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Abstract

We consider a class of Gaussian processes which are obtained as height processes of
some (d + 1)-dimensional dynamic random interface model on Z¢. We give an estimate
of persistence probability, namely, large 7' asymptotics of the probability that the process
does not exceed a fixed level up to time 7. The interaction of the model affects the
persistence probability and its asymptotics changes depending on the dimension d.
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1. Introduction

Consider areal valued stochastic process { X, };>0 starting from zero in discrete or continuous
time. To study the asymptotics of the probability pr := P{X, < 1 foreveryt € [0, T']} as
T — oo is called the problem of persistence probability. This is also referred to as survival
probability or the one-sided exit problem and is one of the classical problems in probability
theory. For example, it is well-known that py = T~!/2 for Brownian motion or symmetric
random walk. Also, for fractional Brownian motion with Hurst parameter H, pr behaves as
T—A=H)Fo(l) (see [2], [21]). In many cases p7 exhibits power law decay and the main problem
is to identify its exponent. Even for a Gaussian process with given covariances this is not an easy
problem and the precise exponent is known only for a handful of cases (see [5], [19]). Recently,
in connection with several applications, persistence probabilities for some stochastic processes
such as the integrated process or weighted random walks etc. have been actively investigated
(see, for example, [3], [4], and [10]). Many of these processes do not have the Markov property
nor stationary increments and this makes the problem difficult. See a review [5] for recent
developments.

As one of the motivations and related topics, there are extensive studies of persistence
probability of fluctuating interface in the literature. A typical model is the Kardar—Parisi—
Zhang (KPZ) equation given by the following:

9 1
Eh(x,t): EX(Vh)2+vAh+n(x,t), xeR, >0, (1.1)

where 7n(x, t) is a space-time white noise. This describes the time evolution of a (1 4 1)-
dimensional random interface and . (x, ¢) represents the height at position x € Rand timez > 0.
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When L = 0, (1.1) is called the Edwards—Wilkinson (EW) equation and the solution is the
infinite dimensional Ornstein—Uhlenbeck process in this case. Studies about the KPZ/EW
equation have been quite active in the last several decades and particularly, a lot of analytic,
numerical, and experimental results have been obtained about the asymptotics of p(0, T') or
limy 00 p(to, T) as T — oo, where p(ty, T) := P{h(x, s) # h(x, tp) for every s € (7o, to +
T)} is the persistence probability focused on the height at a fixed position x € R (see [17], [20],
[24] and references therein).

However, to the author’s knowledge, analytic results have been obtained only for the EW
equation and almost all of those results are mathematically non-rigorous. Also, most of these
studies focused on the one-dimensional model. In the viewpoint of the study of random
interfaces, it seems natural to consider the higher dimensional model. The main purpose of
this paper is to study persistence probability for a multi-dimensional dynamic random interface
model in a mathematically rigorous way and to give an estimate which clarifies the dependence
on the dimension. For this purpose we discretize the underlying space and consider a dynamic
Gaussian interface model on Z¢. In particular, if we focus on the height process at site 0 € Z¢
then a class of non-Markov Gaussian processes appears.

1.1. Model and result

In this paper we consider the following lattice system of interacting diffusion processes as
a model of dynamic (d + 1)-dimensional random interfaces

dey (x) = {—@(x) +) aly— x)my)} df +v2dB,(x),  xeZ’ (1.22)
y#EX

do(x) =0,  xeZ (1.2b)

where {B;(x)} <z« is a family of independent standard one-dimensional Brownian motions and
we assume the following conditions for {g(x)},cz4:

(i) That g(x) = g(—x) > 0 for every x € Z.

(i1) There exists R > 0 such that g(x) = 0 for every x € 74 with |x| > R.
(iii) The summation Zx;é() g(x)=1.
(iv) Additive group generated by {x € Z%; g(x) > 0} is Z¢.

