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HARDY SPACES ESTIMATES FOR MULTILINEAR
OPERATORS WITH HOMOGENEOUS KERNELS

YONG DING anpD SHANZHEN LU

Abstract. In this paper the authors prove that a class of multilinear op-
erators formed by the singular integral or fractional integral operators with
homogeneous kernels are bounded operators from the product spaces LP' X
LP? x .-+ x LPK(R"™) to the Hardy spaces H?(R™) and the weak Hardy space
H?°°(R"™), where the kernel functions Q;; satisfy only the L°-Dini conditions.
As an application of this result, we obtain the (L?, L?) boundedness for a class
of commutator of the fractional integral with homogeneous kernels and BMO
function.

§1. Introduction and statements of results

It is known that the Jacobin determinant J(f,g) of the functions pair
(f,g) is defined by J(f,g) = %% - %%. Lions and Meyer proved
that J is bounded from the product space L? x L? of the Sobolev spaces
to the Hardy space H'(R"). Because of its importance in the harmonic
analysis and partial differential equations, it has been studied by some
authors in recent years. In 1992, Coifman and Grafakos extended the above
result to give the mapping properties on the Hardy space for a class of the
multilinear operator formed by the Calderén-Zygmund singular integrals
[CG], [G]. Recently, Miyachi [Mi] studied the similar mapping properties
for a class of the multilinear operator formed by the Calderén-Zygmund
singular integrals and the Riesz potential operators. This is an extension of
Coifman-Grafakos’s results. In [DL4], we also obtained the same conclusion
as in [G] but under a weaker condition.

In this paper, we will use the LP boundedness of the singular integral
with rough kernel and the (L?, L?) boundedness of rough fractional integral
operator to prove that the multilinear operator formed by the products
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of the singular integral or fractional integral operators with homogeneous
kernels are bounded from the product space LP' x LP2 x ... x LPK(R")
into the Hardy spaces H4(R™) and the weak Hardy space H%*°(R"). In our
results, we need only that the kernel function €2 to satisfy L®-Dini condition,
which is weaker than the smoothness condition assumed in [CG], [G] and
[Mi], respectively.

Now let us give some definitions. Suppose that S™~! is the unit sphere
of R™ (n > 2) equipped with normalized Lebesgue measure do(z’) and Q €
L1(S8™1) is homogeneous of degree zero on R™. Then the singular integral
and fractional integral operators with homogeneous kernel are respectively

defined by

(1.1) Tof(e) =po. | P ) dy
and

(12) Toaf(@) = [ T f(0)dy

where 0 < o < n. Obviously, when € = 1 the operator Tq , is just the
Riesz potential operator. See [CWW], [MW], [DL1]-[DL3] and [D] for the
boundedness of Tq , on the various spaces (or weighted spaces).

We say that €2 satisfies the L*-Dini condition (s > 1) if © is homoge-
neous of degree zero on R" with Q € L¥(S"!) and

1
/%@@<w
0 )

where w4(0) denotes the integral modulus of continuity of order s of 2
defined by

0 ||i1||155</5n-1 [€2(pz") = QaI° da(w’)>1/s

and p is a rotation on S~ with ||p| = sup,cgn-1 |pz’ — 2'].

Throughout this article, N and K will denote fixed integers satisfying
K,N > 2. It is said that r is the harmonic mean of py,po,...,px > 1 if
1/r =1/p1+1/pe+---+1/pK. Moreover, fori =1,2,...,N;j7=1,2,... | K,

(i) 0 <y <n/pjand a := Zf:laij >0 ((i=12,...,N);
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(ii) €;; satisfies L*9-Dini condition with s;; > 1.
(111) If Q5 = 0, then

(13) /S () do(a’) =0

Now we define the K-linear operator by
_ N
Lﬂ,a(f)(x) = Z[Tﬂihan fi (x)”TQz'QvaiQfQ(x)] T [TQiKvainK(x)L
i=1
where f = (f1, fo,-.., fx) and T, a,, defined in (1.2). When a;; = 0,
T0,;,a;; becomes indeed into the singular integral operator Tq,; defined in
(1.1). In this case, we need €2;; to satisfy (1.3).
Let us now formulate our main result as follows. In Theorem 1, the
multilinear operator Lq, is formed by the fractional integral operators

T,;,a;; Or the singular integral operators Tg,;.

