Proceedings of the Edinburgh Mathematical Society (1991) 34, 121-142 ©

A LOWER BOUND FOR A REMAINDER TERM ASSOCIATED
WITH THE SUM OF DIGITS FUNCTION

by D. M. E. FOSTER
(Received 2nd May 1989)

For a fixed integer g22, every positive integer k=Y, a,(q,k)¢" where each a,(q, k)e{O 1,2,...,q—1}. The
sum of digits function (g, k)= Ezoa,(q,k) behaves rather erratically but on averaging has a uniform
behaviour. In particular if A(q,n)=)r_ixq,k), where n>1, then it is well known that A(g,n)~
1((g—1)logg)nlogn as n— 0. For odd values of g, a lower bound is now obtained for the difference
25(g,n)= A(q,n) —3(q—1) [logn/logq]n, where [lognflogq] denotes the greatest integer<logn/logq. This
complements an upper bound already found.

1980 Mathematics subject classification (1985 Revision): 11A

1. Introduction

If g=2 is a fixed integer it is well known that every positive integer k may be
expressed uniquely in the form

k=Y a/q,k)q where a(q,k)e{0,1,...,q—1} (1L

r=0

and the “sum of digits” function «(q, k) is given by

@

a(g, k)= Z a(q, k), (1.2)

r=0

both the above sums being finite. It is not difficult to see that, although the behaviour of
o(q, k) itself is somewhat erratic, its average behaviour is more regular and has been
widely studied.

For an integer n> 1, let

n—1

Alg,n)= 3, alg,k)

k=1

and define A(qg, 1) =0. Behaviour in the special case n=g" suggests the asymptotic result

A(g,n) ~==———=nlogn as n- oo,

2(‘1 1)
logg
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a result obtained by Bush [2] in 1940. Later work by Bellman and Shapiro [1], Mirsky
[11] and Drazin and Griffiths [6] gave estimates for the remainder term

Lg—
A(g,n) — 2—(lgg—ql)nlog n.

The case g=2 in particular has yielded the most precise results. In this case (and also
for g=3) the results of Drazin and Griffiths are best possible and they have also been
obtained by Mcllroy [10] and Shiokawa [12].

In 1975, Delange [S] obtained a very elegant analytical form for the remainder term,
involving a periodic, continuous but nowhere differentiable function, thereby generaliz-
ing an earlier result concerned with the case g=2 of Trollope [14]. In 1977, Stolarsky
[13] considered the average of a more general sum of the type

Ada, n)=k; {o(a, K))*

when g=2 and d=0. (Stolarsky’s paper also contains an excellent account of the history
of related problems). More recently, Coquet [3] has obtained some very precise
estimates for A{g,n) using probabilistic techniques.

In the mid 1960s, Trollope [15] also considered the related problem concerned with
Cantor representations of integers, and Kirschenhofer and Tichy [8] have since
generalised Delange’s result, mentioned above, to this situation too. The appropriate
remainder term now takes the slightly different form

S(a, n)={A(q, n)—%(q—l)[i‘;%] n} /%

in the special case when the Cantor representation of an integer k becomes a g-adic
representation of the form (1.1) for some g. As usual, [logn/logq] denotes the greatest
integer less than or equal to logn/loggq. (A sum of this type has very recently been
considered by Larcher and Tichy [9] in connection with the Gray code number system.)
Thus, in the original digits problem, one can consider directly an estimate for S(q,n)/n.
The best possible upper bound for all g=2 is g—1; see [7]. For g=2, 3, 4, 5 and 7 the
best possible lower bounds are —2/3, —2/7, —9/23, —7/13 and —6/19 respectively. The
proofs for g=2 and 3 are contained in [7]. Each of these inequalities is deduced from a
more precise result.
Clearly every positive integer n£0(mod g) is of the form n=n,, where

nm=aoq!o+a1qto+t1 +a2qto+h+t2+,,,+amqto+t|+lz+~-~+tm’ (1.3)

for some meNuU {0},t,=0, positive integers t,,t,,...,t,, and non-zero coefficients
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ao,ay,...,4,€{1,2,...,q—1}. For convenience of notation, given such an integer n
introduce

n_,=0,n,=a, and m=ay+a,q" +---+aq*t *"

for 1 Si<m. Then it is not difficult to see that S(g, n,,) has the following simple form:

S(qsnm)= Z ar(ar_l)q‘0+‘l+...+‘r+ Z {2ar_(q_1)tr}nr—1' (14)
r=0 r=0
It is easily verified that, if seN,
S(. 4'"m) _ S(d, 1)

k]

so that we may assume that n is of the form (1.3) for some integer m=0. In [7] it was
proved that

—S("’"m)g(q—l){l——'"“ }
n

- qm+1_1

with equality when n,=(q—1)(1+q+¢*+ - +q™), together with a similar precise result
for the lower bound when g=2 and 3 and subsequently (but not published) for g=4, 5
and 7. However the details are rather complicated, slightly more so when g is even, and
the object of the present .paper is to obtain an asymptotic result for all odd values of
g=9. Numerical evidence for 5<9<13 obtained by my colleague Mrs M. F. McCall
has suggested that the likely critical case for odd g occurs when n,, is of the form