The physical meaning of (1.2) is as follows. For a configuration ¢ = {¢(x)} <7« € de,
which describes a phase separating interface embedded in (d 4 1)-dimensional space, consider
a (formal) Hamiltonian

1
H@$) =5 Y qb =06 — o)) (1.3)

<Xx,y>

where we take the summation for the pair x, y € Z¢. Then (1.2) corresponds to the Langevin
equation associated with H (¢),

oH
depy(x) = —%(@) +2dB;(x), xeZq, (1.4)

and this describes the time evolution of a (d 4 1)-dimensional phase separating random interface
starting from flat initial configuration at height 0. The term ¢, (x) corresponds to the height
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of the interface at position x € Z¢ and time r > 0. Note that though (1.3) is a formal sum,
dH /3¢ (x) makes sense by the assumption (ii) on g. Since the energy of the interface ¢ is
determine by its height differences, this model is called the V¢ interface model and its studies
have been active in both of static and dynamic aspects (see [14] and references therein).

Since the stochastic differential equation (SDE) (1.2) is determined from the constant
diffusion coefficient and linear drift with the weight satisfying condition (iii), it is also called the
critical Ornstein—Uhlenbeck process and has been investigated in connection with the study of
infinite dimensional interacting diffusion processes (see, for example, [11], [15]). By standard
approximation arguments (1.2) has a unique strong solution. In particular, we have a random
walk representation of space-time correlations of this model (see [8], [12, Proposition 1.3]).
By these facts, the following holds.

Lemma 1.1. Setg; := ¢:(0), t > 0. Then, {g;}:>0 is a continuous Gaussian process on [0, 00)
with mean 0 and the covariance is given by

5
[(s.1) = Elgy/] = / P(Simsion = 0)du, 0<s <1, (15)
0

where {S,}u>0 is a continuous time random walk on 74 with the generator

QF(x) =) q(y —x)(F(y) - F(x)), xeZ’ (1.6)
Y#x

for F: Z% — R and P denotes its law starting at 0 € Z°.

We stress that though the whole system {¢, (x); x € Z%},>¢ has the Markov property, if we
focus on the height at 0 Z4 then {g:}i>0 := {¢:(0)};>0 is a non-Markov process. Also, this
is a non-stationary process.

By the above lemma our main problem is to study the persistence probability for a class
of continuous Gaussian processes whose covariances are given by (1.5). Now we are in the
position to state the main result of this paper. We have the following estimate on the persistence
probability for {g;};>0.

Theorem 1.1. There exist C_, C4 > 0 such that the following holds for every T > 0 large

enough.
o—C—(logT) e~C+loeD)  yrg =1,
o~ C-(log T} e~ Ci(logT)? ifd =2,
e—C-VTlogT 1 < P{g; < 1foreveryt € [0,T]} < {e-C+VT ifd =3,
e—C-T e~ C+T/logT) i — 4,
O e CiT ifd > 5.

Roughly speaking, the dynamics (1.2) represent averaging of the height of the interface at
each site with those of surrounding sites (plus random noises). The number of surrounding
sites increases as the dimension increases and the influence of the height of the original site
decreases in the averaging. Hence, the correlation of the process {g;};>0 decays faster as the
dimension increases (see Lemma 1.2 below) and the persistence event becomes hard to occur.
Though the order of upper and lower bounds does not match in 2 < d < 4, the above result
shows that the persistence probability decays faster as the dimension becomes large.

We give several remarks about the result.
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Remark 1.1. If we assume 1 := ), #Oq(x) < 1 then (1.2) corresponds to the Langevin
equation associated with a massive Hamiltonian

1 1
H@) =5 Y a0 =0@® =)+ 0 —n Y G0

<X,y> xezZd

In this case, the generator (1.6) can be considered as

QF(x) =) n@(ﬂw ~F(x)), xeZ?
y#X

with Zy#x q(y — x)/n = 1. Namely, this is a generator of continuous time random walk with
killing rate 1 — 5. Hence, we have

s s
Elgsg:] = / P(Si—s+2u = 0) du < [ e*C(tferZu) du < C/efc‘(tfs)’
0 0

for some C, C’ > 0 and the covariance of {g;},>0 decays exponentially fast. In this case, the
proof of Theorem 1.1 for the case d > 5 works well and we can prove that

e C-T <P{g, < 1lforeverytr € [0, T]} < e_C+T,

for every T > 0 large enough for arbitrary dimensions.