i
THEOREM 1. Suppose that r is the harmonic mean of p1,p2,...,PKx >
1. Fori=1,2,...,N and j = 1,2,..., K, a;; > 0 satisfy (i) and Q;;
satisfies (ii) with s;; > p;- and (iii), respectively. Moreover, 0 < a < mn — 1
and 1/q = 1/r —a/n. If the harmonic mean of any proper subset of the set
{p1,p2,...,pK} is greater than one and for all fe (CK,

(1.4) [ Loafi@)ds =0 for 5] <m,

where m satisfies 0 < m < n —1— «a. Then we have the following conclu-

sions:
(a) When otqrs <71 < 45 (equivalently - < ¢ < 1), Lo can
be extended into a bounded mapping from LP* x LP2 x - x LPK to HY.

(b) When r = g (equivalently ¢ = =), La,a can be extended

into a bounded mapping from LP* x P2 x ... x LPK to H™®.

n

Remark 1. If « = m = 0, then the Theorem 1 is just the main conclu-
sion obtained in [DL4]. Thus Theorem 1 generalized the main theorem in
[DL4] in two ways, i.e., @« > 0 and m > 0.

As a direct application of Theorem 1, we prove that the commutator
T, formed by the homogeneous fractional integral operator T , Gand
a function b(x) in BMO is bounded from LP(R™) to LY(R™). This is an
extension of Chanillo’s famous result on commutator of the Riesz potential
operator [Chal.
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THEOREM 2. Suppose that 0 < o <n—1,1 <p < n/a and 1/q =
1/p—a/n. If Qe L5(S" 1Y) (s > max{p/,q}) satisfying L*-Dini condition,
then there is a constant C' > 0, independent of f, such that

1Te.0.6(llg < ClibllBMoll flp,

where the commutator T qp is defined by T op(f)(x) = b(x)Toof(r) —
Ta,a(bf)(x).

82. Some elementary results and lemmas

In this section let us recall some known results and give some lemmas
which will be used in the proofs of our theorems.

THEOREM A. ([DL3]) Suppose that 0 < o < n, 1 < p < n/a and
1/g=1/p—a/n. If Q€ L5(S"1) (s > n/(n—a)) to be homogeneous of
degree zero on R", then Tq o is bounded operator from LP(R™) to L9(R"™).

THEOREM B. ([CZ], [Che]) Let Q € L5(S™ 1) (s > 1) to be homoge-
neous of degree zero on R™ and satisfy (1.3). Then for 1 < p < oo there
exists a C' > 0, independent of f, such that

ITaflly < Clflly  and [Taflly < Cllfllp,

where T¢, denotes the maximal operator of Tq defined by

[ )|

T f(z) = sup
z—y|>e ‘l’ - y‘n

e>0

LEMMA 1. ([KW]) Suppose that Q satisfies the L*-Dini condition (s >
1). If there is a constant ag with 0 < ag < 1/2 such that |z| < apR, then

s 1/s
() )
R<|y|<2R

Cominfl [ gy
R Jiz|/2r<5<|2/R 0

where the constant C' is independent of R and x.

Qy—z) Qy)
ly—a™ [y
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LEMMA 2. Suppose that Q) satisfies the L®-Dini condition for s > 1.
Then there is a C' > 0, i ndependent of f, such that for any xyp € R™, ¢t >0
and any x with |x — xo| < t,

/Iy—a,-ont(Q(a: —y) Qo — y)>f(y) dy‘ < C[M(f1¥) (o)] 1

|z —y[™  |zo —y[”

where M denotes the Hardy-Littlewood maximal operator defined by

M (z) = sup — F(v)] dy.

r>0 7" lz—y|<r

In fact, by Holder’s inequality and Lemma 1 we have

o~ e 10

<i</ Oz —y)  Qz0—y)
N (o1 \J2it<|y—ao|<2t 1t

|z —y|™  |zo —y[”

s 1/s
dy)
) 1/s
()
ly—z0| <2+t
S 1 |z—ax0|/27t ds 1 , 1/s'
oS [ ) (e [ o)
;(23 lz—wol /271t ()5 (27 *te)n \yfxo\<2j+1t’ )]

’ 1 , s
< P a)] " (14 [ @) < O o] .