Mh =N+ Ha— 1) (@™ g™+ )+ B)am T+

where

and B, is the unique odd integer satisfying

3g—./8¢*—99+1=B,<39—./8¢*—9g+1+2, (1.5

unless the even integer 8g2—9q+1 is a perfect square. If we introduce

p <2 —3a=(B,~1(B,—9)
! 2(39—-B,+1) ’

then, as we shall see later, if m— ! remains fixed

(1.6)
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S@.rm) , _,

nk 4
asm— o0,
Theorem. For all odd q=9,
S(@,mm) h,.
n"l

The sequence of odd integers (B,) increases with g and starts off as follows:

(3 if ¢=3,5,7,

5 if g=9,11,...,19,

B=1
7 if ¢=21,23,...,31,

9 if ¢=33,35,...,43.

.
When g=3, 5 or 7, as mentioned earlier, there is a more precise result, namely

S _p (m)

m
where

6(3"—1)
7.3"*1—5

?—3g+4)q™ -1
2Ga—Da =1}

hy(m)= and  h(m)=" (q=57).

In each of these cases h(m) T h, as m1 oo.

In the special case when 84%>—9g+1=(2x)? for some positive integer x, it may be
verified that either choice of f,=3g—2x or 3g—2x+2 in (1.5) gives rise to the same
value of h, in (1.6). This case can only arise when g=1(mod 4), so that we can express
g=1+4y where y(32y+7)=x2 Let d=hcf(x,y) with x=x,d and y=y,d for positive
coprime integers x, and y,. Then y,(32dy,+7)=dx? giving d=y,y, for some integer
y,. This leads to y,(x2—32y3)=7 so that y,=1 or 7. If y,=1, x2—32y2=7 which is
insoluble since x, must be odd giving x3=1 (mod 4). Thus y,=7 and we are left with
the Pell equation x2 —32y?=1 whose general solution for positive integers x, and y, is
given by

x,++/32y,=(17+3./32), reN.

This solution arises from the continued fraction expression of /32. (See, for example,
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Davenport [4]). The two smallest values of g which occur are 253 (r=1) and 291313
(r=2); and when g=253 it is easily verified that 8,=45 or 47.
It is convenient to prove the theorem in the following equivalent form. Introduce

2
q°—99—(B,—1)(B,—T7)
=h,—1 h = 4 4 . 1.7
a,=h, so that a, 262—B,+1) 1.7
Then
(0g, 0ty 1,013, 0p5, 0z, 0 )—igﬁgg%
9713 TS T 9T 237297 77 417477 53
and

s o, ton, g otg) = [ 22,23,200 81 290 341
215%235%255%427, %29 %31/ 19’ 9’ 69 ’25, 81’ 87 H

and so on. For m=0 we define

T(g, 1) =S(q, n,) + byt (1.8)

= 5(4, 1) + (g +

m
- ar(ar+aq)qzo+n+---+z,
=0

+ Y {2a,—(g— Dt }n,_,.
r=0
Then the inequality of the theorem is equivalent to
T(q,n,,) >0. (1.9)
I am very grateful to Mrs McCall for her help in giving me a feel for the general

result. I should also like to thank the referee for his very careful corrections of many
errors in the original draft.

2.

In this section we prove three lemmas which will be needed in the proof of the
theorem.

Lemma 2.1. 358, —«,<5. (2.1)
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Proof. We have, using (1.7) and rearranging,

2 2

23g—B,+ 1) using (1.5).

ﬂq-aq_

In fact, if 8g>—~9q+1 is not a perfect square, then as both 8¢g>—9g+1 and B,—3q are
even integers it is clear that

1 1
—,—3z2———> 22
Pa—eq T3q-B,+1" 3¢ (22
a result which will be of use later.
Similarly,
(Bg—B,+2)>—(8g*—99+1) .
5—(B.—o )= 4 =0 1.5).
(Ba—2) g pi 20 uwing (LY
Once again, if 8g°—9q+ 1 is not a perfect square then
1
5_(‘Bq_a“)>ﬂ' (2.3)

Lemma 2.2. Let e and f be real numbers and let x, be a positive integer with
(q—D)xo—e=1. Then, if the inequality

4(q—Dx—ej=fq*™!
holds for x =x,, it also holds for all integers x > x.
Proof. Clearly fg*™ ! >4. If we take x=xqo+ 1 we have
4{(g—1D(xo+1)—e}=4{(g—)xo—e} +4g—1)
SfgeT i +4q-1)

=J7%
provided that
Hg—-1)=fg= " 'q-1)
which is true.

It is convenient at this point to introduce some useful substitutions for a,,_,,a,,_,,..-
chosen to reflect the critical case when n=n}. These take the form

2am_1=q—ﬂq+251
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and 24
2ar=q— 1 _zam—r-l +26m—r(m_2grg0)

where 6,,6,,...,0,€Z.

