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Scattering Length and the
Spectrum of —A +V

Michael Taylor

Abstract. Given a non-negative, locally integrable function V on R”, we give a necessary and sufficient
condition that —A + V have purely discrete spectrum, in terms of the scattering length of V' restricted
to boxes.

1 Introduction

—A+V yields a positive self-adjoint operator on L?(R"), and its spectrum is discrete
if V(x) — +oo as |x| — co. A. Molchanov [Mol] produced a necessary and sufficient
condition for such an operator to have discrete spectrum. His condition takes the
form

It is a classical result of K. Friedrichs [F] that if V € L} _(R") and V > 0, then

(1.1) inf/ V(x)dx — oo, as|{| — oo,
E Je\F
for each b € (0, 1], where Q¢ is the n-dimensional cube of the form

b b
(1.2) Qb,gz{xE]R{”:fj—Engggj_f_i}.

(We henceforth say Qy ¢ is the cube with sidelength b and center £.) In (1.1), F runs
over the “negligible” subsets of Qy ¢, defined by the condition cap F < ycap Q. In
[Mol], v was taken to be a particular (small) constant ~,,.

Recent important work of V. Maz’ya and M. Shubin [MS] provides a cleaner form
for the necessary and sufficient condition. In particular, 7y can be given any value in
(0, 1). Furthermore, they allow v = ~(b), possibly decaying to 0 as b — 0, as long as
b~2~4(b) — oo.

Our purpose here is to produce an alternative formulation of a necessary and suf-
ficient condition that —A + V have discrete spectrum (given V > 0, V € Llloc (R™)).
Our result is phrased in terms of “scattering length,” a quantity I'(v) associated to
integrable v > 0 that is somewhat parallel to the notion of capacity of a set. In fact, if
K is a compact set satisfying a mild regularity condition,

(1.3) capK = lir+n [(rxx),

where xx denotes the characteristic function of K. We will recall the definition of
['(v) in §2. Our main result is the following.
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Theorem 1.1 GivenV >0, V € L} _(R"), the following three conditions are equiv-
alent.

(1) —A +V has purely discrete spectrum on L*(R").
(2) Given A € (0, ), there exists b = b(A) € (0,1] and R € (0, c0) such that

L(b*Vye) > AV?,  for €] > R.

(3) Given A € (0, 00), there exists by = by(A) € (0,1] and R: (0,by] — (0, 00) such
that
T(BVie) > AV, forb € (0,bo], [¢] > R(b).

Here V), ¢ is a positive function supported on the unit cube Q = Q, , given by
(1.4) Vipelx) =V(bx+§), x€Q.

The rest of this paper is structured as follows. In §2 we define I'(v) for positive,
integrable v and review some of its crucial properties. In §3 we prove that (2) = (1)
in Theorem 1.1, and in §4 we prove that (1) = (3). Clearly (3) = (2), so this will
prove Theorem 1.1. There is one result in §4, Lemma 4.2, whose proof is presented
in §5.

Remark In the formal limit V' = +oo on K = R" \ 2, where one considers —A
on L*(12), with the Dirichlet boundary condition on 952, the condition (3) of The-
orem 1.1 becomes that for each A € (0, 00), there exists by = by(A) € (0,1] and
R: (0,b9] — (0, 00) such that

(1.5) cap K¢ > Ab*(cap Qpe), Vb€ (0,bo], |€] > R(D),

where K¢ = K N Qp¢. This coincides with one of the criteria (necessary and suffi-
cient) for discreteness presented in [MS, Remark 2.7].

2 Scattering Length

Here we define the scattering length I'(v) of a positive integrable potential v and
review some of its properties. Our material is taken from [T], which in turn was
influenced by results on scattering length presented in [K, KL]. For simplicity we
take n > 3.

To such v we associate the capacitory potential U, and the scattering length I'(v)
as follows. First assume that v € L*(R") and has support in a compact set K, as well
as v > 0. We define U, by

(2.1) U,(x) = lim(e + v — A) " 1(x).
e\o0

It is shown that this limit exists in L? _(R") and satisfies

loc

(2.2) 0<U, <1, v=w=U, <U,.
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The existence proof in [K, KL] involves producing the formula

(2.3) U, (x) = E{ 1— exp(— /OOO W(b(7)) dT) } :

where E, is expectation with respect to Wiener measure on Brownian paths b starting
at x; see also [T, p. 292] for a derivation of this formula.
The function U, solves the PDE

(2.4) AU, = —v(1 -U,).