LEMMA 3. ([DL3]) Suppose that 0 < oo < n and §Q satisfies the L*-Dini
condition with s > 1. If there is a constant ay with 0 < ag < 1/2 such that

|z| < apR, then
s 1/s
dy)
lz]

(/R<y|<2R
R /x/2R<5<|x|/R 0

< CRn/s—(n—a){

Qy—z)  Ay)
ly —z|nme Jy[nme

where the constant C' > 0 is independent of R and x.
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LEMMA 4. Suppose that 0 < o < n and Q) satisfies the L*-Dini con-
dition with s > 1. Then there is a C' > 0, independent of f, such that for
any o € R", t > 0 and any x with |x — xo| < t,

/|y x0|>2t( Q(x—g) B Q(xo—g) >f( )dy‘ < C[May (1 )(0)]

|z —y["me g —y[ve

where My denotes the fractional maximal operator defined by

1

Mf(e) =swp s [ Jf@ldy foro<r<n.
r>0 T |lz—y|<r

By Lemma 3 and using the same method in proving Lemma 2, we may
get Lemma 4.

LEMMA 5. Suppose that 0 < o < n, 1 <p <n/a and 1/r = 1/p —
a/n. If 1 <s <p, then

[ Mo (LF1Y O] < ClE L

In fact, this is a direct result of the (L?, L") boundedness the fractional
maximal operator M) (see [T], for example).

§3. Proof of Theorem 1

First let us consider the case of o;; > 0 for all 4, j. In the proof of The-
orem 1 we use some idea from [G]. Take ¢ € C5°(R"™) such that supp(¢) C
{z € R" : 2| < 1}. For x,z9 € R" we define ¢y, (z) = m=¢(252). By
the maximal function characterization of the Hardy spaces and weak Hardy
spaces (see [S] and [FS], or [Lu]), we need to verify that

sup
>0

/(bt x) Lo o f)(:n)dx S

LY(R™), forn/(n+m+1)<qg<1
L2>®°(R™), for g=n/(n+m+1).

Fix a smooth cut-off n(z) such that n(z ) > 0 and n(z) = 1 on |z| < 2,
n(z) = 0 on [z| > 4. Let no(z) = n(*5*) and m(z) = 1 —no(z). By
expanding the following equality

Looa(mofis---snofr) = Laa(fi —mfi,- - fx — M fK),
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— —

and solving out Lo (f), we may get Lo o(f)(z) = Lo+ L1 +--- + Lk,
where

Lo = Loo(nofi,m0f2, - n0fK)
K

Ll :ZLQ,O((f17°“)Ulfjw”va)
=1

Ly = — Z LQ,Oé(flv"'7771fj17"'7771fj27"->fK)
1< <jeo<K

Ll:(_l)l+l Z LQ,a(flv"'7771fj17"'7771fj27"'7771fj17“'7fK)
1<j1<ge<-+<ii<K

Lig = (=) Laa(mfi,mfa, .. omfx)

To prove (3.1), it suffices to show for 0 <1 < K

32)  supl [ o @) Li(o) do

e LYR"), ifn/(n+m+1)<qg<l,

and
K

33) |{aocR": sup\/a/)m(x)Ll(x) o > )\}‘ STTusle,
=

t>0 —

ifg=n/(n+m+1),

where C > 0 is independent of A and f
Let us begin by giving the estimate for the term L;. Note that

|L1 Z<Z |T91170411f1 | T |:|Tﬂij7aij (nlfj)(x) - Tﬂij,aij (nlfj)(x0)|

o (0] T (0]
and by Lemmas 3 and 4 if |z — zo| < ¢, Q € L¥(5"1) then
(3.4)
Qxg —y
sup Toa(m o) sup [ D) dy < T (S1)e0),

t>0 J|zo—y|>2t |z —

jgg!Tn,a(mf)() To,a(m f)(@o)| < C[Mag (| f*) (o).
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Thus we get
(3.5)
/¢t x0 Ll dl'

1i=1 %> 1<j<K
o

% (1T 1) (@) = T (0 J2)0) | + [T (1 i) (20)1 )

scfi( [T (Tobil ) (oo

=1 i=1 M<j<K
J#l

x <[M0‘i1521(|fl|s;l)(x0)]l/sgl + ﬂﬂil|vail(fl)(xo)>7

where we denote the Hardy-Littlewood maximal function of g at z¢ by
g*(xo). Let 1/riy; = 1/p;j — ayj/n for 1 < j < K. If taking 1/0y =
> 1<j<k 1/rj, then we have 1/q¢ = 1/0; + 1/r;;. Since the harmonic mean
j#1
of alg proper subset of the p;»s is greater than one, we have
/oy = Z (1/pj — ayj/n) < Z 1/pj < 1.
1<j<K 1<j<K
Gl J#

