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On Integral Relations connected with the Confluent

Hypergeometric Function.
By D. Giss.

(Read and Received 11th February 1916).

§1. Introductory.

In the Bulletin of the American Mathematical Society*
Whittaker defines the confluent hypergeometric function W, ,, ()
by the equation

Wim (2 )—P———(IH—% m) &z+}i"xkj( - t)""“’”(l +%)k—“me“‘ dt
(1)
where the path of integration begins at ¢= +o, and after
encircling the point =0 in the counter-clockwise direction,
returns to ¢= + o again.
In the same memoir it is shown that this function satisfies the
differential equation

‘W k }—m*}
14+ = 9
+{ o+ W=0, 2)
and that its asymptotic expansion is
e~¥ ot I (x)
where
m - (k= 3 fmt = (= 3% - (k=3
I@y=1+—7F7 "+ 2’!{932 (k-3 }+..., (8)
a series which cannot terminate unless £—3+m is a positive
integer.

It is evident that (2) is unaltered if m is changed into —m, or
if k and x are replaced by — % and - simultaneously. The four
functions

Wi, £m (@), W -, 4m (- )

are therefore solutions of the differential equation (2).

* 2nd Series, Vol. X., p. 125,
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The object of the present paper is to show that any W-function
for which (3) is a non-terminating series can be expressed in terms
of any other W-function for which (3) is a terminating series; in
§4 we shall see that the relation (1) is a particular case of this
result. The last section is devoted to a discussion of certain
special cases.

§2. Solution of Equation (2) as a Definite Integral.
Transforming (2) by the substitution
y=e"ag W_, .(-%),
we obtain the differential equation
2y +2(prtr)y + (P - D+ 2pr+E)a+ (@ -r+i-m)ly=0

4
Now assume that (4) can be satisfied by the definite integral
v= [ v@ @-ayra (5)

where ¢ is some contour to be afterwards determined. Substituting
from (5) in (4) we have

0= v@l@-D -9+ u @ (parr)as @y
{(FP-Da+2pr+h)a+(r-r+i-m)}]ds
= [ v @@= le-a - e -y
{2p9+2(p°-1)s+2pr+k}
+(z-8){g(g-1)+2¢(2ps+r)+(p*-})s
+Cpr+h)s+(rP-r+i-ml}
+(x-28){29(q-1)s+2qs(ps+7)} +q(q—1)s*]ds. (6)

Now let
P’—1=0, 2p9+2(p*- 1) s+2pr+k=0,
e p=% p=-% (1)
g+r+k=0 -q¢-r+k=0f"

Equation (6) then becomes
0= | o0 @y fo-oP (g - 1)+ 22 2ps )
+(2pr+k)s+ (P -r+i-m’}

+(@-6){29(g-1)s+2s(ps+7)} +q(g-1)s"]ds
where p, ¢, 7, & are subject to conditions (7).
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Raising each term to the ¢™ degree in (x ~s), we have

0=j (-8 [{g(g-1)+2¢(Cps+r)+(2pr+k)s
+(*-r+}-m’)}o(s)

1 d 2 1
+ g @ {v(s) (29 9 - 15+ 29 ps*+17s)}

1 @ \
+m@{”(3)ﬂq—1)s}]ds

~[28 (=) (g - 1 +ps+7)(s) + g8 (-8 (5)
+8{2v(s) + sv' (8)} (x - 8)].
= [ @-or [+ (g Dk 2t 4 (49 + 2+ -+ R
’ +(*+2r+r*+q+r+1-m¥} v]ds
~[s(x-8) {2 (x-5) (g +ps+7)+gs}v+si(x—s)d],
where v(s) have been replaced by w.
The contour ¢ will be so chosen that the function
s{z-sy2(w-5)(qg+ps+r)+gs}v+si(x~s)d ®)

will vanish when taken round the contour. The function w(s)
will then have to satisfy the differential equation

v +{2(q+r+1)s+ 205} V' + {(4pg + 2pr +dp+ k) s
+(@+2r+ri+gtr+i-m)}o=0 9)

where p, g, 7, & satisfy conditions (7).

Case 1.