The final lemma facilitates some routine calculations which are repeated throughout
the proof of the theorem at all the different stages.

If I is any integer satisfying 2<I/<m+ 1, for convenience of notation introduce

m—1 m
Fol—=1)=ap(a,+a)g" """+ Y ar{ ) [203—((1—l)ts]+a,+aq}q"+”'+".

r=m-i+1 s=r+1

It is useful to rearrange F,(I—1) as follows. We have

m—1 m
F(-1)= Y afa+oe)q"* "+ Y a,{ Y [2as-(q—1):,]}qn+---+»,

r=m—Il+1 r=m-—i+1 s=r+1

where the double sum may be expressed as

m s—1
Z [203—(q—l)ts] Z arqn+-~~+rr
s=m—1+2 r=m-l+1
= Z [zas——(q— l)ts]ns—l Ny Z [203_(‘1_ l)ts]'
s=m—1+2 s=m-1+2

Thus

Fm(l—1)= Z {ar(ar+aq)q“+'“+'r+[2ar—(q_l)tr]nr—l}
r=m-Il+1
Ny Z [2a,—(q— l)tr]' (25)
r=m-1+1
As n_, =0, putting I=m+1 we have in particular
F(m)=T(q,n,). (2.6)

Lemma 2.3. If 2<Ism+1, t,=t,_='"""=tp_y42=1, a,=1 and a,_,,
Ap_2y..y8m_1+, are given by (2.4) then

-2
4F (I—g~ et *tim-te0=4g—1) 3 ¢'"27°k(5,) +4h(8)- ) +q9—T—20,+2B,, (2.7)
s=1

where

h(x)=x(x+3+a,—B,)
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and
k(x)=x(x+4+a,—pB,).

In the particular case when 1=2 the summation

1-2

)

s=1
is assumed to be vacuous.

Proof. When /=2 we have

Fu()=0u(an+a)q" " " """+ ap_1{20n— (= Dtmt apm_y +ag}g" " Him,
together with t,,=a,=1 and 2a,,_, =q—f,+26,. Thus
AF (1)g; @+ im0 =41+ 1, )g — (g — By +281) (+ B, — 28, —6—2,),
=46,(6;+3+0,—B,)+10g—q* + B} — 68,— 20, + 20(3g— B, +1).
Using (1.7) to eliminate «, from the last term we eventually obtain
4F,,.(1)q_("+"'*'""')=4h(51)+q—7—20!.,+2ﬂq-
When /=3, we have
Fm(2)=Fm(1)+am—2{2(am+am—l)—(q_1)(tm+tm—l)+am-2+aq}qn+.“+tm_zs
together with t,,=t,,_,=a,=1,
2am_1=q—ﬂq+251 and 2am_2=q—1—251+262.
Using the above simplification of F,(1) we see that
4F,(2)q~ " ¥ T im-D = g{4h(6,) + q— T —20,+ 2B, } +4ap_ 2(ap-2— g+ 4+, — B, +25,).
The terms involving a,,_, are
(q—1-26;+26,)(—q—1+26,+26,+8+20,—28,)
=—(q—26,)*+(26,—1)*+(q—1-25, +26,) (8 + 2a,—28B,)

=—(q—1)(q—7—-20,+2B,) +Hq—1)0, — 4h(5,) + 4h(3,),
following rearrangement. Thus
4Fm(2)q—(u +otim-2)

=4gh(5,) +q(q—7—2a,+2B,)—(q— 1) (q—7—20,+2B) + Hq— 1)0, — 4h(8,) + 4K(3,),

and this takes the required form
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4F ,(2)q~ @ * Him-D=4(q—1)k(5,) +4h(3,) + g — T —2a,+2f,.

The general case is now quite easy. Assume that (2.7) holds for some integer !
satisfying 2<1<m and look at F,(I). We have

Fm<l)=Fm(l—1>+a,._,{ ) [2‘1;—(4—l)t,]+a,,,_,+aq}q"+”'+""".
s=m—-1+1
By the hypothesis of this case, we have

=tp_1+1=1 and a,=1

tm = tm— 1=
together with the usual substitutions for a,,_,...,a,-;- Thus on substituting we obtain
Fm(l) =Fm(l- 1) +am—l(am—l-Q+4+aq'—ﬂq+261- l)q‘l e +tm-l'
Using (2.7) we see that

-2

4g=*HmoOF, ()=4(g—1) ¥ q'7*T°K(S,)

s=1
+4qh(d,_,)+q(q—7—2a,+28,)
+4am—l(am—l—q+4+aq—ﬂq+261—l)'

Since 2a,,_,=q—1-26,_,+25, we have a similar calculation as in the evaluation of
F,(2), with an obvious change of notation. This leads to

-2
dg= et 0F (D=4(g—1) ¥ q'7 ' 7°KS,) +4g— Dk(S,- ) +4h(3) +q—T—20,+ 28,

s=1
and this is (2.7) with | replaced by I+1.
3. Proof of the theorem
We proceed by induction on the integer m 2 0. Initially

T(q, no) =ao(ao +,) >0,

since ag=1 and «,>0V g=9. Thus we now choose m=1 and assume that
T(q,n,)>0V0=r<m—1. (3.1

The proof runs through several stages, ending up with the main inductive step once the
critical form for n,, begins to emerge.
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Stage 1 (m=1). We can express
T(q, ) =ap(ap+0)g" "+ {28, —(q— Dtm}np—1 + T(q 1 y).