Thus by Holder’s inequality, Theorem A and the LP-boundedness of the
Hardy-Littlewood maximal function and Lemma 5 (note that s}, < p;), the
L% norm in z of the last term in (3.5) is bounded by

sup
>0

CZZH sty (LFFD Y+ T (AD ),

il

=1 i=1
X ( H |TQZJ NeZy) f] |)
1<<K il
T
K N
< O 3 (MM A+ [ T (LD
=1 i=1

H Tﬂijvail (fj)

1<j<K
7

il
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K N
<OY Y Ml TT 1Ty 00 (i)l
=1 i=1

1<j<K
il
K K
< Wil TT 150, < CTL 150,
=1 1<j<K i=1
J#l
Hence
K
(36) sup| [ 6u )@@ da] | < CTT 5l
>0 q ot

From the proof (3.6) it is easy to see that (3.6) holds indeed for n/(n+m+
1) < ¢ < 1. Thus for ¢ = n/(n+m+1) we can get the following inequality
by (3.6)

7 = eR":sup(/% Ly (@) de| > )\}‘ Agﬁnfjngj,
7=1

t>0

where C' is independent of A and f
Term Lo is treated similarly. We write Lo = Loy + Log + Log + Loy,
where
N

Ly = — Z (Z[Tﬂﬂ,ail fi(@)] -

1<j1<je<K “i=1
.1‘) - Tﬂijl yXigq (nlfjl)(xo)] e

z) — TQ'L]’Q 1o (nlfJ'Q)(‘TO)] T

o [TQijl 1Oy (nlfjl

o [TﬂijQ 1ijo (m sz

e i)

)
)

N
Lo = Z (Z[Tﬂn,an N@)] - [Toy, e, () (x0)] -
i—1

1<1<je<K i
T [Tﬂijg Qi (nlsz)(x) - Tﬂijg $Qigio ("71sz)(950)] T

o [TQiKvaiK fK(x)]>
N
L3 = Z (Z[Tﬂu,aufl(x)]
1<j1<g2<K Ni=1
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o [Tﬂijl N ("71fj1)(95) - TQijl N (nlfj1)($0)] T

Ty ey, (i) @0)] - [Tnm,wfm)])
N

Li=— Y (;[Tﬂﬂ,aﬂﬁ(x)]---[Tnijl,aih(mfﬁ)(xon---

1<j1<g2 <K
[Ty oy, (115 &0)] [Tnm,wfm)]) .

By Lemma 4 and (3.4) we may show that any term Lo, (u = 1,2,3,4)
satisfy the following estimate

/¢tx0 VLou(z)dz| < C Z Z( H ITQil,ailfl|>*($o)

1<j1<jo<K i=1 M<I<K
I#371, j2

x Cijy (F11)(0) iy (f) (o).
By (3.4), we know that each Cjj,, (fj,,) (m = 1,2) is either

[Maijms;j (’f]m‘ Z]m)] Z]m or ﬂﬂl]mLaUm(‘fjm‘)

By Theorem A and Lemma 5 (note that s;; < pj,), we have
Cojm () Irije < Cllfjmllp;,, - Now define oy by 1/q = 1/riyj, + 1/rij, +
1/0jy. From the conditions of Theorem 1 we know that o;, > 1. Using the
same method treated L1, for u =1,2,3,4, we get

(3.8

sup
t>0

sup‘/qbt x) Loy ( )dw‘

t>0

q

<c > Z <H |TQ¢l,a”fl|)*

1<j1<jo<K i=1 || M<I<K
1#351, 52

N
< > DS Toweant

1<j1<jo<K i=1 "1<I<K

HCij1 (fjl)HTijl Hcijz (sz)HTijQ

Oiv

£l 11 £21l5,

Ty

1#351, 52
N
<e % S (CTL 1 Ul 15y <€ TT sl
1<j1<j2<K i=1 “M<IKK 1<IKK
1#j1, j2
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Since (3.8) holds for n/(n+m+1) < ¢ <1, we have

(3.9)

{960 eR™: SUP‘/Gﬁt,xo(?ﬁ)Lz(ﬂﬁ) df'?‘ > )\}‘ < % ﬁ 1£51l3,-
j=1

t>0

where ¢ = n/(n+m+1) and C is independent of A and f.

