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NOETHER LATTICES REPRESENTABLE AS QUOTIENTS

OF THE LATTICE OF MONOMIALLY GENERATED
IDEALS OF POLYNOMIAL RINGS

D. D. ANDERSON, E. W. JOHNSON AND ]J. A. JOHNSON

Noether lattices were introduced by R. P. Dilworth in [5] and constitute a
natural abstraction of the lattice of ideals of a Noetherian ring. In his definitive
work, Dilworth showed that a minimal prime of an element generated by =
principal elements has rank < #. Following standard ring theoretical termi-
nology, a local Noether lattice with (unique) maximal element M is said to be
regular if M has rank » and can be generated by # principal elements.

In [3], K. P. Bogart showed that a distributive regular local Noether lattice
of Krull dimension # is isomorphic to RL,, the sublattice of all ideals generated
by monomials of any polynomial ring k[xy, . . ., x,] (k a field). In a later paper
[4], Bogart extended his results on distributive regular local Noether lattices
by showing that any distributive local Noether lattice is the image of a multi-
plicative map 6 which preserves joins, and can in fact be thought of as the
related congruence lattice.

This paper began with two related problems which occurred at about the
same time. First: given Bogart’s result above that every distributive local
Noether lattice . is the image of a distributive regular local Noether lattice
RL, under a multiplicative map 6 which preserves joins, what special prop-
erties does ¢ have if 6 is a lattice homomorphism? And, second: what are the
special properties of the quotients RL,/K, either in terms of internal properties
or in terms of properties of the map 6, which distinguish them from the other
distributive local Noether lattices? The first question led to a general investiga-
tion of what we have called r-homomorphisms, and yielded a generalized
“Fundamental Theorem” for this class of homomorphisms. Applied to the
original question, it shows that if 6 is a lattice homomorphism, then.% is, up to
isomorphism, one of the quotients RL,/K. Since the natural map =g : RL, —
RL,/K is a lattice homomorphism, the second problem is reduced to the
problem of finding an internal characterization of the quotients RL,/K. Here
we discovered that the quotients RL,/K are distinguished (among distributive
local Noether lattices) by the property that the elements E; of the minimal
base of the maximal elements are (what we have called) ¢-prime (i.e., if F;and
Fy are principal elements such that F1F, < E, then F, £ E, F; £ E, or
F1Fy = 0). A generalization of Bogart’s result mentioned above is also ob-
tained outside of the local case.
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It is convenient to introduce some terminology.

By a homomorphism (or morphism) between Noether lattices ¥ and ¢ we
will mean a multiplicative lattice homomorphism 6 : & — %", If 6 is just a
multiplicative map which preserves order, we will call 8 an O-morphism.
Similarly, if we abbreviate join, meet and residual division by J, M and R,
respectively, we will call 8 an X-morphism if 6 is a multiplicative map which
preserves the X-operation (X = J, M, R). (It is easy to see that for X = J,
M, R, any X-morphism is an O-morphism.) If 8 : & — %" is a homomorphism,
and if there exists a subset % of principal elements which generates " under
joins such that §(E) is principal, for every element £ ¢ % then we call 6 an
r-homomorphism. We will also use the variations epimorphism and monomor-
phism, with or without further prefixes, when appropriate.

If K ¢ % we denote by mg the natural map of ¥ to /K (i.e., mx(4) =
A4 V K).Andif Sisa submultiplicatively closed subset of " we denote by 75 the
natural map of & to.% s (i.e., i5(4) = Ag) (see [2, Section 2]). We note that,
in our terminology, 75 is both an r-epimorphism and an R-epimorphism (an
R-r-epimorphism), while ¢ is a J-epimorphism. (If K is a distributive ele-
ment, mx is an M-morphism, but in general, 7 need not be either an R-mor-
phism or an }-morphism, or may be an J-morphism and not an R-morphism;
see Corollary 1.1.)

If 6 is any O-morphism, we will denote by 2# (9) the join of all elements 4
such that 8(4) = 6(0) and by £ (8) the multiplicatively closed subset of all
elements 4 such that §(4) = (I).

It is easily seen that if § :.¥ — %" is any O-morphism and if £ () = S,
then Ags < Bg implies 6(4) =< 6(B). Hence, naturally associated with any
O-morphism 6 is a map 0 : L s — %" defined by 65(45) = 6(4). Although
discovered independently by the present authors, a slight variation of the map
6 was first isolated and used by P. J. McCarthy to study what, in our setting,

amounts to R-epimorphisms [7]. We record the principal properties of 65
below without proof.

