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Abstract. Let O be an irreducible bounded symmetric domain and G � AutðOÞ be a torsion-
free discrete group of automorphisms, X :¼ O=G. We study the problem of algebro-geometric
and differential-geometric characterizations of certain compact holomorphic geodesic cycles

S � X. We treat special cases of the problem, pertaining to a situation in which S is a compact
holomorphic curve, and to the case where O is a classical domain dual to the hyperquadric.
In both cases we consider algebro-geometric characterizations in terms of tangent subspaces.

As a consequence we derive effective pinching theorems where certain complex submanifolds
S � X are proven to be totally geodesic whenever their scalar curvatures are pinched between
certain computed universal constants, independent of the volume of the submanifold S, giving
new examples of the gap phenomenon for the characterization of compact holomorphic geo-

desic cycles.
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Let O be an irreducible bounded symmetric domain and G � AutðOÞ be a discrete
group of automorphisms acting without fixed points. Consider the Hermitian locally

symmetric manifold X :¼ O=G. It is interesting, especially in the case when X is com-
pact or of finite volume, to characterize compact holomorphic geodesic cycles S � X.

Such characterizations can either be in algebro-geometric or differential-geometric

terms. In this article we study special cases of this problem, pertaining to a situation

in which S is a compact holomorphic curve, and to the case where O is a classical
domain dual to the hyperquadric. In both cases we will be considering algebro-

geometric characterizations in terms of tangent subspaces. Such characterizations

imply differential-geometric effective pinching theorems where certain complex sub-

manifolds S � X are proven to be totally geodesic whenever their scalar curvatures

are pinched between certain computed universal constants, independent of the volume
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of the submanifold S. These pinching theorems are related to the gap phenomenon

discussed in Mok [M3] and Eyssidieux and Mok [EM], which in particular include

the characterization of certain totally-geodesic compact holomorphic curves on quo-

tients of the Siegel upper-half-plane.

Identify O as a subdomain of its compact dualM, by Borel Embedding. Let Go be

the identity component of the automorphism group of O and K � Go be the isotropy

subgroup at a point o 2 O, so that O ¼ Go=K. Write G for the identity component of

the automorphism group of M and P � G for the isotropy subgroup at o. Consider

the action of P on PToðMÞ. There are precisely r orbits Ok; 14 k4 r, such that the

topological closures �Ok form an ascending chain of subvarieties of PToðMÞ, with
�Or ¼ PToðMÞ. We say that a nonzero vector Z is of rank k if its projectivization

belongs to Ok. For the purpose of this article we will say that Z or ½Z� is generic if
and only if Z is of rank r. Given any Z of rank k, k < r, the closure of the G-orbit

of its projectivization ½Z� defines a holomorphic bundle of projective subvarieties
SkðMÞ �

=
PTM, called the k-th characteristic bundle, where Sk;oðMÞ ¼ �Ok. The restric-

tions SkðOÞ to O are invariant under the action of Go. Their quotients under G � Go

will be denoted by SkðX Þ. For the purpose of this article we will be concerned solely

with the case of k ¼ r	 1. We call Sr	1ðX Þ the highest characteristic bundle. Thus,

Z is generic if and only if ½Z� does not lie on the highest characteristic bundle Sr	1ðX Þ.

For O of rank r, with respect to the Bergman metric there are precisely r equiva-

lence classes of totally-geodesic holomorphic curves on O under the action of Go. The

kth equivalence class is represented by a totally-geodesic holomorphic disk Dk in O
whose tangent space at each point is spanned by a vector of rank k. A totally-

geodesic holomorphic curve C � X will be said to be of type k if and only if C is uni-

formized by a holomorphic disk in O equivalent to Dk (said to be of type k) under

some holomorphic isometry of O.
In [M3] and [EM] we considered compact complex submanifolds of quotients of

bounded symmetric domains which are almost totally geodesic in some precise sense

and asked whether such submanifolds are necessarily totally geodesic. For a (totally-

geodesic) bounded symmetric subdomain D � O, we say that ðO;DÞ exhibits the gap

phenomenon if any almost geodesic compact complex submanifold S on some quo-

tient manifold X of O modeled on D must necessarily be totally-geodesic. In the spe-
cial case when O is the Siegel upper-half-plane Hr of rank r, we proved an effective

pinching theorem which says in particular that an almost geodesic compact

holomorphic curve modeled on a totally-geodesic holomorphic disk of type r is

necessarily totally-geodesic. There the proof relies on interpreting the Siegel upper-

half-plane as the parameter space for variations of Hodge structures of weight 1.

Using variations of Hodge structures and studying Euler characteristics, Eyssidieux

[E1] introduced the notion of 0-hyperrigid and 1-hyperrigid subdomains and gave in

[E1, 2] algebro-geometric characterizations of certain totally-geodesic complex sub-

manifolds which in particular imply the gap phenomenon for ðO;DÞ for O an irredu-
cible bounded symmetric domain and D � O a 1-hyperrigid subdomains. His results
in [E1] cover the cases of ðHr;DrÞ, ðD

I
r;r;DrÞ, ðD

II
2r;DrÞ and many cases of ðO;DÞ in
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which O is irreducible and D is irreducible and of complex dimension >1. Many new
examples of 1-hyperrigid domains D � O were discovered in [E2].
Here we solve the problem of characterizing compact totally-geodesic holo-

morphic curves of type r ¼ rankðOÞ in a uniform way whenever the highest charac-
teristic bundle Sr	1ðX Þ is of codimension 1 in PTX. We say in this case that O is of
characteristic codimension 1. For the ensuing explanation assume that X is itself

compact. Let C � X be a nonsingular compact holomorphic curve and Ĉ be the

tautological lifting of C to PTX. The highest characteristic bundle SX :¼

Sr	1ðX Þ � PTX is a complex-analytic subvariety of codimension 1. The intersection

number S 
 Ĉ gives an invariant on C. We show that this invariant is always nonne-

gative, and is zero if and only if C is a totally-geodesic holomorphic curve of type r.

This then leads to an algebro-geometric characterization of totally-geodesic compact

holomorphic curves C of type r as the only compact smooth holomorphic curves for

which all nonzero tangent vectors are generic (i.e., of rank r). In addition to (sub)-

series of classical domains, our result also applies to the 27-dimensional exceptional

domain DVI pertaining to E7. The latter is particularly interesting since an excep-

tional bounded symmetric domain cannot parametrize a nontrivial homogeneous

holomorphic family of variations of Hodge structures of weight 1 [Sa]. We note also

that our algebro-geometric characterization is in a sense optimal. In fact, the analo-

gous statement fails on any other irreducible bounded symmetric domain of dimen-

sion 52.
In [M1, 2] we established a rigidity theorem for Hermitian metrics of seminegative

curvature on a projective manifold X uniformized by an irreducible bounded sym-

metric domain of rank 52. As a consequence, any nontrivial holomorphic map f

into a Hermitian manifold Z of seminegative curvature in the sense of Griffiths is

necessarily an isometric immersion, totally-geodesic with respect to the Hermitian

connection on Z. From the function-theoretic perspective the relevant consequence

is that f is a holomorphic immersion. One motivation to study intersection theory on

PTX is to study holomorphic maps for target complex manifolds Z satisfying much

weaker conditions of seminegativity. For instance, if Z is uniformized by a bounded

domain in some Stein manifold, then the Carathéodory metric on Z is a continuous

complex Finsler metric of seminegative curvature in the generalized sense. For the

special case when X is of characteristic codimension 1, we give an an application

of our result on totally-geodesic holomorphic curves to show that any nontrivial

holomorphic map f : X ! Z must be generically finite.

Our results in the situation of compact holomorphic curves naturally lead to the

question of algebro-geometric characterization of certain holomorphic geodesic

cycles of higher dimensions. We prove a result of this nature for bounded symmetric

domains O dual to the hyperquadric. O and, hence, X is endowed with a canonical
quadric structure, i.e., a conformal class of nondegenerate holomorphic symmetric 2-

tensors. In this case, we characterize k-dimensional totally geodesic cycles dual to

hyperquadrics in terms of the nondegeneracy of the restriction of the quadric struc-

ture. The proof for k > 1 relies on the result of Kobayashi–Ochiai [KO] on
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the integrability of G-structures on compact Kähler–Einstein manifolds modeled on

irreducible Hermitian symmetric manifolds of rank >1, together with the Hermitian

metric rigidity theorem of Mok [M1]. The case of k ¼ 1 is a special case of our results

of Section 2. Our results for O dual to the hyperquadric lead also to the differential-
geometric characterization of certain holomorphic geodesic cycles under some

pinching conditions on their scalar curvatures. It leads to new examples of the gap

phenomenon beyond those in [M3], [EM] and [E1, 2].