By the induction hypothesis (3.1), T(q,n,_,)>0 and it will therefore follow that
T(g,n,) >0 provided that

{(‘1 - l)tm - 2am}nm -1< am(am + aq)q‘l Fotim, (32)

If 2a,,2(q— 1)t,,, (3.2) follows easily. Thus suppose that (q— 1)t,,> 2a,,. Since

Py =80 +a1q" +ayq" P24,y gt

S(q-D{1+g" +g" 24 gh TR
Sqn+t2+‘-~+rm-1+1_1<qt1+t2+"'+lm-|+l

the inequality (3.2) will hold provided that
(g— Dtp—2a,<a,(@,+o)g™ . I 3.3)
If t,,=2, (3.3) takes the form
2(q—1)<a,{(an+a)q+2}
which holds easily Va,=2. When a,=1, the inequality becomes (a,—1)g+4>0. For
gz15, a,>1 and for 95q=<13, «,<1 and the inequality is equivalent to ga,>g—4

which holds for g=13. Thus we are left only with the cases g=9 and 11.
If t,,=3, (3.3) becomes

dg—1) =an{(an+a)q* +2}

which holds for all a,,=1 and ¢=9. As (g— 1)t,,—2a,,=1 we can now appeal to Lemma
2.2 to deduce that (3.3) holds for all integers ¢,,=3 when ¢=9.
Thus we have proved that T(q,n,,) >0 except in the following cases:
t,=1 I(1)
or
(tm; a,,)=(2;1) when g=9 or 11. 1(ii)
If m=1, we have
T(q,n,) =ay(a, +2,)q" +ao{a, +a,+2a, —(q— e, }.

The only cases which we need consider are I(i) and I(ii). In the first case, t, =1 and
a, 21 so that
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T(g,n,)2(1+a)qg+ag(ag—q+3+ay).
We now make the usual substitution for a, namely
2ap=2a,_,=q9—f,+25,,
and using the case /=2 of Lemma 2.3 we see that

4T(q,n,)Z4h(5,) +q—7—2a,+28,.

By Lemma 2.1, 3<f,—a,<5 so that g—7—2a,+28,2q— 1. Also, for integral values of
6, the two least values of h(§;) occur when 6,=0 and 1. Clearly h(0)=0 and
h(1)=4+a,—fB,2 — 1. Thus in the worst case

4T(g,n)= —4+gq—1=g9—-5>0.
In the remaining case I(ii) when g=9 or 11 we have (¢,; a,,) =(t;a;)=(2; 1). Hence
T(g,n,)=(1+a)q* +ao(ao—2q +4+a,).
Directly,
T(9,n,) =81(1 +ay) +aplag+ag—14)
and

T(11,n,)=121(1 + oty ) + ao(@o + o, — 18),

with a9 =4/23 and a,, =15/29 and in each case T(q,n,)>0Vao=1.
We can now assume that m=2 and proceed to the next stage of the argument.

Stage 2 (m=2). We subdivide T(g,n,,) further as follows:

T(g.n,)= Y afla,+a)g * """

r=m—1
+{2a,,,—(q— l)t,,,} (nm_2+am_lqn+...+:,,._‘)

+{20m—1_(‘1"1)lm—1}"m—z+T(q,"m—z)- (34)
By (3.1), T(g,n,,-,)>0 and so T(q,n,,)>0 provided that

{(q— 1) (tm+ Im- l)—2(am+am— 1)}”m—2
g (e + a1 {28, — (@ Diptan- e}l (3.5)

If(g—1)(tn+t,-1)—2a,+a,_,) =0, the left-hand side of (3.5) is non-positive and the
right-hand side is positive since
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2am_(q_ 1)tm'*'am—l +aqg(q—l)tm—l —Qm- +ang_ 1 —Qpm— +aq
and a,>0 V g=29. Thus we shall assume henceforth that
@—D)(mttn-1)—2an+am-1)>0. (3.6)
As
M2 SE@=1)(1+g" 440240 g+t Hims)
sqh Featottm-2+l 1 <qt|+rz+--‘t,,.-;+l
it will follow that T(q,n,,)>0 provided that
q—(‘m-l_”{(q—1)(tm+tm—1)_2(am+am—1)}
S+ 2 )G + Q-1 {28, — (g — D+ -y + 0, }. (3.7
Case I(i). Putting t,,=1, (3.7) takes the form
q—(tm_|_l){(q'—l)tm—l-z(am+am—l)+q—1}
éam(am+aq)q+am—l(am—l+2am—q+l+aq)' (3’8)