TureoreMm 1. Let 0 : & — L be an O-morphism with # (0) = S. Then
(1) b5 is an O-morphism;
(11) 0 = esis;
(iii) 65(X) = I if, and only of, X = I;
(iv) b5 1s a J-morphism (resp. M-morphism, R-morphism) if, and only if, 6
1s a J-morphism (resp. M-morphism, R-morphism);
(v) 1f 6 is an R-morphism, then 05(A) < 05(B) if, and only if, A < B. Hence
0() is isomorphic to L s so that, in particular, (&) is a Noether lattice;
(vi) if 0 is an R-epimorphism and S = {1}, then 0 is an isomorphism;
(vii) if 6 1s an R-epimorphism, then 6 is an M-J-morphism.

CorROLLARY 1.1. If mg : ¥ — % /K is an R-morphism, and if K < J(¥') =
A (M| M is maximal in L}, then K = O.
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CoroLLARY 1.2. If S is a submultiplicatively closed subset of ¥ and
if S =9), then L 3= s. Moreover, S is the largest multiplicatively closed
subset of L such that S D S and A — A is an isomorphism.

It is trivial that if : % — %" is a J-morphism and B <./ (), then the
restriction of 6 to.¥’/B is a J-morphism. We denote the restriction of f to.% /B
by 6. Of course, in general, 8, will not be an isomorphism, even if B = 4 (4).
However, (iii).of Theorem 1 allows us to restrict our attention to a special case.

THEOREM 2. Let 0 : L — %" be a homomorphism such that S (0) = {I}. If

#(0) = K, then the map 0x : &L /K — L is an r-monomorphism provided
(i) 6 is an epumorphism; or, provided 6 is an r-homomor phism and one of the

following is satisfied:

(i) & is local;

(iii) O is prime in &L';

(iv) if D and E are elements of & with E € G, then (D)0(E) = §(E) implies
E = DE V K.

Proof. Clearly (ii) and (iii) imply (iv), since £ (§) = {I}. We show that if
(1) holds then 6 is an r-homomorphism satisfying (iv) and that if 6 satisfies
(iv), then ¢ is a monomorphism.

Hence, assume (i) holds and let D and E be elements of ¥ with E principal.
Then (D) A 0(E) = 0D AN E) =6((D: E)E) =6(D : E)I(E),so that 0(E)
is weak meet principal, and therefore principal, in ¢, [2, Theorem 2.9]. If
0(D)O(E) = 0(E), then I = (D) Vv (0:0(£)). Choosing C ¢ & so that
6(C) = 0:0(E), weget [ =0D)VOIC) =0DVC),sothat DV C=1
and therefore DE vV CE = E. Since CI £ K by the choice of C, it follows
that (iv) holds.

Now, assume that (iv) holds and that 4 and B are elements of ¥ /K with
0(A4) < 6(B). If E is any principal element in % such that £ < A4, then
(E) =6(4) = 6(B), so that

6(E) =6(B) N6(E) =0B N E)=00(B:EE)=0DB:E)IE).
Since 4 is the join of principal elements in ¥, it follows that 4 < B V K = B.

The following might well be called the fundamental theorem of r-homomor-
phisms.

THEOREM 3. Let 0:% — ' be an epimorphism. Let S = F(8) and

K =4 (95). Then the following diagram is commutative, all maps involved are
r homorphisms and the map (0s)x 15 an isomorphism.
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Proof. The results follow readily from Theorem 1 and Theorem 2.

We note that Theorem 2 can be used to obtain three alternative statements
of Theorem 3 in which the conclusion is that % s/K is isomorphic to the image
in.%" of . In particular, we observe that if § : & —.%"" is an r-homomorphism
and if one of (ii), (iii), or (iv) of Theorem 2 is satisfied, then 8(Z) is a sub-
Noether lattice of &

In (4], K. P. Bogart showed that if ¢ is a distributive local Noether lattice
with maximal element.#, then there exists a regular local Noether lattice RL,
and a J-epimorphism 6 : RL, % . If we denote the equivalence relation

back tnduced on RL,,, also by g, then RL,,/H gy. We extend this result to
regular Noether lattices in general. (¢ is said to be regular if & is regular for
each maximal element M of ¥.)