Remark 1.2. We can also consider the discrete time dynamics of a (d + 1)-dimensional
Gaussian random interface model. Define a RZd-Valued discrete time process {h,(x); x €

7%, n > 0} by
0 ifn =0,
()= 33" (v = Dhp1(3) + 0a(x) ifn > 1, (1.7)
yeZd

where {1, (x); x € Z¢,n > 0}isa family of independent, identically distributed (i.i.d.) random
variables. This model is called serial harness and was introduced by Hammersley as a discrete
time model of evolving random interfaces (see [13], [16]). By iterating (1.7), we have

n—1

ha(X) =) prlx, Yk (y),

k=0 yezd

where py (x, y) is k-step transition probability of a random walk on Z¢ with transition probability
{q(x)},czq. Therefore, if the law of noise variables 1, (x) is given by N (0, o2) then the height
process at the origin {4,(0)},>1 is a family of centered Gaussian random variables whose
covariances are given by

n—1 m—1
ElhnOha (O] =0 Y > pe(0, 1) pintm(©, ) =07 D pu-m12x(0,0)
k=n—m yezd k=0

for 1 < m < n. Hence, the covariance structure is the same as (1.5) and Theorem 1.1 would
hold also for this model. Actually, our proof of the upper bound also works well for this model.
For the lower bound some extra work might be needed.
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Remark 1.3. (i) One of the difficulties for the estimate of the persistence probability for our
model in d > 2 is that the process has long range correlations (see Lemma 1.2). Namely,
our model has logarithmic correlations in d = 2 and polynomially decaying correlations in
d > 3. Though there are several general theorems for the persistence probability for Gaussian
processes (e.g. [19]), most of them require fast decaying correlations of the process (summability
or integrability of correlations). Recently, Dembo and Mukherjee [9] gave a general criterion
for the persistence probability for Gaussian processes. But they also require the summability
of correlations and their result does not work well for our model in dimensions 2, 3, 4.

To the author’s knowledge, even for the stationary Gaussian process with similar (and
simpler) covariance structure to our model, there is no result with the same order of the upper
and lower bound. The best known result is a classical result in [22] which studied stationary
Gaussian processes whose correlation at time s and s + ¢ behaves as < =% («¢ > 0) ast — o0.
Though the Gaussian process considered in this paper is not a stationary process, large time
behavior of the correlation is similar to this when d > 3 and our result for this case is the same
as [22].

(ii) From the viewpoint of the study of dynamic interface models, it might be natural to consider
Langevin’s equation (1.4), which is associated with the more general Hamiltonian H(¢) =
% Z<x’y>V(¢> (x) — ¢(y)) instead of (1.3) where V: R — R denotes interaction potential
(see [14]). However, since several parts of our proof rely on the Gaussian property of our
model, at this moment we do not have an estimate about persistence probability for this general
model.

1.2. Strategy of the proof

For the proof of Theorem 1.1 we first investigate the covariance structure of the process
{g:}:>0. We recall the local central limit theorem

P(S, = x) — e~ eAT20| o oy=(d/2)-1 (1.8)

1
2mt)d/2/det A

for every x € Z? and t > 0 where A is the covariance matrix of random walk on Z¢ with
transition probability {q (x)} <7« (see [18, Theorem 2.1.3]). By combining this with the random
walk representation (1.5), we have the following lemma.

