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Abstract

Our main aim is to investigate the properties of harmonic v-Bloch mappings. Firstly, we establish
coefficient estimates and a Landau theorem for harmonic v-Bloch mappings, which are generalizations of
the corresponding results in Bonk e al. [‘Distortion theorems for Bloch functions’, Pacific. J. Math. 179
(1997), 241-262] and Chen et al. [‘Bloch constants for planar harmonic mappings’, Proc. Amer. Math.
Soc. 128 (2000), 3231-3240]. Secondly, we obtain an improved Landau theorem for bounded harmonic
mappings. Finally, we obtain a Marden constant for harmonic mappings.
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1. Introduction

We consider complex-valued harmonic mappings f defined in a simply connected
domain €2 C C. The mapping f has a canonical decomposition f =h + g, where
h and g are analytic in 2 (see [5] or [7]). It is well known that f is locally
univalent and sense-preserving in 2 if and only if |g’(z)| < |A'(z)| in . For a € C,
let D(a, r) ={z:|z —a| <r} and D =D(0, 1). Throughout this paper we consider
harmonic mappings in the open unit disk . For harmonic mappings f in D, we use
the standard notation

Ap@= max |f:)+ e @I=1L@1+ Q)

and _
@)= min |f:) + e L@l =11£@)] = 1 @I,
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so that if f is sense-preserving, then the Jacobian J is given by
Jp=asphy =P = 7= 0P = 1g17 > 0.
A harmonic mapping f is called a harmonic Bloch mapping if and only if

|f@) = f)l _

sup 00,
z,weD,z#w p(z, w)
where
1 1 _|_ Z_—iw _
oz, w) == 10g(|—1zl;”) = arctanh ‘Z—_
2 1- ‘ lz—Zw I —zw

denotes the hyperbolic distance between z and w in D. In the following, we denote the
hyperbolic disk with center @ and radius r > 0 by Dy, (a, r) = {z : p(a, z) < r} and the
hyperbolic circle by S, (a, r) ={z: p(a, z) =r}.

Obviously, for any a € D, the following are equivalent:

(1) pa,z)=r;
° =% | tanh(r)
@) | =tanh(r):
; I1—az>?  1—]al?
@ 1=z 1 —tanh?(r)
In [6] Colonna proved that
|f (@) — fw)]
sup 2 =sup(l — |z|))A £ (2). (1.1)
z,weD,z#w p(z, w) zeD
Moreover, the set of all harmonic Bloch mappings, denoted by the symbol HB, forms
a complex Banach space with the norm || - || given by
I £ N2, = 1 £0)] 4 sup(1 — 2] A £(2).
zeD

For v € (0, 00), a harmonic mapping f is called a harmonic v-Bloch mapping if
and only if || f|lxB, < 400, where

I £, = | FO)] + sup(1 — |zI*)" A £ (2). (1.2)

zeD

Then the set of harmonic v-Bloch mappings forms a v-Banach space, denoted by H5,,
with the norm given by (1.2).

Let Ho denote the class of all harmonic mappings f in D with f(0) =0 and
introduce the subclass

HB, (@) ={f € Ho: fo(0) =, fz(0) =0and || fllss, <1},

where a € (0, 1].
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[3] Harmonic v-Bloch mappings 21

Let x denote the chordal metric on the extended complex plane C,. For geometric
purposes we view Cy, as the sphere in the three-dimensional space R with center at
(0, 0, 1/2) and radius 1/2, and have

|z — w| ' .
0+ ROV Pz ov ety
X(Z, w>= 1
W if w = 0.