Let p=1% g+r+k=0.
Equation (9) becomes

g+ {2(1-k) s+ +{(g+2)s+ (K -k+}-m?)}v=0. (10)
If this has a solution of the form
v=e‘“’s_pWKm(s),
then it must be the same as
0" + 28(xs+ ) v' + {(o - 1) 8"+ (2B + k) s + (B ~ B+ § - p) }v =0,
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and hence we must have

(=P s+ (2oB+x)s+(B-B+}-p)=(qg+ s+ (8 -k+}-m?)
208 +2Be=5+2(1-%)s

i.e. a=%, B=l-%k, p=xtm, k=l-r.
The solution of (10) is thus
-3s k-1
ORI AT )
Case 2.
Let p=-4% ~g-r+k=0.

Then by a similar method to the above it may be shown that the
corresponding solution is

v(s)=e!* sy (8).

r-1,+m

Hence in case (i) we have

e HaTW_ ,,.(—ac)=Aje‘*’s"“W (8) (@ —s)" ds
L] 4

l-7, +m
and in case (ii)

i -7 is -k-1 q
e x Wk,m(x)=Bjce 8 Wr_l’im(s)(x—s) ds

where ¢, », k are subject to conditions (7), and 4, B are constants.

Changing the signs of « and % and writing r=1-%" in the
former and » =1 4+ ¥’ in the latter, these became

x k-1 ~1s -k-1 b4k -1
& o Wk,m(a;)=ALe ‘s Wk,’:Hn(s)(:za+.s)+ ds (11)

W, L @@-9 s (19)

&

Dk k-1 ) }s
e x Wk,m(w)=]) Le ]

§ 3. Determination of the Constant 4.

Taking the positive value of m in (11) we have

re K1 -4s k-1 -1
e’ Wk,m(x)=/1Le ’s W, () (@+8) ds
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whence

I(x)=A.|-e—'sy-k_l
{1+m=-<k' B {M’—(k’—&)”}{m”-<’°"%)z}+..}

ils 21 &

x{1+(k+1k’!—1)%+(k+k'—12),(!k+k' 2)3 }ds
ca[ a1 ph et DEB, )
{1+fgw L

where

>

=k -k-1, a=m-K+} B=m+k-3} y=k+k-1

rl

=12='(;4 7(7 1) (')' 1‘+1)( 1))\+1‘J.ce—8(_s)X+T

91 &2

(1428 (2 DEE-D, 1,

Now choose for ¢ a contour beginning at s= + «, and, after
encircling the origin s=0 in the counter-clockwise direction,
returning to s= + . The expression (8) will vanish when taken
round this contour, and hence the path of integration is a valid
one. We then have

I(m)=§,A 7(‘)/—1)(7—T+1)(_ 1))\+r ?____
r=0

r!x 1

_ a8 +m(u+l)ﬁ(ﬂ~l)‘ :I
T(-A-r) NT(-A-r+l) 2IT(-A-r+2)

provided A is not zero or an integer

Y=Dly=r+l) gper 27

r%o r!a i (-A-1)
of a(x+1)B(B-1)
[1—1!(—/\—r)+2!(—)»—'r)(—)»~r+l)-'"]
y(‘y 1)..(y- r+1)(_1))\+,. 2w
,=o r! o iD(-A-7)
Fla, -, -r-r 1). (13)
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The hypergeometric series for F(e,, -8, —A -7, 1) is not in
general convergent, since &+ &'~ is not always positive. Let us,
therefore, choose &' so that the expression /(s) in the asymptotic
expansion of Wi, n(s) shall terminate. We can then express
F(a, -B, ~A-r,1) in terms of I'functions. This will be the
case when &'=n -} +m., Choose the positive value of m. Then

> 1)...( +1 r 2m

I(Z‘) Z,AY(‘Y )'Z T )(__1))\'{" ',T
F(-A-r-o+p)

TF'(-A-r-o)I'(-A-7+p0)

r274  T(-A-0+p)
i T(=A-)T(-A+B)

~(-1)

® Ly(y=1)..y-r+1)
{1 +,§1( -1 r!ar

()\Iou)()\ra.)()\l+,3()\—'r+ﬂ)
(=A-1-a+B) .. (-A-r-a+f)

_ n-jtm~k 2w 4 P(k+n—§+m)
=(-1 T I‘(k—m+%)1"(/c+m+%)1(w)'