Applying the method treated L; and Ly, we may prove that (3.2) and
(3.3) hold also for the terms Ls,Ly4,...,Lg. Here we omit the details.
Thus, to complete the proof of Theorem 1, it remains to verify that (3.2)
and (3.3) hold still for Ly. In order to do this, we need the following lemma.

LEMMA 6. Under the conditions of Theorem 1, we have

(i) if n/(n+m+1+a) <r<n/(n+a), then there exists 1 < d; < pj,
(1 <j < K) such that

/ ¢t :to LO dl‘

(ii)) if r=n/(n+m+ 1+ ), then

/ ¢t xo LO dﬂj

Proof. First we give the proof of (3.11). By the definition of Lg(x)
and the moment condition (1.4), we have

(3.12) ‘ / G100 () Lo () da

(3.10)  sup
t>0

K
<C H gty (1719 (0)]

N

<C H ey (L5177 ()] P

(3.11)  sup
t>0

[th 0 5 < 4§ O )@ — yl)ﬁ]
\ﬁ|<
/‘xﬂ ‘n o (770f1) (7 dylH 19, 0:;(n0.f5) () dx
7j=2
< Z// ¢t$0 et /8|¢tac0(y1)( Z/l)ﬁ‘

" Q1 (2 — y1)
|z — |

K
(o))l dyr [ 1T, .00, (0 f) ()] dov.

j=2
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Since

banla) = 3 o) = w)? 'gctnml,x_ylym“,

[B]<m

we have

(3.13)

/

11 (z —y1)|

‘J} — yﬂ”_ail ‘(nOfl)(yl)‘ dy1

Guan(®) = D o =6 )@ — )"

1B|<m

—n—m— m1 | (2 —
<o [yl ala@ = y)ly ey g,

|$ -1 |TL7011'1

= Ct_n_m_lj"ﬂil ‘,m-i—l-i—ozil (’n()fl ’)(‘r)

Since Zszl 1/pj=Mn+m+1+a)/n and Z]KZQ 1/p; < 1, we have 1/p; >
(m + 1+ a;1)/n. Denote 1/01 = 1/p1 — (m + 14 a;1)/n and 1/ry; =
1/pj —cyj/nfor j =2,..., K, then by (3.12), (3.13) and applying Holder’s
inequality and Theorem A we have

[ 1) Laf) o

sup
>0
K
< ciggzt Tt sas (01Dl T 1Tt (055D
7j=2
< Csupts e lH'noleleHnongpj
j=2
1 .
<CH QijPj ‘f]’p])( 0):| /pj7
where we use the assumption a = Zszl ajj for all i = 1,2,...,N. This is

just (3.11). Let us now consider (3.10). First we show that by
pr+---+1/pg =1/r < (n+m+1+a)/n,

we can choose some d; (1 < j < K) such that

(a) 1<dj<pjforl<j<K,;
(b) 1/dy +---+1/dg < 1;
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(c) 1/di+ -+ 1/dg =(n+m+1+a)/n.
In fact, under the conditions of Theorem 1, it is easy to see that
max{1/ps+ - -+ 1/pk,(m+1+a)/n} <min{l,1/p] + (m+1+a)/n}.
Thus, we can choose § such that
max{1/ps+---+1/pk,(m+1+a)/n} < 3§ <min{l,1/p] +(m+1+a)/n}.
Taking eo,...,ex > 0, such that
(3.14) (14 29)/pa+ -+ (14 ) /pic = 0,
Obviously, for 2 < j < K we have 1 +¢; < p;. Let
e=Mn+m+1+a)/n—1/p1+---+1/pk) > 0.
Then by (3.14) we know that € > e2/ps + -+ + ek /pr. Denote
e1=[e— (e2/p2 + - +ex/pK)lp1 > 0,
then
(n+m+1+ta)/n=c+1/pr+---+1/pk = (1+e1)/p1+---+(1+ek)/pk
and 1 +e1 < p1. In fact, by (m+ 1+ a)/n < J, we have

