fEeBp,*
1/3 1/3
x > pB D L(Fexa1/2°| | D) L(f @ xa1/2) (7.2)
d1d2=d]( fEB,, fEBI,
<. p2+8d;(/6+8,

for all w € B* (using here also that L(f ® yg,,1/2) > 0). It follows from Proposition 5.2 that the
Eisenstein contribution on the right-hand side of (5.6) is >, d}(/z_s p~!. Inserting all of this into (5.6)

yields as wanted. O

Recall that given a basis B ¢ V), = H;(Yo(p),R), we get an associated isomorphism V,, = R28*!
by mapping B to the standard basis of R2¢*!. By pulling back the L”-norm with respect to the standard
basis of R?8*!, we get the following norm on V,:

Wi, = ( Z I(v,w>|’) for1 <r<oco, [vlpe:= sup |(v,w)l, (7.3)

*
wEB* weB

with B* ¢ H' (Yy(p),R) the dual basis of B. Combining Theorem 7.1 and equations (5.2) and (5.4), we
arrive at the following (we will skip the details).

Theorem 7.2. Let p be prime and let K be a real quadratic field of discriminant dg with no unit of norm
—1 such that p splits in K with pOk = pi1p2 and py ¢ H where H = (Cl}, )2,
For B a basic basis of level p, we have

H 2acu{[Ca(p)])
I

d—l/12+£ 2+e 74
Sacr (CaP) D50 e p (7.4)

B,oco

8. Applications

In this section, we will present certain applications of Theorem 7.2.

8.1. A group theoretic application

Recall the independent generators of I'g(p) described in Section 4.3 coming from special fundamental
polygons. Given a real quadratic field K of discriminant dx such that p splits in K, the oriented closed
geodesics C4(p) associated to A € Cly corresponds to a conjugacy class of matrices inside T'o(p)
(given by the matrices ¢ defined in (3.3) where Q € Ok, runs through integral binary quadratic form
of discriminant dg and level p corresponding to A under the identification (3.2)). We will apply our
results to understand the representation of the matrices ¢ in terms of the independent generators (4.5)
(4.6), (4.7) and (4.8) coming from a special fundamental domain of I'y(p).

Corollary 8.1. Let p be prime and let P (p) be a special fundamental polygon for I'y(p). Consider a real
quadratic field K of discriminant dg with no unit of norm —1 such that p splits in K with pOg = p1p2
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and such that p; ¢ (Cl}'()z. Then for dx >, p**%, there is some class A € (Cl}})2 such that none of

the matrices yg € I'o(p) with Q € Qk , corresponding to A are contained in the subgroup generated
by the matrices in (4.6), (4.7) and (4.8).

Proof. Let By, C H1(Yo(p),R) be a basis obtained from the side pairing transformations of P(p). Note
that ve (p) € Bsp and let wy € By, be characterized by (ve(p), wo) = 1. Let B be a basic basis of level
p containing vg (p). Then by expanding in this basis, we get by Theorem 7.2 that

< 2acu[Ca(p)] w0>:_< ve(p) w0>+< LaculCaP)]  vEW) w0>
| ZaculCaltp)II” ve@I’ | ZacalCaP)Il -~ Ive(P)I

o SacnlCa®)]  vE(p) >
=l Z<V""°><u Sac Gl el

veB
=—1+0|d/Pepre ) |<v,wo>|), 3.1)
veB
where |-| = |-|p,co and v* € B*is characterized by (v,v*) = 1.Forv € B—{ve(p)},lety, € S(Fzag(p))

be such that

v={z,vvz} € Hi(Yo(p),R),

using the notation (3.6) (note that the lower left entry of y, is equal to p). Now for Y > 0, consider a
curve cy : [0, 1] — H connecting the three points

y;loo +i¥, y,c0+i¥, 7y, (7;100 +i¥) = yy00 +ip 2y~
by a (Euclidean) straight line. We assume that Y is large enough so that

{x+i¥ : min(y, 00,7;"00) < x < max(y,00,7;'00)} € P(p).
Observe that by Corollary 4.2, the quantity [{v, wg)| is bounded by the number of intersections between
cy and Ty(p)-translates of {iy : y > 0} (which is a side of the special fundamental polygon P(p)).

Since 0 < yy, 00,7y, loo < 1, there is no such intersection for the horizontal segment of cy. Intersections
with the vertical segment correspond to integers a, b, ¢, d such that

b b
ple, ad—bc =1, and 4 <Ypoo < = Or — < y,00 < ﬁ' (8.2)
c d d c

In particular, we have y, # % which implies

a| 1 ‘b a

Yy — —
Cc

but this contradicts (8.2). This implies that (v, wg) = 0 for v € B — {vg(p)} which by (8.1) yields the
wanted error-term. m]

From the above, Corollary 1.7 follows in the case where K has wide class number one and narrow
class number two by writing out explicitly the matrices yp associated to Q € Qg , as in (3.3) and
recalling that since K does not have a unit of norm —1, the condition p; ¢ (Cly )? is equivalent to p; not
having a generator of positive norm.
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8.2. An application to modular forms
Recall the following definition mentioned in the introduction for a modular form f € Mj(p):
My =inf{c > 0: |ay (n)| < coy(n), n > 1} < oo,

where ay (n) denotes the Fourier coeflicients of f (at o) and oy (n) = X4, d. We have the following
nonvanishing result for cycle integrals of modular forms.

Corollary 8.2. Let p be prime and let f € My (p) be a holomorphic modular form of weight 2 and
level p with constant Fourier coefficient equal to ay(0) = 1. Consider a real quadratic field K of
discriminant dgx with no unit of norm —1 such that p splits in K with pOg = p1p, and p; ¢ (Cl )2,
Then for dg > (Mf)IZJ“9 B+e there is some A € (Clg )2 such that

q@@»ﬂmm=é(ﬁm&¢o
Alp

Proof. Let
f(2)dz = ws +iw- € H (Yo(p),R) & iH' (Xo(p),R)

be the cohomology class (with complex coeflicients) associated to f. By expanding in a basic basis
B c H|(Yp(p),R) as in (8.1) and using Cauchy—Schwarz followed up by (7.4), we conclude that

'< Yaer [Ca(p)]
| 2aca [Ca(p)]lB,

Now by the assumptions on the Fourier expansion of f, we get

<o ped P sup (v, wa).

veB

- VE(P)7U)+>

® dt
flx+iy) <1+ My Zm(n)e N <o 1+ My / t1+£e_2"”7 < max(1, Mpy %),

n>1

In order to bound the quantities (v,w.) for v € B, we recall that we can write v = {yz,z} for
z € H (which we may choose freely) and some matrix y = (¢4 b ) € S(Fzag(p))as in Section 4.2. In
particular, we observe that by construction, we have a, b, c,d < p and ¢ € {0, p} If ¢ = 0, then clearly

(v,ws) € {0, 1}.If ¢ = p, we make the following convenient choice z = —d ++ satlsfymg yz=4%2 + F
This gives
P farip) & fr+ipTh) ja +d|
+ l+& 1
(v,wi)=L YRESIP dx <, Mpr <o Mpp Tt
P

which we plug into the above. Since (vg(p),w+) = 1 and (ve(p),w-) = 0, we conclude that
(X aer [Ca(p)], f(2)dz) is indeed nonvanishing for dx >, (My)'2¢p*+€ as wanted. O

Now Corollary 1.8 follows from the above in the case of wide class number one and narrow class
number two.
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