THEOREM 4. Let Y be a distributive Noether lattice. Then there exists a regular
Noether lattice domain R (L) and a J-epimorphism 6 : B (L) — L, which takes
principal elements to principal elements, such that

(i) 0 establishes a bijection between the maximal elements of R (<) und the
maximal elements of &, and

(if) J(0) = {1}.

Proof. Let # be the family of maximal elements of ¥, For each M ¢ &,
choose a finite set p (M) of principal elements such that every prime P < M
is the join of a subset of p (M) (this is possible since there are only finitely many
primes in % ,). Let S be the multiplicative closure of K = (U ez p (M), and
let ¥ be the closure of S under joins, including O and I. Assume ¥ ## % and
let N be maximal in the complement of ¥, so that N is not prime. Fix prin-
cipal elements E, F such that EF <N, £E £ N and F € N. Then
N<KN:Es#1 so N:E¢Y, by the maximality of N. Hence, we may
choose Ny, ..., N, €S with N:E =N,V ...V N, It follows that
N=Vi.,(NAN)=Vi,(N:N)N.Now, N, <N : EimpliesE <N : N,.
Sincealso N £ N : N, itfollowsthat N : N: ¢ &.Butthen (N: N)N, € &,
i =1,...,k, and therefore also N € %. Hence ¥ = .%.

Now, let X be the set of all subsets 4 of K such that A C p (M) for some
M € #. Then by Theorem 8 of [1], there exists a unique regular Noether
lattice domain Z (¥’) and a bijection 6 from the set of principal primes of

https://doi.org/10.4153/CJM-1979-072-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1979-072-8

NOETHER LATTICES 793

R (&) onto K that extends to an isomorphism of posets # : Spec (# (<)) — X
given by 8(P) = {6(P,),...,0(P,)}, where P =P,V ...V P, is the
unique decomposition of P as a join of nonzero principal primes. If we extend
0 to a map of Z(¥') toZ by taking products to products and joins to joins,
then 6 has the desired properties.

We note that above it is not sufficient to take p (A7) to be an arbitrary finite
set of principal elements with join M (as it is in the local case). For example,
¥ = RL; ® RL, has two maximal elements, (), I) and (I, M), both of which
are principal. However neither (O, I) nor (Z, O) is a )om of powers of (M, I)
and (I, M).

THEOREM 5. Let L be a distributive Noether lattice. Then there exists a regular
distributive Nocther lattice domain & and an r- -epimorphism 0 : RN if, and
only if, & is isomorphic to a quotwntg/K of a distributive regular Noether lattice
domain & .

Proof. 1f #(8) = S, then gg is a distributive regular Noether lattice
domain [1]. By Theorem 3, ¥ =~ ¥ /K, where K =% (05).

Because of the additional structural knowledge of the local case, Theorem 5
can be strengthened considerably in the local case. If Xy, . . ., X, is the minimal
base of the maximal element of RL,, we adopt the notation

RL, = RL(X4, ..., X,).

The following theorem summarizes our results on distributive local Noether
lattices and gives the internal characterization referred to in the introduction.
Recall that an element E is g-prime if, for principal elements Fy, [y, F1Fy < E
implies Iy £ E, Fs < E or F1Fy, = 0.

THEOREM 6. Let (£, M) be a distributive local Noether lattice. Let Ey, . . . | E,
be the minimal base for the maximal element M. And let 6 : RL, — % be the
unique J-epimorphism from RL, to & satisfying 0(X ;) = E,. Then the following
are equivalent:

(1) E;is g-prime, 1 = 1,...,n;
(ii) 0 is an r-homomorphism;

(iii) & =~ RL,/K, where K = % (6);

(iv) ¥ =~ RL,/K, for some K;

(V) if E, F are principal elements of RL, with 6(E) = 6(F) #0, then E = F.

Proof. Theorem 3 shows that (ii) implies (iii). That (iii) implies (iv) isobvious.
The verification that (ii) implies (i) is straightforward, using that the elements
X, € RL,, are prime and that principal elements in ¥ are join-irreducible.