It follows that —AU, = p, is a positive measure on R". We set

(2.5) T(v) = / dpy(x).

Some basic results on I'(v) include:
v<w=T(v) <T'(w),

T'v+w) <T()+T'(w),

(2.6)
vo /S v=T(v,) /T(v),
Tv) < |Iv|lp-
We also have
27) VULl = [ U diu(a) < T,
R
and, for any ball B C R”,
(2.8) U/l < a(B)T(v).

These results are established in [T, Propositions 1.2—-1.6]. They allow us to define U,
and I'(v) for positive v € L' (R"), having

(2.9) Va /'y Va € Loy R") = U, /' U,, T(v)) /' T(v).

We now give two key estimates, established in [T], which connect scattering length
to eigenvalue estimates. Suppose v > 0 is an integrable function supported on Q, the
cube of sidelength 1 centered at 0. Let A\, (v) € [0, 00) denote the smallest eigenvalue
of —A + v, with the Neumann boundary condition, on L*(Q). The following result
summarizes [T, Propositions 2.2-2.3].

Proposition 2.1  There exists C,, € (0, 00) such that
(2.10) A (v) > C.I(v).
Furthermore, there exist E,,, Cn € (0, 00) such that

(2.11) T(v) < E, = \i(v) < C,L(v).

We refer to [T, pp. 295-297] for proofs of these results. We mention that (2.11) is
proven by an apt choice of test function in the variational characterization of A, (v),
while (2.10) is proven by examining the decay rate for e~''~, where Ly denotes —A +
v, with the Neumann boundary condition, on I*(Q).
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3 Sufficient Condition for Discrete Spectrum

The following result yields the implication (2) = (1) in Theorem 1.1.

Proposition 3.1 Take A € (0, 00) and let C,, be as in (2.10). Assume that there exists
b="0b(A) € (0,1] and R = R(A) € (0, 00) such that

(3.1) C.L(b*Vie) > AV, for [¢] > R.
Then
(3.2) ess spec(—A + V) C [A, 0).

Proof Let Q¢ denote the cube of edge b, center &, as in (1.2), and let L, ¢ denote the
operator —A +V on Lz(Qbﬁg), with the Neumann boundary condition. A standard
argument involving Rellich’s theorem shows that, if there exists R = R(A) such that
(33) spec Lb,§ C [A,OO), for ‘£| 2> R,

then (3.2) holds. Now Ly ¢ is unitarily equivalent to the operator

(3.4) —b2A + Vie = b= 2(—A + sz;,_g),

on L*(Q) (Q denoting the cube of edge 1, center 0), where

(3.5) Vie(x) =V(bx+¢), x€Q,

and one places the Neumann boundary condition on the operator (3.4). Now, by
Proposition 2.1, the spectrum of this operator is bounded below by

(3.6) Cab T (L V),

so Proposition 3.1 is proven. [ ]
4 Necessary Condition for Discrete Spectrum

It is convenient to set up some notation. Given a cube Q, C R", we denote by

(4.1) AV (—A+V), resp., AZ(=A+V),

the smallest eigenvalue of —A + V on L*(Q,), where we impose, respectively, the

Dirichlet or Neumann boundary condition on 9Q,. As before, let Q¢ denote the

cube of edge b, center &, as in (1.2). We continue to assume V > 0and V' € LllOC (R™).

Lemma4.1 If —A +V has discrete spectrum on L*(R"), then for each b € (0, 1],

(4.2) AFE(—A+V) — 400, as|¢] — oco.
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Proof As is well known, —A + V has discrete spectrum on L?(R") if and only if the
set

(4.3) X ={ucH' R : [|[Vul2 + |[VVul? <1}

is compact in L2(R"). In turn, such compactness implies
(4.4) / lu(x)|* dx < e(R), YucX,
x| >R

where e(R) — 0 as R — oo. If we restrict attention to u € H} (Qp,¢), this gives (4.2).
|

In the following lemma, Q = Q; 4, the unit cube centered at 0.

Lemma 4.2  There exists A, € (0,00) and B,: [A,,00) — (0,00), such that
B,(A) — 0o as A — oo, and such that whenever v € L'(Q) is non-negative and
whenever A > A,

(4.5) A=A +v) > A= I\AU~A +7v) > B,(A).

Such a result is established in [Mol]; a proof is also given in [KS, Lemma 2.9].
For the convenience of the reader, we present yet another proof of Lemma 4.2 in §5.
Granted the result, we deduce from Lemma 4.1 the following.

