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A NOTE ON RAMSEY'S THEOREM 
BY 

H. L. ABBOTT 

In memory of Leo M oser 

In this note we prove some results concerning Ramsey's theorem [5]. If n > 2 is 
a positive integer, <«> will denote the complete graph on n vertices. We shall 
formulate our results in terms of the "arrow symbol" introduced by Erdôs and 
Rado [1]. If w>2 and k>\ are positive integers then 

(1) n->(u)k 

means that if the edges of an (n) are colored arbitrarily in k colors then there 
results a <w> all of whose edges have the same color. It follows from Ramsey's 
theorem that if u and k are given then n -> (u)k for all sufficiently large n. n -f> (u)k 

will mean the negation of (1). 
It is known ([2] and [3]) that 

n -> (log n/2 log 2)a 

and that 

(2) «4>(21og«/log2)2. 

It is also known (see for example [2] or [4]) that (cl9 c2,... are absolute constants) 

(3) n -> (cx log n/k log k)k 

and in [6] it is remarked that the arguments used in [3] to prove (2) can be used to 
prove 

(4) n^>(c2logn/logk)k. 

The object of this note is to narrow somewhat the wide gap between (3) and (4). 
We shall prove by a fairly simple argument that 

(5) /!-!> (c3 log n/k)k. 

LEMMA. Ifa-\>(u)b and c-t> (w)d then 

(6) ac-^(u)b+d. 

Proof. Let <a> have verticespl9p2,"',pa and color the edges of <a> in b colors 
in such a way that there does not result a monochromatic <«>. Similarly, let <c> 
have vertices p'l9p'2,.. .,p'c and color the edges of <c> in d colors (different from 
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those used to color the edges of <a» so that there does not result a monochromatic 
<M>. Let <ac> have vertices pij9 i=l,2,.. .,a, y =1 ,2 , . . . , c . Color the edge 
(Pij,pie) the same as the edge (Pj,p'e) in <c> and, if i^k, color the edge (Pij,pke) 
the same as the edge (Pi,pk) in <a>. Suppose in <ac> there is a monochromatic 
<M> with vertices pilh, pi2J2,..., / J ^ , say. It cannot occur that /1 = i 2 = . . . = / t t 

since this would imply that <c> contains a monochromatic <w>. Also, we cannot 
have h, i2,..., /tt all distinct since this would imply the existence of a monochromatic 
<w> in <a>. Hence we must have h = f2 ^ *3> saY- However, this clearly implies that the 
edges {pilJVPi2j2) and (pilJV pi3J3) are colored differently. Hence <ac> does not con­
tain a monochromatic <w> and (6) is proved. 

Now we prove (5). There is no harm in assuming that k is even, say k = 2L 
From (2) we get for all sufficiently large a 

a-M21oga/log2)2 . 

By repeated application of (6) we get 

a*-M21oga/log2)2î. 

Thus if n satisfies 

(7) a1'1 < n < a1, 

we have 

(8) «4>(2 log a/log 2)k. 

It is clear that (5) follows from (7) and (8). 
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