1. Characteristic Bundles

(1.1) Let O be an irreducible bounded symmetric domain. Let Go be the identity com-

ponent of the automorphism group of O and K � Go be the isotropy subgroup at a

point o 2 O, so that O ¼ Go=K. O is a Hermitian symmetric space with respect to the
Bergman metric. K acts faithfully on the real tangent space TR

o ðOÞ. Let a be a max-
imal Abelian subspace of the real tangent space, whose dimension r is the rank of O
as a Riemannian symmetric space. Then, T R

o ðOÞ ¼
S

k2K ka. We have a \ Ja ¼ 0 for

the canonical complex structure J on O. The complexification ðaþ JaÞ �R C decom-

poses into aþ � aþ, where aþ � ToðOÞ, the holomorphic tangent space at o, so that
ToðOÞ ¼

S
k2K kaþ. Thus, any holomorphic tangent vector x at o is equivalent under

the action of the isotropy group to some Z 2 aþ. By the Polydisk Theorem (cf. [W]),
there exists a totally-geodesic (holomorphic) polydisk D ffi Dr passing through o,

D � O, such that ToðDÞ ¼ aþ. With respect to Euclidean coordinates on D ffi Dr,

we can write Z ¼ ðZ1; . . . ; ZrÞ. For Z 6¼ 0 we will say that Z is of rank k, 14 k4 r,

if and only if exactly k of the coefficients Zj are nonzero. The automorphisms of
D, including those which permute the individual disk factors, extend to global auto-

morphisms of O belonging to Go. Thus, any Z 2 ToðOÞ is equivalent under K to a vec-
tor Z ¼ ðZ1; . . . ; ZrÞ, such that each coefficient is real and Z15Z2 
 
 
 5Zr 5 0. Z is,
furthermore, uniquely determined by x. We call Z the normal form of x under K.
Consider nowO as a subdomain of its compact dualM, by Borel Embedding. Write

G for the identity component of the automorphism group ofM and P � G for the iso-

tropy subgroup at o. G � Go is a complexification of Go. Consider the action of P on

PToðMÞ. Let L be a Levi subgroup of P, which can be taken to be a complexification

of K. We write L :¼ K C. We have P ¼ K C 
M	, whereM	 is the unipotent radical of

P.M	 is Abelian and acts trivially on ToðMÞ ¼ ToðOÞ. Let Ho be the identity compo-

nent of the automorphism group of the polydisk D, Ho � Go. Then, Ho ffi SUð1; 1Þ
r.

Its complexification H inside G, H ffi SLð2;CÞr, acts transitively on a polysphere

S ffi Pr
1 such that ðD;SÞ;D � S; is a dual pair of Hermitian symmetric spaces. Since

H contains C�
� 
 
 
 � C� (r times), any Z ¼ ðZ1; . . . ; ZrÞ in the normal form under K

must be equivalent under K C to a vector of the form ZðkÞ ¼ ð1; . . . 1; 0; . . . 0Þ, with

exactly the first k entries being equal to 1, where k is the rank of Z. In particular,
two nonzero vectors of the same rank in ToðOÞ ¼ ToðMÞ are equivalent under K C

and, hence, under P. Moreover, using the action of ðC�
Þ
r, for k < r any nonzero vec-

tor of rank k is a limit of vectors of rank kþ 1. We note furthermore, that nonzero
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vectors of different rank cannot be equivalent under P, i.e., under K C. To see this,

denote by g the Lie algebra of G, etc. and write g ¼ mþ þ k C þm	 for the Harish-

Chandra decomposition of g, where mþ is identified with ToðMÞ. For x 2 ToðMÞ let

dðxÞ be the dimension of all z 2 m	 such that ½x; z� ¼ 0. Then, dðxÞ is invariant under
the action of K C on x. Writing dk for dðZðkÞÞ one deduces readily from root space
decompositions that d1 > d2 > 
 
 
 > dr ¼ 0, which shows that vectors of different
rank cannot be K C-invariant. (The relations on dk can be deduced from the fact that
aþ is spanned by root vectors belonging to a maximal set of strongly orthogonal posi-
tive roots with respect to some Cartan subalgebra of g lying in kC.) We note that any
Z 2 ToðSÞ of rank k is tangent to a rational curve C � S of degree kwith respect to the
positive generator of PicðMÞ ffi Z.

For a nonzero Z 2 ToðOÞ of rank k we will also say that its projectivization

½Z� 2 PToðO�Þ is of rank k. In this article we will say that Z or ½Z� is generic if and only
if Z is of rank r. For the action of P on PToðMÞ it follows from the above that there

are precisely r orbits Ok; 14 k4 r, such that the topological closures Ok form an

ascending chain of subvarieties of PToðMÞ, with Or ¼ PToðMÞ. Here Ok ¼ P½Z�
for any ½Z� 2 PToðMÞ of rank k. Given any Z of rank k, k < r, the closure of the

G-orbit of its projectivization ½Z� defines a holomorphic bundle of projective subvarie-
ties SkðMÞ�

=
PTM, called the kth characteristic bundle, where Sk;oðMÞ ¼ Ok. The

restrictions SkðOÞ to O are invariant under the action of Go. Their quotients under

G � Go will be denoted by SkðX Þ. In this article we will be concerned solely with

the case of k ¼ r	 1. We call Sr	1ðX Þ the highest characteristic bundle. It consists

precisely of projectivizations of nongeneric vectors Z.
(1.2) Write SM for Sr	1ðMÞ, etc. We say that M, O and X are of characteristic codi-
mension q, whenever SM � PTM is of codimension q. We consider henceforth, the

case when q ¼ 1. Then, SM � PTM defines a divisor line bundle, to be denoted by

½SM�. Let p : PTM 	!M be the canonical projection and L be the tautological line

bundle over PTM. We adopt the convention for the tautological line bundle so that

the restriction of L to PToðMÞ is negative. The Picard group of PTM is a free Abelian

group of rank 2, generated by L and p�ðOð1ÞÞ, where Oð1Þ denotes the positive gen-

erator of PicðMÞ.

Let m be the degree SM;o as a subvariety of PToðMÞ. Then Lm � ½SM� is a holo-

morphic line bundle which is trivial on every fiber of p : PTM 	!M. It follows that

L� ½SM� ffi p�Oð‘Þ for some integer ‘. In other words, ½SM� ffi L	m � p�Oð‘Þ. Let

now s be a nontrivial holomorphic section of L	m � p�Oð‘Þ whose zero set is pre-

cisely SM, of multiplicity 1. s is equivalent to a holomorphic section s 2 GðM;

SmT �
M �Oð‘ÞÞ, i.e., a twisted symmetric holomorphic covariant tensor. Let

r: G0 ! G be the universal cover of the simple Lie group G. The action of G on

PTM lifts in an obvious way to the action of G
0. Both SmT �

M and p
�Oð‘Þ are homo-

geneous vector bundles on M, so that there is a well-defined holomorphic action of

G0 on SmT �
M �Oð‘Þ, compatible with the action of G0 on PTM. As SM � PTM is a

G0-invariant cycle, for any g 2 G0, g�s must be a nonzero multiple of s. We write
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g�s ¼ cgs. Thus, c : G0 	!C� is a homomorphism. Since G0 is simple we conclude

that c is trivial, i.e., s is a G0-invariant section.

Recall that S � M denotes a polysphere of maximal dimension, isomorphic to Pr
1,

r ¼ rankðMÞ, as given by the Polysphere Theorem. S has the homological property
that each P1 factor represents the positive generator of H2ðM;ZÞ ffi Z. Furthermore,

it is totally geodesic with respect to some canonical Kähler metric gc defining a Her-

mitian symmetric structure onM. We write Gc for the identity component of the iso-

metry group of ðM; gcÞ. Recall that ZðkÞ ¼ ð1; . . . ; 1; 0; . . . ; 0Þ, with precisely the first

k entries equal to 1, with respect to coordinates given by S ffi Pr
1. Then Z

ðkÞ is tangent

to a rational curve Ck of degree k inM totally geodesic with respect to gc. For k ¼ r

we obtain a totally-geodesic rational curve Cr such that the holomorphic tangent

space at each point is generated by a generic vector. This means that the tautological

lifting Ĉr is disjoint from the highest characteristic bundle SM.