1+er=[e—(e2/p2+ - +ex/pr)lpr +1
+mtl+a 1 14 1+
- |ppmrlre L dte €K)]p1+1
n b1 b2 PK
= [1/pi + (1 +a)/n—d]p1 +1 <p1/p) +1=p1.
Now set d;j = p;/(1+¢;), 1 < j < K, then d;s satisfy (a), (b) and (c).
Thus by the conclusion of (3.11), we obtain (3.10). Thus we complete the
proof of Lemma 6. {

Below we use Lemma 6 to prove that (3.2) and (3.3) hold for Lg. First
let us consider (3.2). By (3.10) and 1/¢ = 1/ry; +--- + 1/rik, we have

sup| [ 61, (o)Lo(z) da|

t>0

K
- CHH[MO‘iJ'dj(|fj|dj)( . )] 1/d;
La e

La

L'

= Cﬁ” [Maijdj(’fj’dj)( )] i
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Since dj < p; and 1/rj; = 1/p;j — y;j/n, by the above inequality and
Lemma 5 we have

sup‘/qbt dw‘
>0

Finally let us give the weak estimate for Ly. For any A > 0, let 8y = A,
Ok =1, and 01,0,...,0_1 > 0 be arbitrary which be chosen later. Then
by (3.11) we get

K
<TI0
j=1

La

(3.15) {:co : sup‘/qbt,xoLo dx‘ > )\}

t>0
C U{wo s (P @) > 0,/8, ).

We now take 61,605,...,0_1 > 0 such that

o\ Tid K |14
(3.16) (0—J> :M i=12... K.
0j-1 M| flp;

By 1/q=1/ri +1/rio + -+ + 1/r;k, we have

ﬁ( 0, > s 1£illo) ™ 1
9'*1 j=1 )\q/rij”fj”pj A

j=1>"

Combining (3.15), (3.16) with the weak boundedness of the fractional max-
imal operator M, (see [T]) and noting that 1/(ri;/p;) = 1 — (cujp;)/n, we
have

(3.17)

t>0

{xo e R": sup‘/qbt,xoLo dx‘ > )\}'

<

M=

{ﬂﬂo € R™ : Map; (|£577)(20) > (979—]1)%}‘

<(0¢9—i1>pg /Rn |fj(x0)|Pj dxo)”j/pj

J

y K
0, Tij C
(G5150) <5 1015t

1

J

IN
Q

M= 1M

C

1

J

https://doi.org/10.1017/50027763000008552 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008552

HARDY SPACES ESTIMATES FOR MULTILINEAR OPERATORS 131

In the last inequality we use (3.16). Thus (3.3) holds for Ly and we prove
Theorem 1 for the case of all a;; > 0.

As for the case of a;; = 0 with some 7, j, the proof is almost the same
as before. In fact, when «a;; = 0, we have r;; = p;. By the definition of T
and Lemmas 1 and 2 we get

(3.18) sup | To(mf)(wo)| < Tif (vo) + CIM (| fI*) (o))"

Moreover, for any z of satisfying |z — x| <t and Q € L¥'(§"~1)

(3.19) [ Ta(n f)(x) = Ta(m f)(zo)] < CIM(If*)(x0)] V"

By (3.18), (3.19) and Theorem B and using the same method above, we
may obtain the conclusion of Theoreml for this case. Here we omit the
details.

§4. Proof for Theorem 2

Now we apply the conclusion of Theorem 1 (taking K = N = 2) to give
the proof of Theorem 2. In fact, it is easy to verify that

41)  Toas(fllq = sup

/Rn 9(2)[b(2)Ta,af(z) — To,a(bf)(z)] dz

= sup
g

)

| M@0 Tt @) = F(a)Th a9(0)] da

where the supremun is taken over all functions g(z) € LY with ||g|ly < 1.
Moreover, T, 5’2 ., denotes the adjoint operator of T 4.

On the other hand, if replacing the singular integral operator by the
identical operator in the K-linear operator Lq q( f ), then the conclusion of
Theorem 2 still holds. Note that

(42) [ ()T @) - @)Th9(a)) do =0,

Hence, by the conditions of Theorem 2 and (4.2), and using the result of
Theorem 1, we have

(4.3) l9T0.af = fTo.aglm < CliflIpllglly-
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Since b(xr) € BMO and (H')* = BMO, by (4.1), (4.3) and the choice of g,

we get

1To,0.6(f)llg < sup bl smollgTo.af = FT0a9lm < Cllblsuollfllp-
g

Thus, we obtain the conclusion of Theorem 2.
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