Assume that (i) holds and that O = 6(E) = II} E;5« = II} E/i = 6(F).
If s, > 0. But then E/ Il ., E;i = Ef~111,., E;/i. That (i) implies (v)
now follows by induction.
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Now, assume that (v) holds and that 4 and B are elements of RL, such that
0(A) = 0(B). Let 44, ..., A, be the (unique) minimal base for 4 and let
By, ..., B, be the minimal base for B. Then for each ¢ there exist u and v such
that 0(4,) < 6(B,) =< 60(4,), whence §(4,) = 0(E)6(4,) = 6(EA4,), for some
principal element E € RL,. It follows that 6(4,) = 0 or 4, = EA,. In the
latter £ =1 and ¢ =19, so that 4, = B,. Hence 4 < B V K, where
K = % (8). Similarly B £ 4 V K. Since §(4) = (4 V K), we have that
0(4) = 6(B)if,andonlyif, A V K =BV K.Since (4 V K) A (BV K) =
(4 A B) V K, it follows that § is an 7-homomorphism. Hence (v) implies (ii),
and the proof is complete.

It is obvious that if & is isomorphic to a quotient £ /K and % itself is
isomorphic to a quotient of a distributive regular local Noether lattice, then
Z" is isomorphic to a quotient of a regular, local Noether lattice. The following
proves the somewhat surprising result that any sub-Noether lattice of a quo-
tient of a distributive regular local Noether lattice is isomorphic to a quotient of
a distributive regular local Noether lattice.

THEOREM 7. Let : ¥ — %" be an r-monomorphism, where &' is isomorphic

to a quotient of a distributive regular local Noether lattice. Then ¥ =~ RL,/K for
some n and some K.

Proof. Since 6(I) is idempotent, either 6(I) = [ or (1) = 0. In the latter
case, ¢ = {0}. Similarly, 6(0) is idempotent, and therefore either ¥ = {0} or
6(0) = 0. We may assume §(I) = I,6(0) = 0,and [ 0. Let Ey, ..., E, be
a minimal base for the maximal element M of ¥, and let E{, ..., E, be a
minimal base for the maximal element M’ of &’. We may assume
that ¥’ = RL,/K and that E;/ = X,; V K. Note that in RL, /K the inter-
section of a finite collection of principal elements is principal. Also,

I, x5 v K= A,-1 X%V K, and
I, xvKz<Ill,X5vEK
if, and only if, either
"aXs < Kore; = f;forallj=1,...,m.

Fixrand s, 1 =7 < s < n. Then

0(E,) A O(E,) = 0(E, N E,) <0(ME,) = Vi 0(EE,),

O

0(E,) N 0(E,) < 6(EE,), forsomez =1,...,n.
Set

0(E) =1, X5 VK i=1,...,n
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We assume that 7; > 5, for 1 £j < w and thatr; <, for j > u. Then
0(E) AO(E) = (T X7 v K) A T2 X v K)
= (A=t X1V K) A (Nim X7V K) = (N XJ7)
A (N X) VK S 0ENB(E,) = Ty X575 V K.
If 0(E,) N 6(E,) = 0, then clearly
8(E,) N O(E;) = 0(E)O(Ey).

Otherwise, 7, =1;+ s, for 1=j < u and s; = 2; + s; for j > u. It follows that
1; < r; for all j, and hence that 6(E;) < 6(E,). Since 6 is an embedding and
Es, ..., E,is a minimal base for M, it follows that ¢ = 7, and therefore that

0(E,) N 0(E,) = 0(E,)0(E,).

Hence E, AN E;, = E,E, for all » 5 5. But then (E, : E,)E, = E,E;, so that
E,: E,=E,V (0:E,). Since every principal element in ¥ is a product of
E,, ..., E, itfollows that E, is g-prime for all 7, and hence that.¥ is a quotient
of RL,.

We note that & = [M?2, M3 \U {I} is naturally embedded in RL,/M?3
(when M is the maximal element of RL,) whereas for n = 2, the number of
elements in a minimal base for M? in.¥ exceeds the number of elements in a
minimal base for M in RL,/M3. However, if £’ is taken to be a domain in
Theorem 7, this cannot happen.

THEOREM 8. Let (&, M) be a local Noether lattice and let § : & — RL, be an
r-monomorphism. If Ei, ..., E, is « minimal base for the maximal element of
L, then ¥ = RL,, for some m < n.