We now measure the holomorphic section s 2 GðPTM;L	m � p�Oð‘ÞÞ by the Her-

mitian metric induced by gc, denoting the pointwise norms by jjsjjc. The Hermitian

metric on the tautological line bundle L induced by gc will be denoted by ĝc, while

the induced Hermitian metric on Oð1Þ will be denoted by hc. Here the choice of gc
induces a Hermitian metric on the anticanonical line bundle K	1

M and, hence, on

Oð1Þ by taking roots from the isomorphism KM ffi OðaÞ for some positive integer a.

Then, jjsjjc is invariant under the isometry group Gc of ðM; gcÞ. By the Poincaré–

Lelong equation we haveffiffiffiffiffiffiffi
	1

p
@ �@ log jjsjjc ¼ 	mc1ðL; ĝcÞ þ ‘c1ðOð1Þ; hcÞ þ ½SM�; ð�Þ

where ½SM� denotes here the closed positive (1,1)-current defined by the reduced irre-

ducible subvariety SM � PTM.

Since Ĉr \ SM ¼ ;, Cr is the orbit under some compact subgroup Hc � Gc,

Hc ffi PSUð2Þ, and jjsjjc is invariant under Gc, hence constant on Ĉr, we conclude

from the Poincaré–Lelong equation that

	mc1ðL; ĝcÞjĈr
þ ‘c1ðp�Oð1Þ; p�hcÞjĈr

� 0: ð�0Þ

In particular, once m, the degree of SM;o in PToðMÞ, is known, ‘ is completely deter-

mined by restricting to a totally-geodesic holomorphic curve in ðM; gcÞ of maximal

degree.

(1.3) We are now ready to formulate the characterization of compact totally-geodesic

holomorphic curves of maximal Gaussian curvature on quotients of bounded sym-

metric domains of characteristic codimension 1. Such bounded symmetric domains

abound. We state here without proof a complete listing of these domains which

follows by a case-by-case checking from the classification of irreducible bounded

symmetric domains.

PROPOSITION 1. Let O be an irreducible bounded symmetric domain of rank r > 1.

Then O is of characteristic codimension qðOÞ ¼ 1 if and only if it belongs to one of the

following classes:
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ð1Þ O of Type Im;n with m ¼ n > 1;

ð2Þ O of Type IIn with n even; n5 4;
ð3Þ O of type IIIn; n5 2;
ð4Þ O of Type IVn; n5 3; or
ð5Þ O of Type VI ðthe 27-dimensional exceptional domain pertaining to E7Þ.

Here Case (3) consists of bounded symmetric domains biholomorphic to the Siegel

upper-half-plane via the Cayley transform. Case (4) consists of domains dual to the

hyperquadric Qn; n5 3. A description of the corresponding hypersurface So �

PToðOÞ will be given in the proof of Proposition 3 in (2.2).

2. Characterization of Totally-Geodesic Holomorphic Curves of Maximal

Gaussian Curvature in the Case of Characteristic Codimension 1

(2.1) Recall that O is an irreducible bounded symmetric domain of rank r5 2 and of
characteristic codimension 1, embedded into its compact dual M, by Borel Embed-

ding. Let go be a canonical metric on O, and gc be a canonical metric on M, so that
ððO; goÞ; ðM; gcÞÞ constitutes a dual pair of Riemannian symmetric spaces. Thus, Go is

a noncompact real form of G, Gc is a compact real form of G, and gojToðOÞ agrees with

gcjToðMÞ, so that K acts as a group of holomorphic isometries both on O and on the
compact dualM. The canonical metric go on O induces a canonical Hermitian metric
ĝo on LjO. For the holomorphic line bundle Oð1Þ, to avoid confusion we denote its

restriction to O by E. Denoting by G0
o ¼ r	1ðGoÞ � G0, etc., we have a natural action

of G0
o on E, so that, denoting by ho the Hermitian metric on E induced by go, G

0
o acts

isometrically on ðE; hoÞ.

Recall that D � S, D ffi Dr, is a totally-geodesic polydisk in ðO; goÞ. For the
totally-geodesic rational curve Ck � S � M of degree k, 14 k4 r, the open subset

Dk ¼ Ck \ O gives a totally-geodesic holomorphic disk in ðO; goÞ, said to be of type k.
For k ¼ r we have the dual relation about Chern forms on the tautological lifting D̂r,

as follows:

	mc1ðL; ĝoÞjD̂r
þ ‘c1ðp�E; p�hoÞjD̂r

� 0:

The latter identity is related to the dual case of Cr as follows. ðDr; gojDr
Þ is invariant

under a group of isometries Ho � Go, Ho ffi PSUð1; 1Þ and dual to Hc ffi PSUð2Þ. In

both identities the closed (1,1) forms are invariant under Ho resp. Hc so that it suf-

fices to check at the origin o. Let tc : Cr ! PTMjCr
be the holomorphic section which

defines the tautological lifting, and denote its restriction to Dr by to. Then, t�cc1ðL; gcÞ
is the Gauss curvature form of ðCr; gcjCr

Þ, while t�oc1ðL; goÞ is the Gauss curvature
form of ðDr; gojDr

Þ. At the origin o the two curvature forms are opposite to each

other, by duality. For the same reason the curvature form of ðOð1Þ; hcÞ on M and

ðE; hoÞ on O are opposite to each other. (The ath power gives the Hermitian anti-
canonical line bundles with opposite curvature forms at the origin.)

HOLOMORPHIC GEODESIC CYCLES 295

https://doi.org/10.1023/A:1016505024858 Published online by Cambridge University Press

https://doi.org/10.1023/A:1016505024858


For irreducible bounded symmetric domains of rank r5 2 and characteristic codi-
mension 1 as given in the listing in (1.3), Proposition 1, we prove the following

theorem on characterizing compact totally-geodesic holomorphic curves of type r.

THEOREM 1. Let O be an irreducible bounded symmetric domain of rank r5 2 and
of characteristic codimension 1. Let G be a torsion-free discrete group of biholomorphic

automorphisms of O, and write X :¼ O=G: Let C � X be a compact smooth holo-

morphic curve such that for any x 2 C, the holomorphic tangent space TxðCÞ is spanned

by a generic tangent vector. Then, C is totally geodesic in X.

Proof. Replacing G by some subgroup of finite index, we may assume without
loss of generality that the homogeneous holomorphic line bundle E dual to Oð1Þ on

M descends to a holomorphic line bundle on X. (This assumption is just for con-

venience in notations.) We will denote the Hermitian holomorphic line bundles

obtained by descent by the same notations ðL; ĝoÞ resp. ðE; hoÞ on PTX resp. X, etc.

Let Ĉ be the tautological lifting of C to PTX. From the assumption, for any x 2 C,

TxðCÞ ¼ CZ for some generic tangent vector Z, so that Ĉ \ SX ¼ ;. Thus, by the

Poincaré–Lelong equation we haveffiffiffiffiffiffiffi
	1

p
@ �@ log jjsjjo ¼ 	mc1ðL; ĝoÞ þ ‘c1ðp�E; p�hoÞ þ ½SX�: ð1Þ

Restricting to the compact holomorphic curve Ĉ satisfying Ĉ \ SX ¼ ;, and integrat-

ing over Ĉ, we haveZ
Ĉ

	mc1ðL; ĝoÞ þ ‘c1ðp�E; p�hoÞ ¼ 0; ð2Þ

which is the same asZ
C

	mc1ðTC; gojCÞ þ ‘c1ðE; hoÞ ¼ 0: ð3Þ

For convenience we normalize our choice of canonical metric go (a constant multiple

of the Bergman metric) to be such that the Gaussian curvature of ðDr; gojDrÞ is iden-

tically 	1. Denote by R the curvature tensor of ðO; goÞ. We note that for any
Z 2 ToðSÞ � ToðOÞ of unit length,