A meromorphically harmonic mapping f in D is called a normal harmonic mapping
if M(f) < oo, where
x(f (@), f(w))
M(f)= sup f—

z,webD,z#w o(z, w)

By (1.1), we have

M(f) =sup
zeD

{(1 - |z|2)Af(z)}
L+1f@P )

Many authors have discussed the coefficient estimate, distortion theorem, and the
existence of Landau—Bloch and Marden constants for analytic Bloch functions (see [1—
3, 811]). But in the literature there are no analogous results for harmonic v-Bloch
mappings. In Section 2, we fill this gap by proving Theorems 2.1, 2.3, and 2.4, where
Theorem 2.1 is an improvement of [2, Lemma 1] and Theorem 2.4 is a generalization
of [3, Theorem 2 and Corollary 3]. In [4], the authors obtained Landau’s theorem for
bounded harmonic mappings by using an integral estimate. In Section 3, we use the
variational method and subordination to get an improved version of Landau’s theorem
for harmonic mappings (see Theorem 3.1). Finally, we obtain a Marden constant for
harmonic functions (see Theorem 4.1) which generalizes [8, Theorem 5].

2. Landau’s theorem for harmonic Bloch mappings

Let n be an analytic function in D with n(z) = fo:o cpZ2". If In(z)| <1, then for
eachn > 1,
lcol® + leal < 1. @.1)

We shall make use of this well-known estimate (see [12]).

THEOREM 2.1. Let f = h + g be a harmonic mapping, where g and h are analytic
in D with the expansions

h(z)=Y and" and g(z)=Y  baa". (2.2)
n=1

n=1
If A r(0) = a for some a € (0, 1] and || fllnp, < M for M > 0O, then
lan| + |bp| < An(er, v, M) = Oinfl p(r) forn=2, (2.3)
<r<
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where

M2 _ 0{2(1 _ r2)2v
nrt=1(1 —r2)vM '
In particular, ifv=M = o =1, then

wu(r) =

(=2
r)=——f——5-
H nr'=3(1 —r?)
and
lan| + 1by| < Ay, 24
where
0 forn=2,
1
3 forn =3,
Ap=A4A,(1,1,1)= ‘/_i( 3+vIT )%1.049889 forn=4
2 N1+ V15 = V17)
3n —7 — /n?+6n—23
> 5.
M<\/ 20 —3) ) forn>

The estimate of (2.4) is sharp when n € {1, 2, 3}. The extreme function is

3V3[( 24 (v/3/3) )2 1}
_ S 2.5
f@== [(1 + (V3/3)z 3 *
or f(2).
PROOF. Forafixedr € (0, 1), let F(¢) = r_lf(rg’). Then F has the form
F@)=Y r"la"+> r"'p,t", ¢ eD, (2.6)
n=1 n=1
and therefore M
Arp(Q)=Ar(rg) <m(r):= A=y (2.7)

For 6 € [0, 27r) and ¢ € D, we set

_ Fe(8) + eing(C)

m(r)

()

Then, by (2.6), we see that

_ 1 = i0 n—1.n—1
T(f) N Z n(an +e bn)r é-
m(r) n=1

https://doi.org/10.1017/S0004972711002140 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972711002140
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which is analytic in D and, by (2.7), |T(¢)| <1 in D. Now, applying (2.1) to T

gives
n—1 i0 22.(0 2
nr" a, + e b,1|51_ f(): _ forn =2
m(r) m%(r) m2(r)
and the arbitrariness of 8 in [0, 27r) implies that
2 2
m-(r) —«a
land + 1bal < 22D =% _ ) forn>2, (2.8)
nr*='m(r)

where
MZ _ Ol2(1 _ r2)2v

nr N1 —r2)yvM -
Thus, inequality (2.3) follows from (2.8).
In particular, for v =M =« = 1, one has

u(r) =

which for n =2 gives that infy, <1 p(r) =0.
Without loss of generality, for n = 3 and 6 € [0, 27), let

fo) =h@) + %) =2+ (an+eb,)2".
n=2

Then we obtain that | f; (z)[(1 — 1z|?) < 1 and therefore

i 1
1f5(@)] =143z +e¥b3)z? +-- | < 1_|Z|2:1+|z|2+... ‘

In particular, this inequality gives that |a3 + ¢!?b3| < 1/3. Again, the arbitrariness of
0 in [0, 2mr) implies the estimate

laz| + |b3] < 1/3.