When a,,=2, we shall prove that (3.8) holds for all integers 1<a,_,<q—1 and
t.-1=1. Since the coefficient of a,, on the right-hand side of (3.8) is positive and that on
the left-hand side is negative, the inequality will then clearly follow for all integers
a,22. But first we make the usual substitution 2a,,_,=q—f,+ 24, and then, after some
rearrangement, (3.8) becomes

4g™Cn=1"D((g— 1)ty —2a,+ B,— 25, ~ 1}
§461(51 +2am+ 1 +aq_ﬁq)+2q-q2+ﬂ:—2ﬁq+4am{(am+ l)q—ﬂq}
+2a,{2(an—1)q—1} +22,(3g—B,+1).

Using (1.7) to eliminate «, from the last term on the right-hand side we obtain the
following inequality:

4q_('m_l_l){(q— 1)tm--l _2am+ﬂq'—261 —1}
£46,(0,+2a,+1+a,—B,)+4a,{(a,+1)g—B,}

+4Ha,—1)a,q—79—T—2a,+68,. 3.9
Putting a,, =2 as indicated earlier, (3.9) becomes
4g7¢m 1" 0{(g = Vg~ 5+, — 261
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S48,(8,+5+0,—B)+17g—T+2a,(29—1)—28,. (3.10)

By (3.6) the integer (g—1)t,,_, —5+B,—26,>0, and consequently the validity of (3.10)
for t,_, =1 will follow for all integers ¢,,_,>1 by Lemma 2.2. Putting ¢,,_, =1 in (3.10)
leads to the inequality

45,(8,+7+0a,—B,)+ 13g+17+2(2g— 1)e,— 68, 20. (3.11)

As 35f,—a,<5, the least value of 6,(6,+7+a,—B,) occurs when J,=-1 if
4<B,—a,<5and when 6, = -2 if 3<f,—a,<4. In the first case (3.11) becomes

q—T+26q—B,) +2(29—3)2, 20
which holds easily as B, <64, and in the second case (3.11) becomes
13g—23 +2(2q— 5)a, + 26,20

which again causes no problems.

The rest of Case I(i) is concerned with verifying (3.9) when a,,=1 for all integers
t,-122. Once again we take t,_,=2 and then appeal to Lemma 2.2 to obtain its
validity for the integral values of ¢,,_, > 2. First putting a,,=1 in (3.9) we have

4q_(‘m_l_l){(q— l)tm—l _3+ﬂq—251}

<46,(8,+3+0,—B,)+q—T—2a,+28,. (3.12)

When t,,_, =2, (3.12) rearranges to the form

495,86, +3+0,—B,+29" ") +q*— 159 +2(B,—a,)g—4B,+2020. (3.13)

Since 3<B,—a,<5 and g=9 we have
- %gﬁq—aq—3—2q-‘<2,
and it follows that the least value of 61(61+3+aq—ﬂq+2q") for integral 4, occurs

when 6, =0 or 1. Putting d, =0 we need to check the inequality

q* — 159+ 2B, — o )g— 4B, +2020.
As B,~—a,23 it will suffice to prove that

4B,<q(qg—9)+20. (3.14)

If B,=5 we have 9<q=19 and there is no problem. Thus suppose that 8,27 giving
q221. By (1.5), B,<39—/(8¢>—9g+1)+2 and it will suffice to verify that

q(g—21)+4/(84>*—99+1)+1220
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which is easily true Vg=21. Now putting é, =1 we need to check the inequality

q* +{2e,— B,) +1}g—4p,+28 20.
As a,— B, = —35, it will suffice to show that
48,=q(q—9)+28,

and this has already been proved with 28 replaced by 20.
Thus in Case I(i) we are left only with g,=1 and ¢,,_,=1.

Case I(ii). Putting t,,=2 and a,,=1 in (3.7) leads to the inequality
(@—Dtpo1—20,_1+29—4=(1+0)g" "' +a,_(an-,—29+4+0)gm "1 (3.15)

For ¢=9 and 11, (3.15) is easily verified for all 1 <a,,-,<q—1 when ¢,_,=1. As the
right-hand side increases exponentially with ¢,,_,, there is no problem when ¢,,_,=2.
Summing up, if m=2 we have proved the result except in the following case:

(tm’ tm—l; am)=(1a 19 1) II

If m=2, by (2.6) we have T(g,n,)=F,(2). Then, using condition II together with the
usual substitutions for @, and a,, we see from Lemma 2.3 that T(g,n,) >0 is equivalent
to

4q—1)k(6,)+4h(d,) +q—T7—20,+2,>0 (3.16)
where as usual
k(6,)=06,(6,+4+a,—B,) and h(d,)=6,(6,+3+a,—p,).