Z ¼ ðZ1; . . . ; ZrÞ; RZ�ZZ�Z ¼ 	r
X
k

jZkj
44 	 r 


1

r
¼ 	1;

with equality if and only if jZ1j ¼ 
 
 
 ¼ jZrj ¼ 1=
ffiffi
r

p
. This is precisely the case if and

only if Z is tangent to some totally-geodesic holomorphic disk of type k.
We denote by o the Kähler form of ðO; goÞ and also the induced Kähler form on

X. Any local holomorphic curve on ðX; goÞ is of strictly negative Gaussian curvature.

In the integral identity on C, we can write the first term as 	mkCo, where kC denotes
the Gaussian curvature of ðXo; goÞ, and the second term as 	co for some c > 0. ThusZ

C

	mkCo ¼ c

Z
C

o: ð4Þ
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The positive constant c is uniquely determined by the fact that 	mkDr
� c; i.e., c ¼ m

under our normalization. By the Gauss equation for submanifolds, for any x 2 X, we

have kCðxÞ ¼ RZ�ZZ �Z 	 jjsðxÞjj2 where Z 2 TxðCÞ is of unit length, S denotes the second
fundamental form of C in X, jj 
 jj denotes the norm induced by go. As remarked,

RZ�ZZ�Z 4 	 1, so that kC 4 	1. Plugging in (4) we see immediately thatZ
C

	mkCo5m

Z
C

o; ð5Þ

unless kC � 	1, and the second fundamental form s vanishes identically on C, i.e.,

unless C is a totally-geodesic holomorphic curve of type r. The proof of Theorem 1

is complete. &

Remarks. Theorem 1 for domains O of types I, II and III is a special case of
Eyssidieux [E1,Proposition 9.3.6], by a method involving variations of Hodge

structures and Gauss-Manin connections. Here the proof applies to all irreducible

domains O of characteristic codimension 1 by a uniform intersection-theoretic
method.

The following proposition shows that Theorem 1 is in a sense optimal.

PROPOSITION 2. Let O be an irreducible bounded symmetric domain of dimension

52 other than those listed in Proposition 1. Then, there exists a torsion-free discrete

subgroup G of biholomorphic automorphisms of O such that on the quotient manifold

X :¼ O=G, there is a nongeodesic compact smooth holomorphic curve C � X whose

tangent spaces are spanned by generic vectors.

Proof. When O is of rank 1, i.e., biholomorphic to the unit ball Bn in Cn, any

nonzero tangent vector is of rank 1 and, hence, generic. Thus, for n5 2 and for any
choice of G, any nongeodesic compact smooth holomorphic curve C � X :¼ O=G
gives an example as desired. For O of rank5 2 and of characteristic codimension
52, from the listing as given in (1.3) Proposition 1, we have the following possible
cases:

(1) O is of Type Im;n with m > n > 1;

(2) O is of Type IIn with n odd, n5 5;
(3) O is of Type V, pertaining to E6.

In Case (1), in standard notations O ¼ DIm;n, and there exists a totally-geodesic com-

plex subdomain D � DIm;n, such that D ffi Dn	1
� Bm	nþ1, m	 nþ 15 2, and such

that all nonzero vectors tangent to D are generic, i.e., of rank n. We may choose

the torsion-free discrete subgroup G � AutðOÞ to be such that each g 2 G fixes D
as a set, and that the restrictions gjD gives a discrete subgroup of the form
G1 � G2�
 
 
 � Gn	1 � Gn, where each Gi � AutðDÞ; 14 i4 n	 1; and Gn �

AutðBn	mþ1Þ are torsion-free cocompact discrete subgroups. We are in fact free to

choose Gi, 14 i4 n with the latter property. Choose now any Gn and let
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Co � Bn	mþ1=Gn be a nongeodesic compact smooth holomorphic curve. Choose now

G1 ¼ 
 
 
 ¼ Gn	1 such that D=G1 ¼ 
 
 
 ¼ D=Gn	1 ffi Co. Then, D=G ffi Cn	1
o �

Bn	mþ1=Gn contains a copy of C
n
o, whose diagonal C is an example of a nongeodesic

smooth compact holomorphic curve whose tangent space at each point is generated

by a generic vector.

In general, for an irreduible bounded symmetric domain O of rank r5 2, there
exists a (totally-geodesic) bounded symmetric subdomain D � O such that D ffi

Dr	1
� Bs, where s is the dimension of rank-1 boundary components of O (cf. [W]).

By the same proof as in [M1, Chapter 6, Proposition 4, p.105-6], s is the same as the

codimension q of Sr	1;o ¼ So in PToðOÞ. Thus the preceding argument yields exam-
ples of curves C � O=G with the desired properties whenever q ¼ s > 1. We note from

[W] that s ¼ 3 for Case (2); O ¼ DII2mþ1; while s ¼ 5 for Case (3), O ¼ DV. &

In the proof of Theorem 1, where ½S� ffi L	m � p�E‘, the precise values of the posi-

tive integers m and ‘ were unimportant. There we derived the curvature inequality

kC 4 	1 on Gauss curvatures and showed that it is sharp if and only if C is totally

geodesic and of type r ¼ rankðOÞ. We have formulated the proof to show that the
inequality, which is local, and its sharpness follow by duality from the existence of

totally-geodesic (rational) curves of degree r on the compact dualM of O. Nonethe-
less, it is interesting to note the following uniform description of ½S�, which involves
case-by-case checking.

PROPOSITION 3. Let O be an irreducible bounded symmetric domain of rank r5 2
and of characteristic codimension 1. Let G be a torsion-free discrete group of biholo-

morphic automorphisms O of X :¼ O=G: Assume furthermore, that the negative Her-

mitian holomorphic line bundle ðE; hoÞ on O, which is dual to ðOð1Þ; hcÞ on M, descends

to X ðwhich is always the case at the expense of passing to a subgroup of finite index

of GÞ. Let S � PTX be the highest characteristic bundle on X. Denote by L the tau-

tological line bundle on PTX. Then, the divisor line bundle ½S� on PTX is isomorphic to

the holomorphic line bundle L	r � p�E2.
Proof. From the proof of Theorem 1 and in the notations used there it remains to

prove that So � PToðOÞ is of degree m exactly equal to the rank r of O, and that
‘ ¼ 2. We use the complete listing of cases as given in Proposition 1. For Case (4),

So � PToðOÞ corresponds to the zero locus of a nondegenerate symmetric bilinear
form on ToðOÞ. It is, hence, of degree 2 equal to the rank of O ¼ DIVn ; n5 3. For
Cases (1), (2) and (3), identifying ToðOÞ as a vector space of n-by-n matrices as usual
So � PToðOÞ corresponds set-theoretically to the zero-locus of the determinant,
which gives an element of GðPToðOÞ;L	nÞ. For Case (1) consisting of Type-I

domains In;n, the determinant vanishes simply at a generic point of So, so that the

degree of So is precisely n, which is the same as the rank r. The same is true for Case

(3) consisting of Type-III domains DIIIn ; n5 3, of rank n, with ToðOÞ identified with
the vector space of symmetric n-by-n matrices. In the remaining Case (2) consisting

of Type-II domains DIIn ; n even, of rank n=2, with ToðOÞ identified with the vector
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space of skew-symmetric n-by-n matrices, the determinant vanishes to the second

order at a generic point of So. This can be seen by expressing the determinant of a

skew-symmetric n-by-n matrix, n even, as the square of the Pfaffian, which itself

vanishes simply at a generic point of So. Thus, the reduced subvariety So � PToðOÞ
is of degree n=2 ¼ rankðOÞ.
For Case (5), where O is the 27-dimensional exceptional bounded symmetric

domain DVI, of rank 3, by [Za, Theorem 4.8, p.90] the tangent space ToðOÞ and its
(higher) characteristic vectors admit an algebraic description, as follows. Let J be
the Jordan algebra of Hermitian ð3� 3Þ-matrices over the Cayley numbers O, of

complex dimension 3ðdimCOþ 1Þ ¼ 3ð8þ 1Þ ¼ 27. Then, ToðOÞ can be identified
with J in such a way that the second characteristic variety S2;o ¼ So � PToðOÞ is
precisely the cubic hypersurface corresponding to matrices A of rank 42, defined
by the cubic polynomial detðAÞ ¼ 0. Thus, m ¼ r ¼ 3 in this case. This completes

the proof that m ¼ r in all cases.

