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1. Introduction

This paper presents a basis for the laws which hold in each of the finite
simple groups, PSL(2,2"), n 2g 2 , thus partially solving a problem raised by
Cossey, Macdonald and Street [3]. They considered the more general problem
of finding bases for the laws which hold in PSL(2, p"), and succeded in finding
a number of general laws, and in completing bases for p" ^ 11. The solution of
the general problem appears to be very difficult.

In the basis for the laws of PSL(2,2") to be given in §4 all laws, except that
used to ensure local finiteness, involve two variables. Bryant [1] has shown that
two-variable laws suffice to ensure local finiteness in any var PSL(2,p"), and
Bryant and Powell [2] have given a two-variable basis for var PSL(2,4). At this
point, at least, the present basis could be improved.

The most important tool in the investigation of laws in PSL(2,2") is a sys-
tematic use of the character of the natural representation of SL(2,2") s PSL(2,2")
as the group of 2 x 2 unimodular matrices over the field of order 2". The relevant
properties of this representation are collected in §2. The characterisation of var
PSL(2,2") also given there enables one to establish quickly whether a given set
of laws of PSL(2,2") forms a basis for the laws of the variety.

2. Notation, definitions, and preliminary results

The notation and terminology follow [3]. Upper case Roman letters denote
groups; lower case letters denote group elements or words. The symbol 1 is used
indiscriminately as the multiplicative identity of groups and fields.

The variety generated by the group G is denoted by var G.

2.1 The word um is defined recursively by
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u3 = Ix1"1x2) , f x ^

Mn-i, Ix^X,^ ,-",(x^i1Xm)

The law um = 1 has the following properties:
(1) Every group of order less than m satisfies um = 1.
(2) A group with chief centraliser of index greater than m — 1 does not

satisfy um = 1. (Kovacs and Newman [4] 1.71, 1.72)

The following result is a simple consequence of the second of these: A non-
abelian simple group which satisfies um = 1 has order less than m.

In the next three sub-sections, jp denotes an arbitrary field.

2.2 If x e SU2, F), then tr x denotes the trace of x in the two-dimensional re-
presentation. The following properties are used repeatedly without explicit ref-
erence :
If x,yeSL(2,F), then tr x~l = tr x, tr xy = tr x, and tr xy = tr yx.

2.3 / / x,yeSL(2,F) then tr xy + tr xy'1 = tr x tr y. ([3] 5.2.1)

2.4 / / x, y e SL(2, F), then the trace of any word in x and y is a polynomial in
tr x, tr y, and tr xy with integer coefficients. ([3] 5.2.2)

It follows from this that if x, y s SL(2, F), then the trace of any word in x
and y is uniquely determined by tr x, tr y, and tr xy.

From this point, all fields considered are of characteristic 2. The results in
the next four sub-sections are needed for the proof of Theorem 1 (§3).

2.5 The following identities hold in PSL(2,2")
(1) tr[x, y] = tr2x + trzy + tr2xy + tr x tr y tr xy.
(2) trx2" = tr2"x.
(3) tr[x, y, x] = tr\x, y]{tr[x, y] + tr2x) .

([3] 5.2.5 (2), (4), (3).)
(4) ti{x-l,y\ = tr\x,y\.
(5) frjXjOx-1 = trx{\ + frf>,j>]}.
(6) tr\x,y,y] = tr[x, j>]{tr[x,jT| + tr2y}.
(7) tr{x,y,xy] = tt%x, y){tr[x, y] + tr2xy} .
(8) trlx,yf\~l = trx{l + t^-\x,y\ + tr2"-'*2"-2 [x, y} +

••• + tr2"-\x,y-] + tr2Xx,y-]}.

(9) trfoyf-'x-1 = frx{l + tr2*~l[x,J'] + tr2k" + 2k'2[x,y-] +
- + ^ k - 1 [ x ) y ] } .