As 35 B,—a, <5, k(6,)2k(0)=0 for all integers 4, and (3.16) is therefore a consequence
of

4h(d,) +q—T7-20,+28,>0,
an inequality which has already been seen to be true at the end of stage 1 in the case

when m=1.
We now take m=3 and let / be any integer satisfying 3=</<m.

Stage I (3<I<m). As a consequence of stages 1 and 2 we now make the inductive
assumption that

tn=lm-1=""=lp-142=1 and a,=1,

together with the substitutions in (2.4) for a,_;, an_3,...,8,_1+,. Following the
customary procedure we express
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T(g.n)= Y ala+a)d" """+ Y {2a-@-Dt}n_+T@gn,-). (3.17)
r=m-1l+1 r=m-—I+1
By (3.1), T(g,n,,_;) >0 and we therefore have to prove that

[ £ ta-m-22)]e

r=m-Il+1

m-1 m
Sap(@nto)g Tt Y a,{ Y [20,—(q—1)t,]+a,+aq}q‘l+'-~+tr.

r=m-l+1 s=r+1
(3.18)

The expression on the right hand side of (3.18) is simply the F,(I—1) of Lemma 2.3, and
accordingly we obtain the following simplification of (3.18), namely

4‘1_(”+m+‘"'-”'){(q—l)tm—t+1—3+ﬁq—2‘51—1}"m—1

-2

S4g-1) Y ¢ 2*k(6,) +4h(6;- ) +q—T—2a,+ 2B, (3.19)

s=1

For each integral value of é,, k(6,)2k(0)=0 and 4h(d,_,)+q—7—2a,+2B,>0 as we
have already seen. Thus for each 1<s<I/-2 the right-hand side of (3.19) is positive.
Hence it will suffice to consider the case when

(q_'l)tm—l+1—3+ﬂq_261-l>0'

it timortl (319) is a consequence of

4q-(rm_|+n—l){(q_ 1)tm_,+1—3+ﬂq—251—1}

Asn,_,;<q

1-2
S4q—1) Y ¢ %K(S,) +4h(6,- ) +q—T— 20, + 28, (3.20)
s=1
We now prove that (3.20) holds for t,_;,;=2, and then it will follow, from

Lemma 2.2, that it holds for all integers ¢, _,,,>2. Hence putting ¢,_,,,=2 in (3.20)
and rearranging we obtain the inequality

1-2
4q-1) Zl g7 Tk(8,) +498,-4(6;- 1 +3+a,— B +297)

$=

+q* — 159+ 2B, —a,)g—~ 4B, +2020.
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Once again using the fact that k(8,)=0 for all integers J,, we are left with inequality
(3.13), with 6, replaced by 6,_,, whose validity has already been established. Thus it
remains to consider the case when t,,_,,, =1, when (3.20) takes the form

1-2
4q—1) Y q'7*"°k(8,) +46,- (8- +5+0a,—B,)—3q+9—20,—2B,20.
1

s=

(3.21)

We now have to run through the possible values of [, namely 3,4,...,m. Initially [=3,
so that m>3, giving stage 3, and (3.21) becomes

4q— 1)K(S,) +455(8, + 5+, — B,)—3g+9—20,— 28,20. (3.22)

This splits into two cases.

(i) 3=£B,—a,<4. For integral values of J,, the least two values of k(5,) occur when
6,=0 and —1, and min[k(5,):6,eZ—{0, —1}]=k(1). Also 6,(6,+5+a,—pB,) has a
minimum value for integral 6, when d,=—1. We now show that (3.22) holds for all
integral values of 6, when 6,#0 or —1. This will follow from the validity of the
inequality for (d,,8,)=(1, —1). In this case, after some rearrangement, (3.22) becomes

17q—27—(4q—10)(B,—a,) —48,20.
As B,—a,<4 it will be sufficient to verify that
17q—27—-4(49—-10)—48,20,
that is
4B,<q+13. (3.23)
As B,<39—./(8¢*—9g+1)+2, we have to verify that 11g—5<4./(8¢4°—~9q+1) or

equivalently g(7g —34)=9, which is obviously true for all g=9. Thus we are left with the
cases 0, =0 or —1.

(i) 4<p,—a,<5. For integral values of J,, the two least values of k(§,) occur when
6,=0 and 1 and min[k(d,):6,€Z—{0,1}]=k(—1). Also 6,(d,+5+a,—pB,) has a
minimum value when 3,=0. We now test (3.22) with (6,,5,)=(—1,0) and obtain the
inequality

(49—2)(B,—a,)—15¢+21-48,20.
As B,—a,>4 it will suffice to verify that
44g9—2)—159+21—-4p,20
or equivalently

4, <q+13,
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which is (3.23) again. The cases 6, =0 or 1 remain.