It remains to show that ‘ ¼ 2. ‘ can be determined using the compact dual ðM; gcÞ

by means of [(1.2), ð�0Þ], which results from the Poincaré–Lelong equation. Recall in

the notations there

	mc1ðL; ĝcÞjĈr
þ ‘c1ðp�Oð1Þ; p�hcÞjĈr

� 0: ð�0Þ

Integrating over Ĉr we have

mð2gðCrÞ 	 2Þ þ ‘ degðCrÞ ¼ 0: ð1Þ

Since Cr � X is a rational curve of degree r and we have established m ¼ r, it follows

from (1) that

	2rþ ‘r ¼ 0; i:e:; ‘ ¼ 2; ð2Þ

as desired. The proof of Proposition 3 is complete. &

(2.3) An immediate differential-geometric consequence of Theorem 1 is the following

optimal effective pinching theorem.

THEOREM 2. Let O be an irreducible bounded symmetric domain of rank r5 2 and
of characteristic codimension 1. Let G be a torsion-free discrete group of biholomorphic

automorphisms of O and write X :¼ O=G: Normalize the canonical Kähler metric on O
such that the Gaussian curvature of a totally-geodesic holomorphic disk of type r is

equal to –1. Let C � X be a compact smooth holomorphic curve such that for any

x 2 C, the Gaussian curvature KðxÞ satisfies the pinching condition

	 1þ
1

r	 1

� �
< KðxÞ 4	1ð Þ:

Then, C is a totally-geodesic holomorphic curve of maximal Gaussian curvature.
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The proof of Theorem 2, which we omit, is obtained by a curvature computation

analogous to the proof of [EM, (2.2), Theorem 2, p. 91].

Remarks. Under our normalization the Gaussian curvature of a totally-geodesic

holomorphic disk Dk of type k is 	ðr=kÞ. Since there exist torsion-free discrete sub-

groups G � AutðOÞ on which there are compact totally-geodesic holomorphic curves
of type r	 1, Theorem 2 is optimal. A simple example of such a G can be obtained
as follows. Let D � O be a totally-geodesic polydisk of maximal dimension, D ffi Dr.

We have an embedding i : PSUð1; 1Þr ¼ AutoðDÞ ,!AutoðOÞ. Let Go � PSUð1; 1Þ be

a torsion-free cocompact discrete subgroup and G ¼ iðGr
oÞ � AutoðOÞ. Then, writing

C ¼ D=Go, we have D=Gr
o ffi ðD=GoÞ

r
¼ Cr � X ¼ O=G and there exists on Cr, hence

on X, a compact totally-geodesic holomorphic curve of type k for any k, 14 k4 r.

3. Generic Finiteness of Holomorphic Mappings onto Compact Complex

Manifolds Carrying Continuous Complex Finsler Metrics of

Seminegative Curvature

(3.1) Let X be a projective manifold uniformized by an irreducible bounded symmet-

ric domain of rank 5 2. In [M1, 2] we prove that up to normalizing constants, the
canonical Kähler metric on X is the unique Hermitian metric of seminegative curva-

ture in the sense of Griffiths. From this metric rigidity theorem it follows that any

nontrivial holomorphic mapping f of X into a Hermitian manifold Z of seminegative

curvature in the sense of Griffiths is necessarily an isometric immersion totally-

geodesic with respect to the Hermitian connection on Z. One motivation to develop

intersection theory on PTX is to study holomorphic maps for target complex mani-

folds Z satisfying much weaker conditions of seminegativity. As a consequence of

Theorem 1 and [M1, 2], we establish the following result on holomorphic mappings

onto compact complex manifolds carrying continuous complex Finsler metrics of

seminegative curvature. Here a complex Finsler metric is equivalently a Hermitian

metric on the tautological line bundle of the projectivization PTX of the holo-

morphic tangent bundle TX. For a Hermitian line bundle ðL; hÞ where h is only

assumed to be continuous, we say that it is of seminegative curvature if and only

if for any local holomorphic basis e of L, hðe; eÞ is given by ej for some continuous

plurisubharmonic function j.

THEOREM 3. Let O be an irreducible bounded symmetric domain of rank r5 2 and
of characteristic codimension 1. Let G be a torsion-free cocompact discrete group of

biholomorphic automorphisms of O and write X :¼ O=G: Let Z be a complex manifold

carrying a continuous complex Finsler metric of seminegative curvature. Then, any

nonconstant holomorphic map f : X ! Z is necessarily an immersion at a generic point.

We note that for a bounded domain D on a Stein manifold, the Carathéodory

metric is a continuous complex Finsler metric of seminegative curvature. As a con-

sequence of Theorem 3, we have
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COROLLARY 1. Let O be an n-dimensional irreducible bounded symmetric domain

of rank r5 2 and of characteristic codimension 1. Let G be a torsion-free cocompact

discrete group of biholomorphic automorphisms of O and write X :¼ O=G: Let Z be a

compact complex manifold of dimension m < n carrying a continuous complex Finsler

metric of seminegative curvature. Then, there exists no nontrivial holomorphic mapping

from X into Z.

For the proof of Theorem 3 we will need the proof of Hermitian metric rigidity

of Mok [M1, 2]. There are two modifications. First of all, the complex Finsler

metric we have is assumed only to be continuous and of seminegative curvature

in the sense of currents. Secondly, in place of integrating over the first character-

istic bundle as we did in both [M1, 2] we need to consider instead the highest char-

acteristic bundle. For the adaptation it is more convenient to make use of the later

proof in [M2], where we employed Moore’s Ergodicity Theorem. For easy refer-

ence we state

MOORE’S ERGODICITY THEOREM (cf. Zimmer [Z, Thm.(2.2.6), p.19]). Let

G be a simple Lie group and G be a lattice on G, i.e., GnG is of finite volume in the left

invariant Haar measure. Suppose H � G is a closed subgroup. Consider the action of H

on GnG by multiplication on the right. Then, H acts ergodically if and only if H is

noncompact.

For the proof of Theorem 3 we establish first of all the following rigidity result

which is valid for an irreducible bounded symmetric domain O of rank 52 without
any assumption on the characteristic codimension.

PROPOSITION 3. Let O be an irreducible bounded symmetric domain of rank r5 2.
Let G be a torsion-free cocompact discrete group of biholomorphic automorphisms of

O, X :¼ O=G: Let Z be a complex manifold which admits a continuous complex Finsler

metric of seminegative curvature. Let f : X ! Z be a nonconstant holomorphic map-

ping. Then, for any x 2 X, and any nonzero tangent vector Z 2 TxðX Þ of rank < r,

we have dfðZÞ 6¼ 0.
Proof. We adapt the proof of [M2, p.113ff]. Consider first of all the case when O

is of rank 2. In this case the highest characteristic bundle S is the same as the
characteristic bundle used there. Denote by p : PTX ! X the canonical projection.

Fix a canonical Kähler metric g on X and write o for its Kähler form. Write ĝ for the
canonical Hermitian metric on the tautological line bundle L induced by g. The

closed (1,1)-form n ¼ 	c1ðL; ĝÞ þ p�o on PTX is strictly positive. Let p be

the complex dimension of So, q ¼ n	 1	 p the codimension of So in PToðOÞ; i:e:;q is
the characteristic codimension of O. For ½a� 2 So, let N ½a� � T½a�ðPTðX ÞÞ be the

kernel of 	c1ðL; ĝÞ½a�5 0 on T½a�ðPTðX ÞÞ. By [M1], N ½a� is of complex dimension q,

and N ½a� � T½a�ðSÞ, i.e., N ½a� ¼ Kerð	c1ðL; ĝÞ½a�jSÞ. Then, on the characteristic
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bundle S we haveZ
S
	c1ðL; hÞ ^ ð	c1ðL; ĝÞÞ