Proof. We may assume . # {0}. Of necessity, ¥ must be a domain, since
RL, is. By Theorem 7,.% is isomorphic to RL, /K, for some K, so since the
only primes of RL,, are generated by subsets of the minimal base for the
maximal element of RL,, we may assume . = RL,. Let X, ..., X, be the
minimal base for the maximal element of RL, and let V,, ..., Y, be the
minimal base for the maximal element of RL,. If 6(V;) and 6(Y;) have a com-
mon factor, say X, then there exist principal elements /£; and E; in RL, such
that 6(Y,;) = X E,;and 8(V;) = X E,;. If © # j, then

X3EE; = (X4E)(XiE;) = 0(Y)0(Y;) = 0(Y: A Y))
=0(Y) ANO(Y;) = XhEs N Xo; = Xo(Es N Ej) = XoE I,
which is a contradiction. A simple counting argument now shows thatm < .

If ¥ is any Noether lattice and E,, ..., E, are principal elements, we
denote by RL(E, ..., E,) the multiplicative lattice consisting of all joins of
power products of Ey, ..., E,.

It follows from the previous results that if E;, ..., E, is a subset of the
minimal base for the maximal element of RL, /K, then RL(E,, ..., E,) is a
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sub-Noether lattice of RL,,/K and is in fact isomorphic to a quotient of RL,.
Although the elements Ey, . .., E, do not necessarily form a prime sequence,
this behavior is reminiscent of that described in [6], and the analogy is made
even tighter by the fact that the elements Q; = E; V ... V E; form a chain
of g-prime elements of length 7. These observations suggest natural generaliza-
tions of the definitions of prime sequence and regular. Specifically, if ¢ is a
Noether lattice, we call an ordered sequence Eq, . . ., E, of nonzero principal
elements (contained in the radical of ) a g-prime sequence if it satisfies the
conditions

) (FxV...VE):Eqi=E V...V E/V (0:Ey), forall
1=1,...,n—1,and
() O:E)AN (i VI)=(0:E)ANJT)V ((0:E) A J.), forall
1=1,...,n,and for all J,, J, € RL(E,, ..., E,).

We call a local Noether lattice (¥, M) g-regular if there exists a g-prime chain

Qo < 01 <...< Q4 where d is the number of elements in a minimal base
for M.
We note that since the elements E,, . . . , E, are principal, (i) isequivalent to

(ExV ...VE)ANE= (E V...V E)E
and (ii) is equivalent to
E7;<J1 /\ J2) = Eijl /\ EiJQ,

for all 7z and for all J,, Jo» € RL(E,, ..., E,).
We begin by showing that, as for prime sequences, g-prime sequences are
order independent.

Lemma 9.1. Let Ei, ..., E, be a q-prime sequence and ¢ € S,. Then
E,qy, - .., Epy 15 a q-prime sequence.
Proof. Since E; A E, = E, N E, = E,E,, it suffices to show that
(EyV...VE_)NEqg=(EV ...V E )E i
and that
(EyV...VELZLVELWNE, =(EV...VE_V E)E,
for all 7 = 2.
Now,
(ExV ...VE ) ANEji = (ExV ...V Ei) A Ei
ANEV...VE)=(E£E V...V E_E)
V((E:V ...V EL) ANE; AN EEq)
= (EEmnm V... VELE) YV (Bt V...V E) AN Ej)E,
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S0
(EtV...VE)ANEgpw=EEnV...VE_LEq,
=(E:V ...V E)Eyy,
by the Intersection Theorem.
Similarly,

(EsV ...VELNE) AE, = (EV ...V Eia V Eip)
AEN...VE)ANE = ((ELV ...V E_)
VENV...VE)ANEu) AE; = (ExV ...V Ei,

V EEG) ANE; = (ExV ...V E) AE)V EmE,
= (E V...V E V E)E.

LeEMMA 9.2, Let Ey, . .., E, be a g-prime sequence and e, . . . , e, nonnegative
integers. Then

Nt Efi = 1T Eee
Proof. Since for r % s, E,, E, is a ¢-prime sequence, we have

Eri+1 A ES]'-H = Erl'+1 A Ey]'+1 A Er A ES = (EriJrl A Esj+l)
AN EE, = E; VAN (EJYY AN EE) = E,YA ((ES N ENDE)
= E7i+1 A ((EsJEr)Es) = Eri+l A (Esj+1Er) = (Eri N Estrl)Er
= (E/E/NE, = B#EM,
by induction on the sum of the exponents. Hence
Niet B = NTUEST A ES) = N ESE™ = (NiDLES)E,
= AT Es)E» = [T B
by induction on 7.

