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1. In t roduc t ion . Let f(x) be a po lynomia l of d e g r e e 
d >_ 3 with i n t e g r a l coef f ic ients , ' s ay , 

(1) f(x) = a + a x + . . . + a x . 
o 1 d 

In a p r e v i o u s p a p e r [6] I deduced, f r om a deep r e s u l t of Lang 
and Weil [2], that t h e r e i s a cons t an t k (d), depending only on d, 

such that for a l l p r i m e s p > k .(d), p J a , f(x) has a pa i r of 

c o n s e c u t i v e r e s i d u e s (mod p), that i s , t h e r e e x i s t s an i n t e g e r 
r(0 < r <C p-1) with the p r o p e r t y that 

(2) f(x) = r , f(y) = r + 1 (mod p) 

a r e s i m u l t a n e o u s l y so lub le . It was fu r the r proved that for 
a l m o s t a l l po lynomia l s of d e g r e e d, the l e a s t such r (*say e) 
s a t i s f i e s 

_1 
(3) e < k 2 ( d ) p 2 l o g p ( p > k d ( d ) ) 

for some cons t an t k (d) depending only on d. I con jec tu red 

that , in fact , (3) holds for a l l such p o l y n o m i a l s . K. M c C a n n 
and I have p roved this when d = ? ( see [3]) and when d = 4 
( see [4]). It is the p u r p o s e of this note to p rove the con j ec tu r e 
in the s t r o n g e r f o r m : 

T H E O R E M . T h e r e i s a cons tan t k (d), depending only 

on d, such that for a l l p r i m e s p >_ k (d), 

J. 
(4) e < k 3 ( d ) p 2 . 

Canad. Ma th . Bu l l . vo l . 11 , no. 1, 1968 

79 

https://doi.org/10.4153/CMB-1968-011-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-011-4


To p r o v e th is t h e o r e m , we u s e a r e c e n t deep r e s u l t of B o m b i e r i 
and D a v e n p o r t [ l ] and a me thod of T i e t a v a i n e n [5] . 

2 . P roof of t h e o r e m . Let h be an i n t e g e r such that 

l < h < ^ ( p + l ) , so that 0 < h - 1 < j ( p - l ) . Set H = {0, 1, 2, . . . , h -1} 

and w r i t e H (r = 0, 1, 2, . . . , p -1 ) for the n u m b e r of so lu t ions of 
r 

(5) x + y = r (mod p) x e H, y e H 

so that 

p - 1 h - 1 h - 1 
(6) pH = 2 2 2 e{t(x + y - r)} 

r t=0 x=0 y = 0 

w h e r e e(u) = exp(2iTiu/p). Now let N (r = 0, 1, 2, . . . , p - 1) 

denote the n u m b e r of so lu t ions of f(x) = r (mod p) . Then 

p - 1 p - 1 h - 1 
(7) p 2 N N H = 2 S(t) { 2 e(tx)> 

r r +1 r J 

r=0 t=0 x=0 

w h e r e 

p - i 
(P) S(t) = 2 N N e ( - t r ) . 

r r +1 
r = 0 

I p roved in [6] that 

p - 1 
S(t) = 2 e(tf(x)) 

x, y=0 
f (y ) - f (x ) - l=0 

and a l so that f(y) - f(x) - 1 i s ab so lu t e ly i r r e d u c i b l e (mod p) . 
Hence for t f 0, a r e s u l t of B o m b i e r i and D a v e n p o r t [ l ] 
i m p l i e s tha t 

J. 

(9) | S ( t ) | < k 4 ( d ) p 2 ( P > k d (d) ) , 

w h e r e k (à) i s a c o n s t a n t depending only on d. F o r t = 0 
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a r e s u l t of Lang and Weil [2] g ives 

J. 

(10) |S(0) - p | < k 5 ( d ) p 2 ( p > k d ( d ) ) , 

w h e r e k (d) i s a cons tan t depending only on d. Thus 
5 

p - 1 
p S N N H - h 2 S(0) 

„ r r+1 r 
r=0 

p - 1 h - 1 
2 S(t) { 2 e(tx)} 

t=l x=0 

p - 1 h - 1 
< 2 |S(t) | I 2 e(tx) | 

t=l x=0 

- p - 1 h - 1 
< k (d)p* 2 | S e(tx) | 

t=l x=0 

2 | 2 e(tx) | 2 = h(p-h) 

by (9). In [5] i t was noted that 

p - 1 h - 1 
2 | 2 

t=l x=l 

so us ing (10) we have 

P _ 1 2 2 
p S N N H > h S(0) - k (d)p h(p-h) 

r r+1 r — 4 
r = 0 

> h 2 ( p - k 5 ( d ) p 2 ) - k 4 ( d ) h p ? / 2 

> h 2 p - (k 4 (d)+k 5 (d) )hp 3 / 2 

= ph {h - (k 4 (d)+k 5 (d))p 2 } . 
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J. 
Choose h = [{k (d)+k (d)} p 2 ] + 1 so that 

p - 1 
S N N H > 0 . 

r r + 1 r 
r = 0 

Hence t h e r e e x i s t s r (0 <: r <_ p -1 ) for which 

N > 0, N > 0, H > 0; 
r r+1 r 

i . e . , for which (r , r+1) i s a p a i r of c o n s e c u t i v e r e s i d u e s of 
f(x) and m o r e o v e r 

so that 

r = x+y x e H, y e H 

0 < r < 2 ( h - l ) = 2 [ { k 4 ( d ) + k 5 ( d ) } p 2 ] 

Hence 

e < k 3 (d)p 

k3(d) = 2{k4 (d)+k5 (d)} , 

w h e r e 

which p r o v e s (4) 
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