(-1 ™™ " D (hym+ )T (k- m+})
27l (k+n+m-1$)

Hence A=

The corresponding result when m is negative can be immedi-
ately obtained. Again, if we replace W v im(s) in (12) by the
other pair of solutions W_,, ,, (-¢), and then change the signs

k' and s simultaneously, equation (12) becomes equation (11). It
therefore follows that 4 = B.
Hence, finally,

k-k’
-1 (-1 FT (ke mA )T (h-m+4)
W, (@)= 27 T (bt )

- -k~ k+-k' -
[, L @@ (14)

provided (1) &' =n -} +m, where n is a positive integer or zero,
(2) £m -k -1} is not an integer or zero, and (3) ¢ is the contour
already specified.

https://doi.org/10.1017/50013091500037482 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500037482

99
§ 4. Deduction of Whittaker's definition.
Put &' =m + % in (14) and we obtain the relation

by (@) ID ko)
k,m

271
-}s -k-1 k+m~%
Le WL @) @)

_(=D)MIT R -m+ )

271

-‘- e-ss—k+m-i(w+s)k+m_ids
[

whence
Th-mtd)

271

_ mo-k - k4+m-3}
je 8(—-8) k ij(1+—s—> " ds
¢ x

W (x)=

k,m

which is equivalent to (1).

§5. Special Cases.
(1) Relation connecting the Parabolic Cylinder Function and
the Error Fumnction.
These functions are connected with the W-function by the
relations
D, ,(VZ)=2""ts7H W, ()
Erfe. (s) =%s_a'e_*82 W—i. 3 (8

Putting &'= -}, m=% in (14) and assuming £+ } is not an
integer or zero, we have

k’&

qril(k-})
J.e_hs_k_lW (s) @+ Eds
¢ _iyi
whence

_ —~92)~1
a7 Doy ( \/2:1:):( 2)

T

;-HTE+D

I s Yo +s)fE Brfe. (Vs) ds.
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Corollary.
(-2)*¢

T

js”"*<x+s>’°“*{w*—y<%, 5)} ds

e Doty (V20) = - (k-PT(k+])

where y (», x) is the incomplete gamma function.

(2) Relation connecting the Pearson-Cunningham Function and
Sonine's Polynomial.

These functions are expressed in terms of the W-function by
the relations*

(G VL TR TR

m“»ﬁ(m)=I‘(a—%,8+l)m € Wa+§,§ﬁ(‘”)

! ~3(B+1) e
STEip© Wy apra 48

where y is an integer.

T; (@) =

Put k=e+}, ¥=y+3iB+4 m=}p in (14). Then if
+4 B - o is not an integer or zero,

bo_y+iB -4 _ (=) AP 3B+ 1) D - $8+1)
MW 4e @)= 2ril (a+}BHy+1)

TR ANURINCICED s
whence

” (1) F Yy 1 (B T(e+4B+1)
[} xﬁ"")' wa’ﬁ(x)= 27ri1‘(a.+1}ﬁ+y+l)

j e 28T TRl (p et iRty ’I’; (s) ds.

* Whittaker & Watson’s Modern Analysis, Chap, XVI., Misc. Exs. 8 & 10.
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(5)

(6)

M)

(8)
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The following relations may be similarly obtained : —

N (_1k-r-22k"i o+ DT E+HT R+ 3)
Dy, 3 (N22)= ) ;I‘(k+%2+%) :

-8 g-k-} ktr-3 "
Le‘s (w+ ) ™" j'%(s)ds.

n+im

. e—x ml—m
271

@y m(X)=(-1)""

L g moim-l (ar:+s)"Jr 71 [T'(m) -y (m.s)] ds.

(-9 T+,
il (k+7+%)

j e ¥ @+ 9" Dy (UT5) ds.
¢

-u gk}

o, g (€)= -

ont @ =+ e [ 57wt mate, (V) an

_(=1y*T(g-4r+1)
T2mil (ptg+ir+l)

I e~ g~p-1 (x+s)P+'1+3ﬂ W, , (3) ds.
¢

v— Q=4

7, (a)

(=~ 1)yr-4+k 2-k-3

@ =T a+rsp °

mt
j%

j e~d st (pyg)htr-t Dy, ( './.?2-;) ds.
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