LEMMA 9.3. Let Ey, . . ., E, be a g-prime sequence and let J be a join of power
products of Es, ..., E, Then E; N J = E,J.

Proof. If no power product involved has length > 1, then the result follows
from Lemma 9.1. Hence, assume some power product involving E, has length
>1. Write J = K V BE,, where K is the join of power products of
Es oo By

By induction on the sum of the lengths of the power products of which J is
the supremum, we have

ExNJ=E AN (EVK)AN KV BE)) =E N KV (£ VK)
A BE)) = E1 AN (KV (((E:V K) AN E,) N\ BE,))) = E;
AN (K V (B V K)E,) N BE,))

(by the inductive hypothesis, since E, does not appear in E; V K written as
a join of power products)
=EAN(KV (E:V K) ANB)E,)) =E: N (KV ((E. A\ B)
V (K A B))E,))
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(since Ey A (K VB) =E(KV B)=FEKYVEB=(E ANK)V (E, A\ B))

= El /\ (K V ElBE,,) = (E] /\ K) \/ ElBE,L = E]K \/ E]BE,L
= E\(K V BE,) = E.J.

LEMMA 9.4. Let Ey, . . ., E, be a g-prime sequence in¥’. Then RL(E,, . .., E,)
is a distributive sublattice of &£ .

Proof. If P and J; are elements of RL(E,, ..., E,), where P and J, are
power products, then P A J,is an element of RL(E,, . .., I,), by Lemma 9.2.

Hence, to show that
P A (Vs=1Ji) = =1 (P N Jy),

it suffices to consider the case P = E;"*%L Moreover, by Lemma 9.3, we may
proceed by induction on 7. Let J, = II"_; E;% and assume ¢; = 1 for

1=1,...,uand 7y = 0 fors > u. Also, for 1 £ 1 £ u, let
J! = E! Hr;'=2 Ejij.
Then

EUA ( - Ji) = Ey*P A Er A (Ve Jy) = EHE A ((\/Ll Ji)
V (Vs EiJ)) = Ei(Ed7 A (Vizi 7))V (Vs 1)
= Ex(VI2 Ed AJ))V Vs (B AJ)) = Vs (B A ).

The equation
Vst PO A (VimnJ) = Vi, (P AT

now follows by induction on .

THEOREM 9. Let E,, . . ., E, be a g-prime sequence in £ . Then
RL(E,, ..., E,)
is a g-regular distributive Noether sublattice of £ .

Proof. Since RL(E,, ..., E,) is a distributive sublattice of . by Lemma
9.4, and since every element of RL(FE,, ..., E,) is, by definition, a join of
power products of Ey, ..., E,, it suffices to show that the elements E; are
principal in RL(E,, ..., E,).

By Lemma 9.3 and Lemma 9.4, it is immediate that / A E;is a multiple of
E;, forevery J € RL(E,, ..., E,).On the other hand, if J € RL(E,, ..., E,)
and P is a power product of Es, ..., E,, then PE; < JE, implies

PE,=PE, NJE, = (P N J)E,
so that (in.¥)
P=FPANT)V PANO:E))=(FANJT)V (0: PE)P.
It follows that either PE; = 0 or that P < J, whence P < J VvV (0: E;) in
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RL(E,, ..., E,). Hence E; is both weak meet principal and weak join prin-
cipal, and therefore principal, in RL(Ey, ..., E,).

TueEOREM 10. Let (&, M) be a distributive g-regular local Noether lattice. If
Ei, ..., E,is a minimal base for M, and if
K=V {Xlel N X,f"} EqoL Ene,, = 0},

then ¥ =~ RL,/K. Conversely, any quotient of RL, is a distributive g-regular
local Noether lattice.

Proof. Let Qg < Q1 < ... < Q, be a g-prime chain in . It is easily seen

that each of the elements Q; is generated by a subset of Fy, ..., E, with ¢
elements, so we may assume that 0 = Q,, and that Q;, = E; V ...V E. It
follows that Ey, ..., E, is a g-prime sequence in.¥, and hence by Lemma 9.1

that each of the elements E, is g-prime. The isomorphism of ¥ with RL,/K
now follows from Theorem 6.
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