2n	2q	1
^ nq	1

¼

Z
S
ð	c1ðL; ĝÞÞ

2n	2q
^ nq	1 ¼ 0; ð1Þ

where for the continuous complex Finsler metric h of seminegative curvature,

	c1ðL; hÞ is understood to be the closed positive ð1; 1Þ current, which is 	1=2p times
the curvature current. Thus, 	c1ðL; hÞ has coefficients which are measures. The inte-

grand of the left-hand side of (1) is then a nonnegative measure, and Equation (1)

forces the identical vanishing

	c1ðL; hÞ ^ 	c1ðL; ĝÞð Þ
2n	2q	1

� 0 on S: ð2Þ

Since the sum of two nonnegative log-plurisubharmonic functions remain log-pluri-

subharmonic, ĝþ h is a continuous complex Finsler metric of seminegative curva-

ture, and (2) remains valid with h replaced by ĝþ h. Write now ĝþ h ¼ euĝ. Then,

c1ðL; ĝþ hÞ ¼ c1ðL; ĝÞ 	

ffiffiffiffiffiffiffi
	1

p

2p
@ �@u;

and (2) gives the identityffiffiffiffiffiffiffi
	1

p
@ �@u ^ ð	c1ðL; ĝÞÞ

2n	2q	1
� 0 on S; ð3Þ

as currents. Since u is almost plurisubharmonic, �@u is integrable, and coefficients of

@ �@u are measures. By local smoothing and partition of unity there exists a sequence

ðukÞ of smooth functions such that uk converges to u uniformly, duk converges to du

in L1 and @ �@uk converges to @ �@u as distributions of order 0 (i.e., their coefficients con-

verge as measures). Write on S

Tk ¼
ffiffiffiffiffiffiffi
	1

p
�@uk ^ ð	c1ðL; ĝÞÞ

2n	2q	1;

T ¼
ffiffiffiffiffiffiffi
	1

p
�@u ^ 	c1ðL; ĝÞð Þ

2n	2q	1:
ð4Þ

Then dTk converges to dT � 0 as distributions of order 0. Consider nowffiffiffiffiffiffiffi
	1

p
dðukTkÞ ¼

ffiffiffiffiffiffiffi
	1

p
duk ^ Tk þ

ffiffiffiffiffiffiffi
	1

p
uk dTk: ð5Þ

Integrating over S we conclude thatZ
S

ffiffiffiffiffiffiffi
	1

p
duk ^ Tk ^ nq	1 ¼

Z
S

ffiffiffiffiffiffiffi
	1

p
@uk ^ �@uk ^ 	c1ðL; ĝÞð Þ

2n	2q	1
^nq	1 ! 0:

ð6Þ

Consider now the Hermitian bilinear form B on smooth ð1; 0Þ-forms j on S given by

Bðj;cÞ ¼
Z
S

ffiffiffiffiffiffiffi
	1

p
j ^ �c ^ 	c1ðL; ĝÞð Þ

2n	2q	1
^nq	1: ð7Þ

B is positive semi-definite. Note that Bðj;cÞ can also be defined for j of class L1 and
c smooth. From (6) we have Bð@uk; @ukÞ ! 0. Fix any smooth ð1; 0Þ form c on S.
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By the Cauchy–Schwarz inequality Bð@uk;cÞ
24Bð@uk; @ukÞBðc;cÞ. By (6) Bð@uk;

@ukÞ ! 0 as k ! 1. It follows that Bð@uk;cÞ ! 0 as k ! 1. Since @uk ! @u as dis-

tributions we have Bð@u;cÞ ¼ 0 for any smooth c.
For each ½a� 2 S, recall that N ½a� � T½a�ðSÞ. Since 	c1ðL; ĝÞ5 0 and, hence, its

restriction 	c1ðL; ĝÞjS 5 0 is closed, the assignment ½a� 7!ReN ½a� defines a smooth

integrable distribution on S of real rank 2q whose integral leaves are q-dimensional
complex submanifolds. The fact that Bð@u;cÞ ¼ 0 for any smooth c means that @u,
regarded as an L1 section of HomðTðX Þ;CÞ, vanishes almost everywhere on the sub-

bundle N . It follows that the continuous function u is constant on almost every local
leaf and, hence, on every leaf of N .
The leaves of N can be described as follows. For any ½Z� 2 PToðOÞ let

NZ ¼ fz 2 ToðOÞ ¼ RZ�Zz�z ¼ 0g be the null-space of Z. For any ½a� 2 So we have

dimCNa ¼ q. Let D � O be the unique minimal disk passing through o such that

ToðDÞ ¼ Ca. Then, there exists a unique totally-geodesic bounded symmetric domain
Oo passing through o such that ToðOoÞ ¼ Na. Moreover, CaþNa is tangent to a

unique totally-geodesic ðqþ 1Þ-dimensional subdomain which can be identified with

D� Oo. Identify fog � Oo with Oo. For every z 2 Oo write ½aðzÞ� :¼ PTzðD� fzgÞ

2 SzðOÞ. As z runs over Oo, this defines a lifting of Oo to a complex submanifold

F � SðOÞ which is precisely the leaf of the lifting of N to SðOÞ passing through
½a�. Note that Go acts transitively on S. Let H � Go be the closed subgroup which

fixes Oo as a set. The leaf space of the foliation N on S can be identified as the homo-
geneous space Go=H.

Recall that the continuous function u is constant on every leaf of N on S. Note
that SðOÞ � PTðOÞ is homogeneous under the action of Go ¼ AutoðOÞ. Write
SðOÞ ¼ Go=K½a� for K½a� � K the isotropy subgroup of any ½a� 2 So. Then,

S ¼ GnGo=K½a�. Lift u to a continuous function û on GnGo. Then, û is invariant under

multiplication on the right by elements of H, which is noncompact. By Moore’s

Ergodicity Theorem, û is constant on GnGo, hence u is constant on S. Let now y
be a continuous complex Finsler metric on Z of seminegative curvature, and h be

f �y. h is possibly degenerate but the preceding discussion still applies to

ĝþ h ¼ euĝ. Now uð½a�Þ ¼ 1 if and only if hð½a�Þ ¼ 0, i.e., dfðaÞ ¼ 0. Since u is con-
stant on S, dfðaoÞ ¼ 0 for some ½ao� 2 S implies dfðaÞ ¼ 0 for any ½a� 2 S. As
Sx � PTxðX Þ is linearly nondegenerate at every point x 2 X, we conclude that

df � 0, i.e., f is a constant mapping, contradicting the hypothesis. This proves

Proposition 3 for the case of rank 2.

We now adapt the proof to the case of rank r > 2. Let now S ¼ Sr	1 be the highest

characteristic bundle. We use the same integral formula as (1), with q denoting

the characteristic codimension of O. For r > 2, Sx � PTxðX Þ is singular and the inte-

gration is performed over the smooth part RegðSÞ of S. The formula (1) concerns
integrals of restrictions of smooth forms on PTðX Þ, and Stokes’ Theorem can be jus-

tified by passing to a desingularization r : Ŝ ! S � PTðX Þ and pulling back smooth

differential forms on PTðX Þ. For ½g� 2 So there is a unique totally-geodesic ðr	 1Þ-

dimensional polydisk D � O passing through o such that g 2 ToðDÞ. Note that
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dimCNg ¼ q. Then, ToðDÞ þNg is tangent to a unique bounded symmetric sub-

domain which can be identified with D� Oo for some q-dimensional bounded sym-

metric subdomain Oo � O such that ToðOoÞ ¼ Ng. For the distribution N on RegðSÞ
given by N ½g� ¼ Kerðc1ðL; ĝÞ½g�jSÞ, its leaves F are similarly described as before in
terms of Oo.

The same argument as in the case of rank 2 shows that for u defined by

ĝþ f �y ¼ euĝ, u is constant on the Go-orbit of any ½g� 2 RegðSÞ. We note however,
that for r > 2;RegðSÞ is not homogeneous under the action of Go.

Suppose now dfðgÞ ¼ 0 for some ½g� 2 S. Lift f : X ! Z to ~f : O ! Z. The set

D :¼ Ker½d ~f � \Reg SðOÞð Þ is complex-analytic. On the other hand, it corresponds to

the subset of Reg SðOÞð Þ on which the lifting û of u takes the value 1. The complex-

analytic subvariety D � Reg SðOÞð Þ is therefore, nonempty and Go-invariant. Its fiber

over each z 2 O must therefore be invariant under the complexification KC
z of the

isotropy subgroup Kz � Go at z. Since K
C
z acts transitively on RegðSzðOÞÞ we con-

clude that D ¼ RegðSðOÞÞ, so that again ~f and, hence, f : X ! Z is a constant map-

ping, contradicting with the hypothesis. The proof of Proposition 3 is complete. &

We are now ready to apply Proposition 3 to the special case of characteristic co-

dimension 1.