([3] 5.2.5 (8) and (9) are special cases of these last two).
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PROOFS. (4) fr[x~ *,.>;] = tr[y,x]x~l

= trix,y]
(5) trfoylx-1 = trxtr[x,y] + trx[x,y]

= trx{l + trlx,y~]}.
(6) trlx,y,y] = u\y,x,y\ by (4)

= tr[x,y]{tr[x,y'] + tr2y} by (3).
(7) tr[x,y,xy] = fr[x,j>,.y ^ l by (4)

fr2[x,y] + tr2xy + tr2\x, y]y~% x~l

+ tr[x,y]trxy tr^x.yjy'^'1 by (1)

(8) Proof is by induction on k. From (5) tr[x,y\x~l — trx{l + tr[x,^]},
so assume trfoylfx'1 = trx{l + tr2k~Xx,y~\ + ••• + trzU~l\x,y] + tr2\x,y]}.

Then trfoyf^x-1 = trlx,y]2*tr[x,y]2''x-1 +trx~l

= trx{l + tr2\x,y] + tr2U+2U'\x, y] + -

+ tr
2k+1-llx,y-] + tr2k+Xx,yl}.

(9) Proof is by induction on k. Again tr\x, yjx"1 = trx{l + fr[x,)>]}, so

assume trlx,yfk-1x-1 = trx{l + tr2k'\x,y\ + ••• + tr2 ~ lk[x, y]} .

Then frCx.y]2**1"1*"1 = fr|>,jO2*fr|>.>']2*~1*~1 + ^ [x , ^ ] " 1 * - 1

= trx{l + tr2\x,y-\ + tt2k + 2"-Xx,y] + -

+ tr2k+1->[x,y]}.

2.6 Any element of PSL(2,2") has order dividing 2,2" - 1 or 2" + 1.
If x e PSL(2,2"), then x2 = 1 if and only if trx= 0. For elements of odd

order, the following identities hold:

(1) x2""1 = 1, x # 1 implies that

(2) x2"+1 = 1, x # 1 imp/ies <ftaf

1 + tr2"'2x + tr2"'2+2"'3x + ••• + tr2""-^ + t r 2 ""x = 0 ([3] 5.2.6).

2.7 Ifx,yePSL(2,2n) with {x,y~] of odd order then ^ [ x . y ] 2 2 " " " ^ " 1 = 0 or,
equivalently, {[x,}']22n~1~1x~1}2 = 1.

PROOF. Suppose [x, >>] has order dividing 2" — 1. Then

[ x j ] 2 2 " " ' - ^ " 1 = [x , )* ] 2 " " -^ - 1 and

trlx.yy-'x-1 = trx{l + trlH~2{x,y] + tr2"-2+2n"3[x,y] + - + tr2"''^, y]}
= 0 by 2.6 (1)
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Otherwise [x, y\ has order dividing 2" + 1.

Then \_x,y]2in~l~lx~l = [x,j']2""1x~1 and

tr\x,y\2" ' x " 1 = trx{\ + tr2" 2[x,y] + tr2"'1 + 2"~\x,y] + •••

+ tr^-'-'lx.y] + tr2"-\x,y-]} by 2.5 (8).
= 0 by 2.6 (2).

2.8 If x and y are elements of a group of exponent dividing some odd number
m, which satisfy the relation

[x,y]iim~1*x~1 = 1, then x = 1.

PROOF. Suppose [x,y]*(m~1)x~1 = 1.
then

and

Hence
x 1y 1xy = x 2

But this implies that y has even order, or that x has order dividing 2. Hence,
x = 1, since we are in a group of odd exponent.

The applications of 2.8 in this paper have

TO = 2 2 " - l , i ( m - 1) = 2 2 "- 1 - 1.

The results in the rest of this section are used in the proof of Theorem 2 (§4).

