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Abstract

In this note the authors give the L2(R”) boundedness of a class of parametric Marcinkiewicz integral
6 with kernel function Q in L log* L(S"~") and radial function h([x]) € I(L9)(R,) for 1 < g < oo.
Asiits corollary, the L? (R")(2 < p < 00) boundedness of ug%, , and pg , ¢ with Qin Llog* L(S*)
and h(|x]) € I°(L9)(R,) are also obtained. Here pg’, , and ug , ¢ are parametric Marcinkiewicz
functions corresponding to the Littlewood-Paley g;-function and the Lusin area function S, respectively.
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1. Introduction

Suppose that $"~! is the unit sphere of R"(n > 2) equipped with normalized Lebesgue
measure do = do (x’). Let Q € L'(5"!) be homogeneous of degree zero on R" and

(1.1) f Qx")do(x') =0,
Sn—1

where x’ = x/|x| for any x # 0.
In 1960, Hoérmander [5] defined the parametric Marcinkiewicz function of higher

dimension as follows.
o0 dt 1/2
o)) = (/ IF,”(x)IZT) ,
0
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where p > 0 and

1 Q
Frix)=— / Sl l""f() Y
}

tF x —y|<t I-x -

When p = 1, we denote u}, simply by pgq. It is well known that ug is the usual
Marcinkiewicz integral corresponding to the Littlewood-Paley g-function introduced
by Stein in [7]. Stein proved that if 2 is continuous and £ € Lip,(S" ) (0 < a < 1),
then pq is of type (p,p) (1 < p < 2) and of weak type (1, 1). In [1], Benedek,
Calder6n and Panzone proved that if Q € C!(S§"!), then ug is of type (p,p) (1 <
p < 00). On the other hand, in 1960, Hormander [5] proved that if Q € Lip, (S*~")
(0 < a < 1),thenfor p > 0, ug is of type (p, p) (1 < p < 00). Recently, Sakamoto
and Yabuta [6] gave the L? boundedness of ug, ug’ and and ug ¢ (see below for the
definitions), where p is a complex number and € Lip,($"™") (0 < a < 1). Itis
worth pointing out that £ was required to satisfy some smoothness conditions in the
results mentioned above.

For a long time, an open problem is whether there are some results as above on the
L? boundedness of parametric Marcinkiewicz function ug, when  satisfies only some
size condition. The purpose of this note is to give a positive answer. Precisely, we shall
consider L2(R") boundedness of a class of parametric Marcinkiewicz function with
kernel functions which lacks smoothness both on the sphere and in radial direction.
Let us give some definitions first. The function spaces [*°(L?)(R,) are defined as
follows. If 1 < g < oo,

i 1/q
¥ dr
(1.2) I(LHYRy) = Lk hll=wn®,) = sup (/ Ih(r)l"—) <C
jel 2i-1 r

If g = 00, I®(L™®)(R,) = L*(R,). By Holder’s inequality, it is easy to check that
forl<g<r<oo

(1.3) I®(L®) C I®°(L")y C I®°(L9) c I™(LY).

The parametric Marcinkiewicz function ug, , is defined by

oo d 1/2
ran(f)x) = (/ |Fg ,(x, t)IZTt) ,
0

where p is a complex number, p = a¢+it and h(x) is aradial function on R” satisfying
h(lx]) € I(LY)(R,) (1 < g < 00),

1 Qx —y)h(x -
=y [ HEDHEZIr),,
L TP [x — yl|*=*

Our main result is the following theorem,
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THEOREM 1. Suppose that Q € Llog"™ L(S"™") is a homogeneous function of de-
gree zero on R" satisfying (1.1) and h(|x|) € I®(L)R,). If1 < g < oo and
Re(p) = a > 0, then ||ug ,(f )2 < C//e|f |l2, where C is independent of p and f .

As an application of Theorem 1, we obtain also the L? (R")(p > 2) boundedness
of the parametric Marcinkiewicz functions ug’, , and ug , ¢ with the same kernel
function €2 and h(x), where pg%, , and pug, , ¢ are respectively defined by

ni 1/2
.p _ t o ,dydt
Hin () 0) = (]/R () 10T ) . ae

dydt) 172
t b

n+1

l‘?z‘h,s(f)(x) = (/ | Fon (¥, DI
)

where ['(x) = {(y, 1) e R™ i |x — y| < ¢}.

THEOREM 2. If 2 < p < 00, then under the conditions of Theorem 1 we have

sl < (C/V)IS Nlp and i sy < (C//@)IS N5, where C = Cynp
is independent of p and f .

REMARK 1. Note that

Lip, (S" N0 <a <) L") c LIS Hg > 1)
C Llogt L(S"™") c L'(s"™Y),

and all inclusions are proper. Therefore in Theorem 1 and Theorem 2, the smooth-
ness condition assumed on 2 has been removed and Theorem 1 and Theorem 2 are
improvement and extension of the known results mentioned above for p = 2 and
2 < p < 00, respectively.