Corollary 4.3  If —A +V has discrete spectrum on L*(R"), then, for each b € (0, 1],
(4.6) )\gh‘i(—A +V) — 400, as [£] — .
Note that the left side of (4.6) is equal to

(4.7) b2AQ(—A + 0P Vye).

We are now ready to prove the implication (1) = (3) in Theorem 1.1. Given A €
(0, 00), pick by = by(A) so small that (2.11) applies, so that

(4.8) I(v) < BA = AY(=A +v) < C,I'(v).

Consequently, for b € (0, by,

(4.9)  T(B*Vye) <AV = A=A+ b*Vye) < C,T(B*Vye) < C AP

Now, by (4.6)—(4.7), we cannot have the bound A3 (—A + b*Vye) < C,Ab for large
€|, so consequently we cannot have the bound I'(b*V,,¢) < Ab* for large |£]. The

proof of Theorem 1.1 is complete, modulo the proof of Lemma 4.2, which will be
given in the next section.
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5 Proof of Lemma 4.2

Given non-negative v € L'(Q), let us denote by Lp the operator L = —A+v on L*(Q)
with the Dirichlet boundary condition and by Ly the operator with the Neumann
boundary condition. We assume

(5.1) A= A2(-A+v),

the smallest eigenvalue of Lp, is large, and we want to estimate the smallest eigenvalue
of Ly. We will estimate various “heat semigroups.” Forx, y € Q, t > 0, set

(52) pD(tv 'x7 }’) = eitLD(Sy(x)v pN(ta x; }’) = eitLN(Sy(x)a
palt,x, y) = €™96,(x),  polt,x, y) = (4mt) "/ 2e /4

Here Ay denotes the Laplace operator on L*(Q), with the Neumann boundary con-
dition. It will be convenient to note the following inequalities:

(53) pD(taxay) S pO(taxay)v pN(taxay) S PQ(EXJ’)

We want to estimate py(t,x, y), but first we will estimate pp(¢,x, y). Let us fixa €
(0,1) and set

(5.4) T=A"%
Using (5.3) we have
(5.5) le ™ ||l o) < (477) "4 e ™| g (2 100y < (477) ™4,

while (5.1) gives

(5.6) ||377LD||L(L2,L2) < e
Hence
(5_7) He—3‘rLD§y||LDQ < CT—n/Ze—T)\ _ C)\un/ze_)\l—a.

In other words,
(5.8) 0< pp(37,%,y) <CA2e " VxyeQ
Next, we estimate V, (¢, x) = pn(t,x,y) — pp(t, x, y), fort € [0,37]. We have
(5.9) (0 —L)V,=0o0n R"xQ, V,(0,x)=0,
and x € 0Q = V,(t,x) = pn(t,x, y). Hence

(5.10) x€0Q = 0<V,(t,x) < polt,x, y).
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Let us define the set 2, C Q by
(5.11) Q, = {y € Q: dist(y,0Q) > 7'/}

It is clear that, if A is sufficiently large, so 7 is sufficiently small,

(5.12) x€0Q, y €, te[0,37] = polt,x,y) < Ce*’\m,
so applying the maximum principle to (5.9)—(5.10) gives
(5.13) V,(t,x) <Ce X' for xe Q, y€eQ,, t€[0,37],

and hence, by (5.8), if we take a = 4/5 and assume \ is sufficiently large,

(5.14) 0< pn(37r,x,9) <CAN3e " WxeQ, ye Q..

Now, using the semigroup property of '/~ and the fact that ||e "IV || ¢ g0 100y < 1,
we deduce that

(5.15) 0< pn(t,x,y) SCN5e N YxeQ, yeQ,, t>3r.

In particular, if X is large enough that 37 = 3A~%/° < 1, the estimate (5.15)
applies with t = 1. On the other hand, we can use (5.3) to obtain

(5.16) pn(1Lx,9) < po(lyx,y) <C, VxeQ,ye€Q\Q,.

It follows that

(5.17) /QpN(l,x, y)dy < CA/5=N" CVol (Q\ Q)
< C)\zn/se—/\l/5 L O\

Of course py(1,x,y) = pn(1, y,x), so there is a similar bound on fQ pn(1,x, ) dx.
Hence we deduce that

(5.18) e[| e qzerny < CAPe N 4 CATHI5 = ().
It follows that
(5.19) A=A +v) > 1ogL

N - (A’

and Lemma 4.2 is proven.
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