For 1 < n < 3, the extreme function is given by (2.5).
On the other hand, for n > 4, one sees that

lim w(r)= lim ()= -+oo.
r—0+ r—1—

This observation implies that the infimum of w(r) must exist on (0, 1). Next, we
compute that

[(n=3)r* = @Bn=Tr*+2m=3)] (- 3 —rd)(r? —s5)
r"_2(1 _ r2)2 - r”_2(1 _ r2)2

wr)=—

’
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where
3n —7 —+/n?2+6n—23 3n —7 4+ +/n?+6n —23
ro = <1 and s9= > 1,
2(n —3) 2(n —3)

and therefore we obtain that

inf = )
olnf u(r) = u(ro)

For n > 4, if we choose r = /(n — 3)/(n — 1), then we deduce that

n—3\_n+l - 2 (n_3)/2<(n+1)e
H n—1 2n n—3 2n

as (1 + 1/x)* in (0, co) is monotonically increasing and tends to e as x — +oo. This
observation gives that, forn > 5,

3n —7—+/n?+6n—23 (n+ De
M(FO)ZM( > >< .
(n—73) 2n

In particular, if n = 4, then we can easily compute that

_ .2
,L(ro)=2—r02 :‘/_§< 3+ V17 )%1.049889.
drol —=r =4 2 N1+ VI)5 - V17)

We observe that (5/8)e, the upper bound for u(rg), is approximately 1.698 926. The
proof of this theorem is complete. O

REMARK 2.2. Theorem 2.1 is an improvement of [2, Lemma 1].

THEOREM 2.3. Let f be a harmonic mapping with f(0)=x7(0) —a =0 and
| fllxB, <M, where M and o € (0, 1] are constants. Then f is univalent in D,
where

ar(l —r2)"M
aM(1—r2)Y —a?(1 —r2)2 + M2’

Py =@(ro) = max ¢(r), @)=
O<r<l1

Moreover, f(Dy,) contains a univalent disk D g, with

M? — (1 —rg)? M? — (1 —rg)? ]

Ro=ro|la+ o
0 0[ MA—12y S aM(—rd) —a2(1— ) + M2

PROOF. As in Theorem 2.1, let f = h + g, where g and & are analytic in D and have
the form (2.2). Next, we fix r € (0, 1) and consider F(¢) = rflf(rg) for ¢ € D so

that - o
F@Q) =) Al"+) B,
n=1 n=1
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where A, = a,r" ! and B, = b,r" 1. From the proof of Theorem 2.1, we obtain that

2 2
_ m=(r) — o
|Anl + |Bul <" u(r) = ———, (2.9)
nm(r)
where m(r) is given by (2.7).
To prove the univalence of F, we choose two distinct points 1, £ € D), () and let
{1 — Q= t1 — {ole’®, where
o
p1(r) =

_
o+m@)— m"‘(r)

Then (2.9) yields that

[F (&) — F(&)| = '/[ Fe(¢)ds + F;(()df‘
e

N9l

>

/ F¢(0) d¢ + Fz(0) dZ‘
[¢1.821]
- ‘/[ ](F; (§) = Fe(0) d¢ + (Fz(§) — Fz(0)) d?'
01,8

> |6 - m[xF«)) =Y (Aal+ |Bn|>np;"1<r)]
n=2

m*(r) —a®>  pi(r) ]

> |61 —m[a— T

> 0.
Here in the last step we use the fact that

m ) —a®  pi(r)
mr)  1—p(r)

that is,
(r)
) =0
p

Thus, F (&) # F(¢1). The univalence of F follows from the arbitrariness of ¢; and ¢».
This implies that f is unival;:nt inDyp, ).
Now, for any ¢' = p1(r)e! € 9D, (), we easily obtain that