REMARK 2. After finishing this paper, we were told that in recent work [4], using
a method which is quite different from one in this paper, Fan and Sato also gave the
L?-boundedness of Marcinkiewicz integral uf, when Q € Llog™ L(S" ') and h = 1.
From their result, one can deduce that (L?, L?) bound of u% is only smaller than
C((Re p)~*? 4 (Re p)~'7?). However, it is smaller than C(Re p)~'/? by our method.
Hence the conclusion of Theorem 1 in this paper is better than the relevant result
in [4].

2. Proofs of Theorem 1 and Theorem 2

Let us begin by recalling a known fact.
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LEMMA 1. Let Q(x’) € L*®(S""!). Then for any 0 < 6 < 1 there is a constant C
such that forall j € Z,

(I

See [3] for the proof.

2 1/2
- d .

/ Qe ™ do(u) —r) < C||Q| poogsr1y |2/ x| 7872,

sn-l r

LEMMA 2. Let Q(x') € L®(S"") and h(r) € I°(LI)(R,),1 < q < 2. Then for
any 0 < 0 < 1 there is a constant C such that forall j € Z,

2i+1
2.1) /
2

PROOF. Denote by

2j+|
K(h) = /
2

First let us consider the case ¢ = 2. By Lemma 1 and Hélder’s inequality we obtain

172
2dr
r

dr
r

/ Qu')e ™™™ " h(r)do (u')
Sn—1

i 1—6/2\2/9 q-2)/q
< Clhllimwome (192020112 x] ™) (1221 (s1y) .

dr
-

f Qe ™" *h(rydo (1)
St -~

2+l

(22) K(h) < "h"loc(LZ)(gu) (/ / Q(u’)e—Zniru’.xdo,(u/)
2 sn-t

i 1—6/2
< Clhllimwy@,) 120 o112 x| 72,

On the other hand, for ¢ = 1 we have

7 , , dr
23) K< / f 1RGN WIACI S < Thlmm 12U,
¥ S

Hence if we see K as a sublinear operator acted on the spaces [°(L9)(R,) for
1 < g < 2, then (2.2) and (2.3) show that X is a bounded operator from I®(L?)(R,)
to L* and from I (L')(R,) to L™, respectively. Using the Riesz-Thorin interpolation
theorem for sublinear operator [2] between (2.2) and (2.3), we know there exists an 7
satisfying 0 < n < 1 and 1/q = (1 — n) 4+ n/2 such that

K(h) < Cllhllmwom, (1920ae 12 x172)" (120121sm)
It is easy to see that n = 2/q’. Thus we finish the proof of Lemma 2. a

Now let us turn to the proof of Theorem 1.
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PROOF OF THEOREM 1. By (1.3) we need only consider the case 1 < ¢ < 2. First

we have
A : ~ 1 Qwh .
Q) Buen= [ e R cnar=f© f —%e-mf du.
n luf<e u"-

Using Plancherel’s theorem and (2.4), the square of L*(R")-norm of u15, ,(f ) is equal to

[ i oraet [ ver ([ i
[ [ 1#zaeoraeS = [ Fo (0 i | 45

Since
1/2
> dt
u t1+2a

(2.5) (/°°
0
[ [ awereXaDyiyaow) ar
0 -1 ri-s

-([
L

= f f Q(u')e’z”i’"jzh(r)da(u’)
0 sl

1 o0
—~/2a 0

On the other hand, note that for any s > 0, we have

: 1/q ; l/q
? dr ¥s dr
(/ Ih(rs)l"——) = (/ [h(r)|*— < 2||Allwayr,)-
2 -1 r 2-lg r

Therefore, by (2.5) to prove Theorem 1 it suffices to show that for Q € L log* L(S"!),
there is a constant C such that

2.6) sup /
x'es-t Jo

Forany x’ € §"~', we denote G(x', r) = [,

e—27riu'§'du

/ Q(wh(|ul)
|

ul|<t luln—p

/ w e—27riu~fd
lael <

ul

172
2 dt
tl+2a

2 xon® " d
f Q)e " h(r) dd(u')l Xo.nlr) dt) !
Sn—l

tl+2a rl—a

® dt \'? dr
, t1+2a rl—a

dr
-

/ Qe T h(r)y do (W)
sn~l

e d
/ Q)e ™" h(rdo ()| < < C.
sn-) r

Qe T do (1) and write

o0 2 [e]
/ |G(x', r)h(r)lﬂ = / IG(x’, r)h(r)lﬂ +/ |G(x’, r)h(r)lﬂ =:I14+1I.
0 r 0 r r

2
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Below we shall show that I and I are uniformly bounded on x’ € $"~!. By (1.1), we
have