If I=m=3 we have to consider the case when t;=t,=t,=1 and a;=1 together with
6,=0 or —1 when 3<f —a,<4 or 6,=0 or 1 when 4<B,—a,<5. By (2.6),
T(g,n3)=F,(3) and so, with the usual substitutions for a,, a, and a,, it follows from
Lemma 2.3 that the condition T(g,n;)>0 is equivalent to

4(q—1) {qk(8,) + k(d,)} +4h(d3) +q—T—20,+2B,>0,

once again easily seen to be true for all integers J,, J, and J;.
Summing up, if /=3 the only cases which remain to be considered occur when

ty=tm_1=tm-2=1 and a,=1

together with

. L .
51:{0 or 1 if3<p,—a,<4 (3249)

0 or 1 if4<f,—a,<5.
We next take /=4, so that m>4, giving stage 4, and then (3.21) becomes

4q—1) {qk(5,) +k(5,)} +465(85+5+a,— B,)—3q+9—2¢,—28,20. (329

When &, =0 repetition of the argument at stage 3 leaves

5. = 0 or —1 if3gf,—a,<4
10 or 1 ifd<p,—q,SS5.

When 6, = —1, so that 3 <B,—a,£4, (3.25) becomes
4q(q—1)(B,— 2, —3)—3q+9—2a,—2B,+4q— 1)k(6,) +455(d; + 5+ a,— B,) 20.

In this case, min [k(d,):0,€ Z—{0, —1}]=k(1) and 95(6;+5+a,—f,) has a minimum
value when 8, = — 1. Putting (J,,65)=(1, —1) in (3.25) leads to the inequality

4g—1)*(B,— %, —3)+59—15+6(8,— ) — 48,20,
which is true. When 6, =1, so that 4< g, —a, <5, (3.25) becomes
49(q—1)(5+a,—B)—3q+9—2a,—2B,+Hq— 1)k(6;) +465(65+ 5+ 2,—B,)=0. (3.26)
This time, for integral values of §,, the two least values of k(d,) occur when §,=0 or 1
and the min[k(d,):6,€Z~{0,1}]1=k(—1). Also 03(63+5+a,—pB,) has a minimum
value when 6, =0 so that putting (8,,,)=(—1,0) in (3.26) gives

4(q_ 1)2(5+aq—ﬂq)+5q+ 1 +2’(ﬁq—aq)—4ﬂq20’
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which is true.
Thus if /=4 the only cases which remain to be considered occur when

tm=tm—l=tm—2=tm—3=1 and am=1

together with

0,0),(0, -1),(—1,0) or (—1,-1) if3=<p —a,<4

(0,0),(0,1),(1,0) or (1,1) t4<p—a<s. O

(51’52)={

If I=m=4, we can assume that t,=t;=t,=t,=1 and a,=1 together with condition
(3.27). In this case, using Lemma 2.3 again, the condition T(g,n,)=F,4)>0 is
equivalent to

4q— 1) {q*k(3,) +qk(5;) + K(83)} +4h(S,) +q—T 20, +2,>0

which is true.
At stage 5 we have I=35, so that m=5. Then the inequality (3.21) takes the form
Hq—1) {q*k(6,) + qk(,) + k(83)} +40,4(8,+ 5 +a,— B,) —3q+9—2a,—28,20. (3.28)

If 5, =0, (3.28) is essentially the same as (3.25) with an obvious change of notation.
Thus repetition of the argument at stage 4 leaves the following values of (45, 5;) namely

_ (050)9(0’—1)’(_1,0) or (—1,—'1) lf3§ﬂq—aq§4
(52’53)"{(0, 0),0,1),(1,0) or (1,1) it4<f—a,<s. O
If 6, = —1, so that 3< B, —a, <4, (3.28) becomes
49%(q—1)(B,—a,—3)—3g+9—2a,—~ 28,
+4(g— 1) {ak(8,) +k(83)} + 3384 +5+0,— B) 20. (3.30)

The left-hand side of (3.30) takes a minimum value when (8,,683,6,)=(0,0, —1) and in
this case the inequality becomes

4g%(q—1)(B,— 2, — 3)—3q—T —6a,+2B,20. (3.31)

If 8¢>~9q+1 is not a perfect square, B,—a,—3>1/(3g) by (2.2), and (3.31) will be a
consequence of

4q(q—1)—9q—21—18e,+6f,>0,
or equivalently

4g2—13g—21+18(8,—,) ~ 128,>0.
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As f,—a,23 it will suffice to show that
49> —25q+33+12(q—B,)>0
which is easily true. If 8¢ —9g+1 is a perfect square and B, —a, =3, (3.30) reduces to
4q—1){qk(d,) +k(d3)} + 4048, +5+a,—B,)—3q+9—2a,— 28,20,

which is (3.25) again with an obvious change of notation. Hence the values of (8,,63)
which remain are

(52’ 53)=(0, O)s (Oa - 1)’(_ 150) or (_ 1’ - 1) (332)
If 3, =1, so that 4< 8, —«, <5, (3.28) is
4q%(q—1)(5+a,—B,)—3q+9—2a,— 28,
+8(g— 1) {qk(8;) + K(83)} +484(64+ 5+, — B,) 20. (3.33)