IFEH = api(r) = Y (1Anl + |Bal)o} ()
n=2

X m?(r) —a?
2“01(7)—’;T®01(V)

2
o? o m(r) — % Ry
m(r)

=o+ <m(r)—

ot+m(r)—#i) r
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where the last step is a consequence of the expression for p; given by p1(r) =r Lo (r)
and the power series expansion of —log(l — x). Therefore, f (D, ()) contains a
univalent disk of radius Ry. The proof of the theorem is complete. O

Next we consider a special case of Theorem 2.3 and obtain the following sharp
estimate which is indeed a harmonic analog of [3, Theorem 2 and Corollary 3].

THEOREM 2.4. Let f € HB, (). Then for z with |z| < (ag + mo(@))/(1 + agmo())
and ag = 1/+/1 4+ 2v, we have

a(mo(er) — |z])

Af(Z) > Re(fz(z) + ff(z)) > m()(O[)(l _ m()(Ol)|Z|)2v+1 :

(2.10)

The equalities occur if and only if f(z) = €'’ Fy(e~'?z) for some © € [0, 277), where

0 mo(a) —¢

fa®= mo(e) Jo (1 —mo(a)g)?+!

d¢

and mq(«) satisfies

JIT 2,)(2”21“ 1) mo(@)(1 — mi(@))’ =a.

Moreover, f (D)) contains a univalent disk of radius Ry, where

Ro >

mo (@) _
a /0 (mo(a) — 1) 2.11)
0 (

mo (o) 1 —mo()r)?v+t =

The equality occurs if and only if f(z) = €'’ Fy(e ™'V 2) for some ¥ € [0, 27).

PROOF. For 6 € [0, 2m), let

o= [ g de e [TF@dc and e = (1 - mo@s) £

Define
m()(Ol) —Z

mo(a) 1 —mo()z’

Gy(2) =

where mq(«) satisfies

V1 + 2‘)(21)2—: 1> mo(a)(1 — m%(a))” =a.

Fix x € (0, (a9 + mo(a))/(1 + agpmo())], and let
8y =1{z:p(0, 2) = p(0, x)} C Dy (mo(x), arctanh ap)

be the hyperbolic circle. Since Yy(z) < G, on Dy (mg(e), arctanh ap), ¥y maps the
circle into the closed disk bounded by the circle G, (6,). We see that G, () is a
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[9] Harmonic v-Bloch mappings 27
hyperbolic circle on D; with center G,(0) = o, where t = aag/mo(«). Also it is
symmetric about the real axis R. It is easy to see that G is decreasing on the interval
Dy, (mo(a), arctanh ag) N R.
Hence G, (x) has the property
Go(x) =Re Gy (x) = min{Re[Gy(2)]: z € §(x)}
which yields that

 mo(@) — IzD)
mo(@) (1= mo(e)[z)2+1

Af(2) = Relf5 ()] =Re(f,(2) + € fz(2)) >

for z with |z] < (1 +mo(a)v/1+2v)/(+/1+2v +mo(a)). Finally, (2.10) is an
immediate consequence of the arbitrariness of 6.
On the other hand, for any 6 € [0, 27), we have

i mo(a)el”
| fo(mo(a)e'®)| = ‘ /O f(2)dz
« /"w(“) (mo(a) — 1)
0

~ mo(a) (1 — mo(a)r)>+!

Therefore,

min{| f5(2)| : |z| = mo(a)} >

o /m"(“) (mo(a) — 1)
0

mo(c) (1 —mo(a))>+1

Again, the arbitrariness of 6 implies that f is univalent on the disk D,,, with ro = mo(c)
and f(ID,,) contains a univalent disk of radius at least Ry, where Ry is given by (2.11).
The proof of the theorem is complete. o

REMARK 2.5. If v=1 and f; =0, then Theorem 2.4 coincides with [3, Theorem 2
and Corollary 3].