Proof of Theorem 3. Let now X ¼ O=G where O is of characteristic codimension 1
with G torsion-free and cocompact, and f : X ! Z be a nonconstant holomorphic

mapping into a complex manifold Z equipped with a continuous complex Finsler

metric y of seminegative curvature (in the generalized sense). Suppose f : X ! Z is of

maximal rank < dimCX. Then, for a generic point y of fðX Þ :¼ Y, the fiber f 	1ðyÞ

is a smooth p-dimensional manifold for some p5 1, p ¼ dimCX	 dimCY. By

Proposition 3, dfðgÞ 6¼ 0 for any nonzero tangent vector g, ½g� 2 S. For x 2 X, let F x

be the fiber f	1ð fðxÞÞ. For x 2 X generic, PTxðF
xÞ ffi Pp	1 must be disjoint from

Sx � PTx. Since Sx � PTxðX Þ is a hypersurface, we must have p ¼ 1, so that each

irreducible component F x
k of F

x must lift tautologically to F̂x
k � PTðX Þ such that

F̂ x
k \ S ¼ ;. By Theorem 1, F x

k � X is a compact totally-geodesic holomorphic curve

of type r. For such a compact holomorphic curve the normal bundle NFx
k
jX is strictly

negative. Varying x we obtain positive-dimensional holomorphic families of such

compact holomorphic curves. On the other hand, since NFx
k
jX is strictly negative,

F x
k � X is an exceptional curve, and must be the unique compact holomorphic curve

on some tubular neighborhood U of F x
k in X, a plain contradiction. This means that

f : X ! Z must be of maximal rank ¼ dimC X at some point, i.e., f is a holomorphic

immersion at a generic point, as desired. &

4. Characterization of Certain Totally-Geodesic Submanifolds of Bounded

Symmetric Domains Dual to the Hyperquadric in Terms of Quadric Structures

(4.1) For the bounded symmetric domains O of Type IVn, n5 3, dual to hyperquad-
rics, there is on O an invariant quadric structure, i.e., an invariant holomorphic
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nondegenerate symmetric 2-tensor with twisted coefficients. Theorem 1 in the special

case of Type-IV domains says that compact totally-geodesic holomorphic curves of

maximal Gaussian curvature on quotients of O are characterized by the nondegene-
racy of the restriction of the canonical quadric structure. This leads naturally to the

question of characterizing higher-dimensional totally-geodesic complex submani-

folds in terms of restrictions of the quadric structure. We answer this in the affirma-

tive, using for higher-dimensional submanifolds results from Hermitian metric

rigidity of [M1, 2] and from the characterization of compact Kähler–Einstein mani-

folds with G-structures modeled on irreducible bounded symmetric domains of rank

5 2 by Kobayashi and Ochiai [KO]. We prove

THEOREM 4. Let DIVn ; n5 3, be the irreducible bounded symmetric domain dual to

the hyperquadric Qn; n5 3. Let G be a torsion-free discrete group of biholomorphic

automorphisms of DIVn and write X :¼ DIVn =G: Let S � X be a compact complex sub-

manifold of any dimension d, 14 d < n, such that for any x 2 C, the restriction of the

canonical quadric structure on DIVn is nondegenerate. Then, S is totally geodesic in X.

Proof. For the canonical quadric structure Q on X, and for any nonzero vector

Z 2 TxðX Þ, x 2 X, QðZ; ZÞ ¼ 0 if and only if ½Z� 2 Sx. Hence, for S � X of dimension

d ¼ 1, QjS is nondegenerate if and only if Ŝ \ S ¼ f, so that S � X is a totally-

geodesic holomorphic curve of type 2, by Theorem 1. For d5 2 we will make use of
Kähler–Einstein metrics and quadric structures. Any complex submanifold S � X

has ample canonical bundle, so that there must exist a Kähler–Einstein metric h of

negative Ricci curvature, by Aubin [A] and Yau [Y]. Consider first the case d5 3,
in which DIVd is irreducible. By [KO], the quadric structure QjS on the Kähler–

Einstein manifold ðS; hÞ must be integrable, so that S is uniformized by DIVd . Write

S ffi DIVd =Go for some torsion-free cocompact discrete subgroup Go � AutðD
IV
d Þ. By

the Hermitian metric rigidity theorem of Mok [M1, 2], the holomorphic embedding

S ¼ DIVd =Go ,!X ¼ DIVn=G must be totally-geodesic, i.e., S � X is a totally-geodesic

holomorphic cycle, as desired. &

Consider finally the case d ¼ 2. Note that DIV2 is isomorphic to the bidisk. The

assumption that QjS is nondegenerate means that for any x 2 S, PTxðSÞ \ Sx con-

sists of two distinct simple points. It follows that TðSÞ ¼ L1 � L2 is the direct sum

of two holomorphic line bundles L1 and L2. Since the Hermitian holomorphic vector

bundle ðTðSÞ; hÞ is Hermitian–Einstein, the holomorphic direct sum L1 � L2 must

also be an isometric direct sum of Hermitian holomorphic line bundles such that

the direct summands L1;L2 � TðSÞ are parallel holomorphic subbundles (cf. Siu

[Si, proof of Proposition (1.6), pp.19–20]). This gives a local de Rham decomposition

of S as a product of two Riemann surfaces of constant negative Gaussian curvature,

implying that S is uniformized by the bidisk D2. Thus, S ffi D2=Go for some torsion-

free cocompact discrete subgroup Go � AutðD
2
Þ.

It remains to show that the holomorphic embedding f : D2=Go ,!DIVn =G ¼ X;

fðD2=GoÞ ¼ S, must be totally geodesic. Lift f : D2=Go ! X to F : D2 ! DIVn and

use Euclidean coordinates ðz;wÞ for D2 ¼ D� D. Denote by g the canonical
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Kähler–Einstein metric on DIVn . From integral formulas as in the proof of Proposi-

tion 3 we have R
~S
mmZZ ¼ 0 for mp ¼ dFpð@=@zÞ, Zp ¼ dFpð@=@wÞ at a point p 2 D2, where

R
~S denote the curvature tensor of ð ~S; gj ~SÞ. Write C :¼ FðD� f p2gÞ for any p2 2 D.
Then, ZjC is a nowhere zero holomorphic section of TðDIVn Þ over C. From

R
~S
mmZZ � 0 it follows that the holomorphic line subbundle L spanned by Z is parallel
on C. To proceed we prove

LEMMA 1. Let C � DIVn be a (local) holomorphic curve such that TpðCÞ is spanned

by a characteristic vector at any p 2 C. Suppose there exists on C a parallel holo-

morphic line subbundle L spanned at each point p 2 C by a characteristic vector Zp
normal to C. Then, C is an open subset of a minimal disk.

Proof. Parametrize C locally as the image of a holomorphic curve

f : D ! DIVn ; fðoÞ ¼ o; f 0ðzÞ ¼ mfðzÞ 2 TfðzÞðCÞ. Let V be the holomorphic vector bundle

on C such that TðCÞ � V � TðDIVn ÞjC and such that Vp=TpðCÞ ¼ T½mp�ðSpÞ for any

p 2 C, TpðCÞ ¼ Cmp. Denote by S0
p � TpðD

IV
n Þ the set of all nonzero vectors whose

projectivization lie in Sp. (We call S0
p the cone over Sp.) Then Tmp ðS

0
pÞ ¼ Vp. Vp is the

orthogonal complement of Lp ¼ CZp. Since L is parallel, V is a parallel holomorphic
subbundle of TðDIVn ÞjC. To show that C � DIVn is totally geodesic it suffices to show

that Hmm is proportional to m at every point p 2 C. For the computation we may take

p to be the origin o in DIVn , in its standard Harish-Chandra realization as a bounded

symmetric domain in Cn. At o 2 DIVn the Euclidean coordinates are normal geodesic

coordinates and we have HmxðoÞ ¼ @mxðoÞ for any smooth section x of V over C.
The fact that V is parallel over C means that

@mxðoÞ 2 Vo for any choice of x: ð�Þ

On the other hand, in terms of Harish-Chandra coordinates, the characteristic bun-

dle SðDIVn Þ agrees with the constant bundle So �DIVn , the statement ð�Þ amounts to

saying that, writing s for the second fundamental form of ~So as a submanifold of

the Euclidean space TpðD
IV
n Þ, we have

smo ð f
00ðoÞ; xoÞ ¼ 0 for all xo 2 Vo: ð�0Þ

Denote by �s the projective second fundamental form of So � PToðD
IV
n Þ. Then, by the

finiteness of the Gauss map on (the homogeneous and nonlinear projective subma-

nifold) So, the kernel of the �s½mo� is trivial. Equivalently, this means that the kernel of
smo agrees with Cmo. From ð�0Þ it follows that f 00ðoÞ is proportional to mo. But
f 00ðoÞ ¼ HmmðoÞ, implying that C is tangent at o to a minimal disk to the second order.
As a consequence, C is totally geodesic and, hence, itself an open subset of a minimal

disk, as desired. &

We are now ready to complete the proof of Theorem 4.