The left-hand side of (3.33) takes a minimum value when (4,, d5,9,)=(0,0,0) and in this
case the inequality becomes

4g%(g—1)(5+a,—B,)—3q+9—20,~28,20. (3.34)

If 8¢>—9g+1 is not a perfect square, 5+a,—f,>1/(3q) by (2.3), and consequently (3.34)
follows provided that

4q* —13q+27—6(a,— B,) —128,>0.
As B,—a,>4, it will suffice to show that

q(49—25)+51+12(q—B,)>0,

which is true. On the other hand, if 82 —9¢+1 is a perfect square and B,—a,=5,(3.33)
takes the form

4q—1){qk(d,;) +k(d3)} +404(64+ 5+, — B,)—39+9—20,—28,20.

Once again this is essentially the same as (3.25) and so the values of (d,,8;) which
remain are

(62’ 63)=(090)’(0, 1)3(1:0) or (1’ 1)' (3'35)
In the special case when /=m =35 the condition T(g,ns)=F¢(5)>0 is equivalent to

4g— 1) {g°k(0,) +q*K3,) + gk(d3) + k(84)} +4h(J5) +q— T — 20, + 2B, >0,
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which is true.
Summing up stage 5, we have proved that T(g,n,,) >0 except in the following cases:

ty=tm-1=""'=tu_4=1 and a,=1

together with §,=0 and (5,,9,) satisfying (3.29). In addition when 8g>—9g+1 is a
perfect square
6l= —1 and (523 53)6{(0,0)’(0’ —l),(—'l,O),(—l, _1)} when 3§ﬁq_aq§4
or
51=1 and (62,63)6{(0,0):(0: 1),(1s0)9(1’ 1)} When 4<ﬂq_aq§5'

By now the critical form for n,, is beginning to emerge. When 8¢2—9g+1 is not a

perfect square, at the end of stage [ for 5 </<m we are left with the following situation:
tm=tm—1=”'=tm—l+l=1 and am=1

together with

| ,=6,=--=6,_,=0 and
(0’0),(09_1)9(_1’0) or (_1,'—1) lf3§ﬂq_aq§4
(0,0),(0,1),(1,0) or (1,1) if4<p,—a,<5.
In this case, by (2.5) and (3.17), we have

T(q’ nm)=Fm(l_1)+nm—l Z [2(1,—(q—‘1)t,]+T(q, nm—l)'

r=m-i+1

(51—3’51—2)={

Using the usual substitutions for a, (r=m—1[+1,...,m) together with ¢,=+-=t¢,_;,,=1
we obtain

m

,=mz-:z+1 (2a,—(q—D)t,)=4—q—B,+25,_,.

Then, application of Lemma 2.3 gives
T(g n,)=3q"" " *m-tr 1 {4q—1) [qk(d;-3) + k{3, - 2)] +4h(3, - ) +q—T—2a,+ 28}

+[4—q_ﬂq+261—1]nm-1+T(q’nm—l)' (336)

Since d,,...,0, are all linearly bounded in terms of g and m, it follows from (1.8) and
(3.36) that

S@. 1)y _ TG, 1)

— 0 as m — oo if m—1 remains fixed,
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and this is the critical form mentioned earlier. If I<m we proceed to stage /41, and so
on until I=m when the process comes to a halt yielding no further critical cases. In
particular, when I=m, at the end of stage m we have to consider T(q,n,,) subject to the
conditions t,=t,_,=""=t;=1 and a,=1 together with §,=6,=*-=4,_,=0 and
Om-3> Om_2€{0,1, —1}. Using Lemma 2.3 gives

4T(g,n,) =4F,(m),

=4q—1){q’k(0n-3) + qk(0n—2) + k(8- 1)}

+4h(6,,) +q—T7—20,+28,.
As we have seen k(x)=20VxeZ and so

4T(q, 1) 2 4h(8,)) +q—T— 20, +28,

>0

by the same argument as that towards the end of stage 1.

When 82 —9g+1 is a perfect square, it is clear that additional critical cases arise. In
particular, when f,—a,=3 we have k(6)=04(6+1). In this case at the end of stage I
(51 m) we are left with

O15-+301-4,01-3,0,_,€{0, —1}.
As k(6;)=0 for 1<i<!—2 and h(6;_,)=6;- (6, +3+a,—B,)=05{_, this leads to
T(g,nm)=%g" "+ 1467 +q—1]

+[4—-q—B,+25,- Iy 1+ T(q,np-1).
and once again

S@ M) , ), _T(@ )

. 0 asm-— oo
nm nm

and m—I[ remains constant. If /<m we can proceed to the next stage as before. When
B,—a,=5, k(8)=5(6—1) and the critical cases occur when 9,,...,8,_,€{0,1}; otherwise
the situation is similar.

November 1989. Since this paper was submitted for publication the analogous
theorem for even values of g has been obtained. A statement of the result and brief
outline of the proof will follow.
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