3. Landau’s theorem for harmonic mappings

For the proof of Theorem 3.1, we need the following result due to Colonna [6].
However, we present here a simple proof as it uses only the subordination.

THEOREM A [6, Theorem 3]. Assume that f =h + g is a harmonic mapping in D
satisfying f(D) C D, where g and h are analytic in D. Then for any z € D,

4
I f B, < - + 1/ (0)].
PROOF. For 6 € [0, 27), let vy (z) = Im(e'? f(z)). Then

ve(2) = Im(e(z) + e71g(2)) = Im(eh(z) — e ?5(2)).
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Because |vg(z)| < 1, it follows that

¢h(z) — e g(2) < K(z)=x+%1og<ll+_zf), (3.1)

where & = ¢™i7 Im(’\), r=e"%hn(0) — e ?¢(0) and < denotes the subordination [7,
p. 27].
By the definition of the subordination, (3.1) implies that
¢’h(z) — e g(x) = K(wp(2)),

where wp(z) is an analytic function in D with |wg(z)| < 1 for z € D. Thus, by the
Schwarz—Pick lemma, we obtain that

(1= 1211 (2) — e 7' ()] = (1 — 21wy ()| K (@ (2))]
(1 — w (2))| K (wp (2))]

4
sup(1 — o[} K (w)| = -

weD

IA

A

and therefore
i 4
I fllzs, — 1£0) = max (1 —|z[H)IH (2) —e 28 () < —,
0<0<2m T

where the last inequality is a consequence of the arbitrariness of 8 in [0, 27). O
We now recall a result due to Hengartner and Gauthier [4].

THEOREM B [4, Theorem 3]. Let f be a harmonic mapping of D such that f(0) =
f70)=f:(0) —1=0and | f(z)| < M for z €. Then f is univalent on a disk D,
with

2

~16mM’
and f(D,,) contains a univalent disk Dg, with

£0

72

- 32mM’
where m = infr¢(0.1)((3 — r?)/r(1 — r?)) ~ 6.850 99.

Ro

Our next result improves Theorem A in the following form.

THEOREM 3.1. Let f be a harmonic mapping of D such that f(0) = fz(0) = f,(0) —
1=0and |f(z)| <M in D for some M > 1. Then f is univalent on a disk D,

and f(D,) contains a univalent disk of radius at least R = (3«/§M /71),02, where p
satisfies

p(1—p*)=1.

63M
T
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[11] Harmonic v-Bloch mappings 29

PROOF. For z €D, let F(z) = —(3/3M/m)z2. Then (1 — |z|})|F'(z)| <4M /7.
Consider
G(2) = Fo¢p(2) — F 0 ¢,(0),

where ¢,(z) = (z — p)/(1 — pz) and the constant p € (0, \/§/3) satisfies the equation

6/3M

T

p(l1—p*) =1

Further, we let

6/3M (1 — p?
P(x)=(1 - p2)*G'(2) = —M%(z).

Then the function P is a Mobius transformation and, for any z € Sy, (p, r),

|P(z)| = 6\/:M(l — p?) tanh(r).

Set T'(z) = (1 — pz)? f}(z), where

z ) z
o= [ o+ [ F@ac
for 6 € [0, 2). Then, for any z € Sy(p, r), by Theorem A we have
AM |1 —pz|> 4M [ 1—p?
T s ————>=—"\T7"73=)
7 11—z 7 \1— tanh”(r)

Fix x € (0, (1 ++/3p)/(~/3 + p)] and let
8y ={z:000,2)=p0,x)} CDy <,o, arctanh ?)

Since T < P on Dy, (p, arctanh \/5 /3), T maps the circle into the closed disk bounded
by the circle P(5,). We see that P(§,) is a hyperbolic circle on D; with center
P(0) =1, where t = (6 M/m)(1 — p?). Also it is symmetric about the real axis R.
It is easy to see that P is decreasing on the interval Dy, (p, arctanh V3 /3) NR. Hence
P (x) satisfies the property that

Re[P(x)] = min{Re[P(z)] : z € 8x},
which yields Re[T (x)] > min{|P(z)| : z € 6y} = P(x), whence

Re[f(2)] = SY3M =P~ Iz
/()] > .