Proof of Theorem 4 ðContinuedÞ. For the remaining case where d ¼ 2 we know

now that S ffi D2=Go, and the embedding f : S ! X lifts to F : D2 ! DIVn , such that
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the factors D� fp2g and similarly fp1g � D are embedded under F onto minimal disks
in DIVn . Let now t be the second fundamental form of S ¼ FðD2Þ in DIVn . Recall that
mp ¼ dFpð@=@zÞ; Zp ¼ dFpð@=@wÞ. From Rm �mZ�Z � 0 we have tmZ � 0. Since FðD� fp2gÞ

and Fðfp1g � DÞ are minimal disks, which are totally geodesic, we have tmm; tZZ � 0.
Thus, the second fundamental form t � 0, and ~S � DIVn is a complex two-dimen-

sional totally-geodesic submanifold of rank 2, i.e., a totally-geodesic bidisk. As a

consequence, S ¼ fðD2=GoÞ is totally geodesic, as desired. The proof of Theorem 4 is

complete. &

(4.2) The algebro-geometric characterization of certain totally-geodesic complex sub-

manifolds of X ¼ DIVn =G, n5 3, as given in Theorem 4, leads to a differential-
geometric pinching theorem in analogy with Theorem 2 in (2.3). We have

THEOREM 5. Let DIVn , n5 3, be the irreducible bounded symmetric domain dual to

the hyperquadric Qn, n5 3. Let G be a torsion-free cocompact discrete group of

biholomorphic automorphisms of DIVn and write X ¼ DIVn =G. Normalize the canonical

Kähler metric on DIVn so that the Gaussian curvature of a totally-geodesic holomorphic

disk of type 2 ¼ rank ðDIVn ÞÞ is equal to 	1. Let S � X be a compact complex sub-

manifold of any dimension d, 14 d < n, such that for any x 2 C, the scalar curvature

KðxÞ satisfies the pinching condition

	ðd 2 þ 1Þ < KðxÞ ð4	d 2Þ:
Then, S � X is totally geodesic.

Proof. In terms of the standard realization of DIVn as a bounded domain, given by

(even for n ¼ 1; 2)

DIVn ¼ ðz1; . . . ; znÞ 2 Cn : kzk2 < 2 and kzk2 < 1þ
1

2

X
i

z2i

�����
�����
2( )

:

The curvature tensor of the normalized canonical Kähler metric go is given by

Ri�jk �‘ð0Þ ¼ 	 dijdk‘ þ di‘djk 	 dikdj‘
	 


ð1Þ

(cf. [M2, pp. 86ff.]). Let x ¼
P

xi @=@zi and Z ¼
P

Zi @=@zi be tangent vectors of type
ð1; 0Þ at o 2 DIVn . Then

Rx�xZ�Z ¼ 	
X
i

xi �Zi
�����

�����
2

þ
X
i;j

xi
�� ��2 Zj�� ��2	 X

i

xiZi
�����

�����
2 !

: ð2Þ

Write Q for the symmetric complex bilinear form on ToðD
IV
n Þ given by Qðx; ZÞ ¼P

xiZi. Up to a conformal factor Q is the canonical quadric structure at o. Write
h
; 
i for the Hermitian inner product of DIVn ; go

� �
at o and k 
 k for the corresponding

norm. Then,

Rx�xZ�Z ¼ 	kxk2kZk2 	 jhx; Zij2 þ jQðx; ZÞj2: ð3Þ
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Write Yi�jk �‘ ¼ 	ðdijdk‘ þ di‘djkÞ. Then, Y agrees with the curvature tensor of the
n-dimensional complex hyperbolic space form of constant holomorphic sectional

curvature 	2 with the metric tensor gi�j ¼ dij at the point of reference. Writing

Rx�xZ�Z ¼ Yx�xZ �Z þ Qðx; ZÞ
�� ��2; ð4Þ

for a local d-dimensional complex submanifold S0 passing through o, by the Gauss

equation the scalar curvature KðoÞ satisfies

KðoÞ4	 dðdþ 1Þ þ
Xd
i¼1

Qðei; ejÞ
�� ��2; ð5Þ

where feig is any orthonormal basis of ToðS
0Þ. The complex bilinear form

Q0 ¼ QjToðS0Þ can be diagonalized by a unitary matrix (cf. [M2, (2.3), Lemma 1,

p. 70]). Thus, we may assume Q0
P

xiei;
P

xiei
� �

¼
P

liðx
i
Þ
2 where li are nonnega-

tive real numbers, 04li 4 1. When S0 corresponds to DIVd � DIVn , l1 ¼ 
 
 
 ¼

ld ¼ 1. S0 is totally geodesic and the scalar curvature KðoÞ ¼ 	d2. From (6) we have

in general

KðoÞ4	dðdþ 1Þ þ
Xd
i¼1

l2i 4	d 2: ð6Þ

If lk ¼ 0 for some k, 14 k4 d, we have KðoÞ4	 ðd2 þ 1Þ since 04li 4 1 for all i,
14 i4 d. The assumption KðxÞ > 	ðd2 þ 1Þ in Theorem 5 therefore, forces li 6¼ 0
for 14 i4 d, i.e., the restriction of the canonical quadric structure to S � X is every-

where nondegenerate. By Theorem 4, S � X is a totally-geodesic complex submani-

fold of scalar curvature 	d2, i.e., of maximal scalar curvature, as desired. &

Remarks. Unlike Theorem 2, for d5 2 Theorem 5 is not known to be optimal.
We note however that for d < n=2, DIVn contains a totally-geodesic complex sub-

manifold S0 ffi Bd, of rank 1. For suitably chosen G � AutðDIVn Þ there exists a totally-

geodesic d-dimensional submanifold S0 uniformized by S0 such that the restriction of

the canonical quadric structure to S is totally degenerate. It is of scalar curvature

	ðd 2 þ dÞ while any S in Theorems 4 and 5 is of scalar curvature 	d 2. For

1 < d < n=2 the optimal lower bound of KðxÞ may be 	ðd 2 þ dÞ, but our proof only

shows that under the assumption 	ðd 2 þ d Þ < K everywhere on S, the restriction of

the canonical quadric structure to S is nowhere totally degenerate.

(4.3) For O a bounded symmetric domain and D � O a (totally geodesic) bounded
symmetric subdomain, in [EM] we say that ðO;DÞ exhibits the gap phenomenon

if any almost geodesic (in some precise sense) compact complex submanifold S on

some quotient manifold X of O modeled on D must necessarily be totally geodesic.

The simplest example of the gap phenomenon is given by O ¼ O0 � 
 
 
 � O0, and
D � O the diagonal, and the proof as given in [EM] resulted from the uniqueness
of Kähler–Einstein metrics. Using variations of Hodge structures, Eyssidieux [E1]

and [E2] proved the gap phenomenon for many examples of ðO;DÞ in which D is
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irreducible and D � O is a 1-hyperrigid subdomain in the sense of [E1]. Theorem 4
implies the gap phenomenon for the pair ðDIVn ;DIVd Þ, in a more precise way as formu-

lated in Theorem 5. Theorem 4, including the case of d ¼ 1, appears to go beyond the

method of variations of Hodge structures. For d > 1 it brings back the role of

Kähler–Einstein metrics, as the proof relies essentially on the existence of Kähler–

Einstein metrics on compact Kähler manifolds with ample canonical line bundle.
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