2
27N 1 =/
0

In order to give the estimate of I, we need to use some idea from [8]. Set

’ =2mird'-x’ ’ dr
/ Q) (e? —Dh(r)do W) - < Cllh)lmwaym 181 L1esm1y.
s

n—1

Eo={u eS8 |1QW) <2},
E={es":2 < Q)| <2} for [>1,
Q') = QW) xg (W) for 120,

G(x',r)= f Qe T do (') for F>0,
sn—l

where xg, (¥') is the characteristic function of E,. Taking s € N such that s6 > ¢,
where 0 < 8 < 1 is defined in Lemma 1. Then we have

2+t

o0 2]+1
Il < ny |Go(x’, r)h(r)lfi;r- + (Z > +ZZ) / 1Gi(x, r)h(r)|d—r’
j=t Y

>0 1<j <sd 1>0 j>si
= H] +Hz +H3 .
Now let us give the estimates for II;, II; and I, respectively. By Holder’s inequality

2i+! 1/q

(2.8) f
¥

Since |Go(x’, r)| < 2|8"!'|and 2 < q¢’ < 00, by (2.8) we have

, dr 7 , dr
|Go(x’, ")h(")IT < lAlliowoyr,) (/ [Go(x', )| 7)
v

2+l d
2.9) / 1Go(x', NYR(R)| =
2% r

1/q

7 ’ 2 ’ '—Zdr
< Cllhllimwn®,) 1Go(x', NI"|Go(x’, r)|* -
2

i+ dr 1/q
< Cllhlli=woyr,) (/ |Go(x', r)|27)
Y

By Lemma 1 and (2.9) we see that

o] 2+l d
2.10) =3 [ 16t IS
j=1v?
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o
e
< Cllhlli=qan®,) Z 12 x'17%7% < Clalsaym,)-

j=1

ForIl; and 1 < g < 2 we obtain

20+t d
@I L=<y Y f [ IQ,(u’)ldo(u’)lh(r)ITr
- b 5|

1>0 1<j <si
< Cliklmwnmny Y, Y (10g 2" - 1Rl
1>0 1< <sl
< Cllhlli=woym,) 2”082 2MNE| < Clthlloway® o 12 L 10g* Lism1)-
-0

Finally, let us estimate 1I;. Applying Lemma 2, we have

(2.12) I = ZZ/

2+

N —dmird | dr
Qe ™"  h(r)do (1) -
Sll~l

1>0 j>si ¥
< Clirlliewn®,) Z Y Ul g 12 517207 (|l 1 srry) T
>0 j>si
_<_ C"hnlm(Lq)(llh_) Z Z(zl . 2-]9/2)2/ql (21‘5’"—1 l)(q"‘Z)/qV
10 j>si N

< Cllhllmaom, 32" 277 < Cllhllmanm,-

>0

It is easy to see that the constants in (2.7) and (2.10)~(2.12) are independent of x’.
Therefore, (2.6) follows from (2.7) and (2.10)—(2.12). Thus we complete the proof of
Theorem 1. 0

Before giving the proof of Theorem 2, we give a lemma.

LEMMA 3. Let A > 1. Then under the conditions of Theorem 1, there is a constant
C > O such that for any nonnegative and locally integrable function ¢,

. \ 172 Cin , 1/2
(/wusi,”h,k(f)(xw(x)dx) Sﬁ(/wlf(x)l M¢(x)dx) ;

where M denotes the Hardy-Littlewood maximal operator.

The proof of Lemma 3 follows by using the method in [9, pages 241-242] and the
conclusion of Theorem 1. We omit the details here. Now let us return to the proof of
Theorem 2.
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PROOF OF THEOREM 2. For 2 < p < oo, we have

1/2

1/2
= [Sup } )
¢

where the supremum is taken over all ¢(x) satisfying [|¢ll,2y < 1. Applying

Lemma 3, Holder’s inequality and the L%/?'(1 < (p/2) < 00) boundedness of
Hardy-Littlewood maximal operator M, we get

2/p
(2.13) Neghin ), = (/R [u?z'f’h.x(f)(x)zl”“dx)

/ tan(f )(x) ¢ (x) dx

(2.14)

12 C : 12 C
*p 2 d < — 2M d < .
(/ i (RIS x) <= ( [ rwrmew x) < ZZIf 1,
By (2.13) and (2.14) we have [|ug’, ,(F)ll, < C//allf Il,. On the other hand, using
the idea in [9] it is easy to prove that ug , s(f)(x) < 2*ug’ ,(f)(x). Thus we
complete the proof of Theorem 2. 0O

~-

Finally, we give another direct application of Lemma 3. It is well known that if
w € Ay, then Mw(x) < Cw(x) a.e. on R". Hence by Lemma 3, we get immediately
the weighted L? boundedness for pg’, , and pud , 5.

COROLLARY 1. Under the conditions of Theorem 1, if w € A, then

Cim
Jj; I OOl

”N?z,h,s(f)“z.m < Cin |Iugﬁz.k(f)|l2.w =<
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