(1 —plz])3
for z with |z] < (1 + +/3p)/(+/3 + p). Hence
. 3V3M
min{] fy(@)| : 2] = p} > =——p".
It follows that f is univalent on the disk D, and f(ID,) contains a univalent disk of
radius at least R = (3+/3M /) p%. The proof of the theorem is complete. O
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TABLE 1. Bloch-Landau constants for various M. The left-hand columns refer to Theorem B and the
right-hand columns refer to Theorem 3.1.

M £0 RO M P R
1.1 0.0818528 0.0409264 1.1 0.302498  0.166483
1.3 0.0692601 0.03463 1.3 0247744  0.131972

1.5 0.0600254  0.0300127 1.5 0.210916 0.110368

1.7 0.0529636  0.0264818 1.7 0.184059 0.0952566
1.9 0.0473885 0.0236942 1.9 0.163474 0.0839814
2 0.0450191  0.0225095 2 0.154864 0.0793347
2.5 0.0360152  0.0180076 25 0.12277 0.0623242
3 0.0300127  0.0150064 3 0.101822 0.0514442
3.5 0.0257252  0.0128626 3.5 0.0870306 0.0438474
4 0.0225095 0.0112548 4 0.0760142  0.038228

4.5 0.0200085  0.0100042 45 0.0674851  0.0338969
5 0.0180076  0.00900381 5 0.0606834  0.0304538

REMARK 3.2. We note that in the case of M =1 in Theorem 3.1, we actually have
f() =zand p = R = 1. Now, if we set

6/3M

T

H(x) = x(1 —x?%)

then, by a simple calculation, we deduce that H (7r2 /16mM) < 1, where m is defined
as in Theorem B. This implies that pg = 72/16mM < p. Thus, Theorem 3.1 improves
Theorem B. In Table 1, we have listed the improved values of the Bloch-Landau
constants for various choices of M.

4. Marden constant

If f is a normal harmonic mapping and a € D, then set
s(a, f)=sup{r: f is univalent in the hyperbolic disk Dy, (a, r)}

and s(f) = sup{s(a, f):a € D}. The Marden constant for normal harmonic mappings
f with M(f) =m > 0 is given by

M (m) = inf{s(f) : f is a normal harmonic function with M (f) = m},
where M (f) is defined in the Introduction.

THEOREM 4.1. Suppose that f is a normal harmonic mapping such that f(0) =
fz(0) = f2(0) —m =0. Then

1
M@m) >2 arctanh(—).

V3 +m?)
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PROOF. By simple calculations,

_ QL@+ R
201+ 112D f )]

[arctan(| f (z) )]z

and L
f@ )+ f2(2) f(2)
20+ 1/2@QDIf@]

[arctan(| f (z)|)]z =

These equalities give

Ar(2)
— 127 \d
arctan(| £ (z)|) S/[O,z] 1+|f(§)|2| ¢|

<m / ld¢| .
0.z 1 —I¢]
= m arctanh(|z|).

This implies that f is harmonic in Dg with R = tanh(r/2m). Set r = 1/+/1 + m2.
Then r < R and F(z) = f(rz)/rm is harmonic in D. Clearly, F(0) = Fz(0) =
F,(0) — 1 =0. Also, we find that

(1 —1z)Af(r2)

(1 =1z Ar(z) =

m
1 —Jz]? 2
< —————[1 + tan“(m arctanh(|rz|))]
1 —|rz)?
<1.

By Theorem 2.4, we obtain that F is schlicht in D, with ro =1/ /3. Therefore,

M(m) >2 arctanh(;).

V31 + m2)

This concludes the proof. O

REMARK 4.2. If fz =0, then Theorem 4.1 coincides with [8, Theorem 5].
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