2.9 A characterisation of var PSL(2,2").

A group G belongs to var PSU2,2") if and only if it satisfies the following
conditions:

(1) The exponent of G divides 2(22n - 1).
(2) An element of G of order dividing 2" + 1 which belongs to the normal-

iser of a 2-subgroup belongs to its centraliser.
(3) Subgroups of G of exponent dividing 22" — 1 are abelian.
(4) The law uz,,(22n_1)+1 = 1 holds in G. ([3]).

2.10 The following laws hold in PSL(2,2"):

(1) x2(22"-x> = 1

(2) [ x , ^ 2 " - 1 ' ] 2 2 - 1 = 1

(3) W 2 n(22n_ 1 ) + 1 = 1

([3] 3.3 (A) (1), (2), (4).).
A group which satisfies these laws satisfies conditions 2.9(1), (2) and (4).
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3. A new law which holds in PSL (2, 2")

THEOREM 1. Let p = [[x2, j>2]22", x2 l

• I "i = \p~'~"y1\ P>

9.

fften f/ie /aw r2 = 1 holds in PSL(2,2") and implies that groups of exponent
dividing 22n — 1 which satisfy it are abelian.

PROOF. The law is trivial unless both x and y are of odd order. First suppose
[x2,j/2]2 = 1. Then p2 = q\= r2 = 1.

Otherwise, p = [x2 ,y2 ,x2]2 2"+ 2 2"^-2 |y,x2] .
Now by 2.7, p2 = 1 if [x2, y2, x2] is of odd order. In this case p2 = q2 = r2 = 1.

Otherwise, q = [x2,y2,y2f2n+22"'i-2[y2,x2'], and, in terms of traces
(r[x2,y2] = *r2x2, from 2.5 (3), since frx2 ^ 0. Again by 2.7, q2 = 1 if
[x2, y2y2] is of odd order.
In this case q2 = r2 = 1.

Otherwise r = [x2, y2, x2y2}22"'' ~* [y2, x 2 ] , and in terms of traces, tr[x2,y2]
= tr2y2, from 2.5 (6). If [x2, y2, x 2 / ] is of odd order, then r2 = 1.
Now suppose that fr[x2, y2, x2y2] = 0. Then tr\x2,y2~\ = f r 2 xV, from 2.5 (7).
Hence in this case, we have

t r[x2, y2] = t r2x2 = f r2j>2 = tr2x2y2.

But, from 2.5 (1), tr[x2,j>2] = fr2x2 + tr2y2 + tr2x2y2 + trx2try2trx2y2.
Substituting throughout in terms of frx2

tr2x2 = frzxz + tr*x ,

and hence trx2 = 0. This is impossible, so r2 = 1 in all cases.
Now consider a group of exponent dividing 22" — 1 in which the law r2 = 1

holds. This implies that r = 1 in such a group.
Now r = [g" 1 ^ 2 ^ 2 ] 2 2 " " 1 " 1 ^ = 1, and applying 2.8, q = 1.

In turn, q = [p~1,y2222"~1~ip = 1, and again applying 2.8, p = 1.
A final application of 2.8 to

p = [x 2 ,^ 2 ^ 2 ] 2 2 "" 1 " 1 ^ 2 ^ 2 ] gives [x2,>>2] = 1 .

Since x2, y2 run through all elements of any group of odd exponent as x andy do,
any two elements commute.
Hence a group of exponent dividing 22n — 1 which satisfies r2 = 1 is abelian.
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4. A basis for the laws of PSL (2,2")

THEOREM 2. The following set of laws is a basis for the laws ofvar PSL(2,2")
# i ^ 2

(1) x2<22"-»> = 1.

(2) [ x , y 2 ^ - ^ r n - 1 = 1 -
(3) r2 = 1.

(4) U 2 B ( 2 2n_ 1 ) + 1 = 1 .

PROOF. All these laws hold in PSL(2,2").
As noted in §2.10, a group which satisfies law (1), (2) and (4) satisfies conditions
2.9 (1), (2) and (4) of the characterisation of var PSL(2,2"); and, as proved in
Theorem 1, a group which satisfies law (3) satisfies condition 2.9 (3) of that char-
acterisation.
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