Lemma 1.2. There exists C > 0 such that the following holds for every 0 < s <t:

o Ford=1, |I(s,t) —k1(/t+s)Vv1—y/(t—-s)VvI)<C.
o Ford=2, I'(s,t) — Kz—z(log((t +s)v1)—log((t—s)v1)| <C. (1.9)
o Ford>3, 0<T(s,1)<C((t—s)Vv1)~@d+l (1.10)

where kg = (1/(2m)%/2/det A).

In particular we remark that our model exhibits aging phenomena when d < 2. Namely,
asymptotics of the correlation (' (s, s + £)/+/T (s, s)~/T(s + 1,5 + 1)) as s, — oo depends
on the choice of s, t (see [8]).

Now we explain the strategy of the proof of Theorem 1.1. The main part of the proof of upper
bound is the case d = 2. The important property of the process {g;};>¢ in this case is that the
process has logarithmic correlations. This is similar to the two-dimensional discrete Gaussian
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free field (DGFF). In the recent study of DGFF, [7] introduced modified branching random
walk (MBRW) and proved tightness of the (centered) maximum of DGFF by comparing with
MBRW. We also introduce MBRW and consider comparison with {g;};>0. This reduces the
estimate on the persistence probability for {g;};>0 to the problem about the partial maximum
of MBRW. This problem can be handled by a multi-scale argument which is based on the
hierarchical structure of MBRW. For the case d > 3, we follow the argument of [22] which
studied the persistence probability for stationary Gaussian processes whose correlation behaves
as <t~ %, o > 0. The case d = 1 follows from comparison with Brownian motion.

For the proof of the lower bound in the case of d < 3, we use a measure change argument. We
first add a suitable drift to the process {g;}o</<7 so that the persistence event in time interval
[6T,T] (0 < § < 1) occurs with large probability. We can estimate its cost by using the
Cameron—Martin formula and we obtain the lower bound of the probability of the persistence
event in time interval [67, T']. Then, by using Slepian’s lemma we obtain the lower bound of
the probability of the event in time interval [0, T']. The lower bound in the case of d > 4 simply
follows from Slepian’s lemma.

In Sections 2 and 3 we give the proofs of the upper and the lower bounds of Theorem 1.1,
respectively. At the end of this section, we remark that throughout this paper C represents
a positive constant which does not depend on 7" but may depend on other parameters. Also,
this C in estimates may change from place to place in the paper.

2. Proof of the upper bound

2.1. The cased =2

For the proof of the upper bound in d = 2, we introduce MBRW which was originally
considered by [7] in the study of the maximum of two-dimensional discrete Gaussian free
fields. Fork = 0,1, 2, ..., let Ix = {([1, 2"] NZ) + z; z € 7} be the set of all intervals on Z
with size 2% and define Iy (x) = {I € Ix; I > x}forx € Z. For L € N, IkL denotes all intervals
in I whose left end point belongs to the interval [1, 2L]. The set {ar1;1 € IkL, k > 0} is
a family of centered Gaussian random variables which are independent with respect to k > 0
and i.i.d. with respectto I € T kL with variance 2%, We extend it periodically over Z, namely
we define {a,ﬁl; I €1y, k>0}as

L ar,; it 1 e Ik,
a =
k1 app ifI=1+2y forl'’eIl andyeZ.
Then MBRW (ML}2 on[1, 251N Z is defined by ME := Yk 31, () af ;- By definition
E[(ME)?] = L + 1 for every x € [1,25] N Z. We also define
fri MXL—i—vg _ MxL—i—vg
Y VEIME 4 0g)?] VL1402

where v > 0, and g is a standard normal random variable independent of {M XL})%L: -
Now, we recall Slepian’s lemma which is used frequently throughout this paper.

Proposition 2.1. ([23].) Let § = {&}1<i<n, ¢ = {Ci}1<i<n be centered R"-valued Gaussian
random variables such that E[£?] = E[¢?] for every | < i < n and E[&£;] < E[(;¢;] for
every 1 <i,j < n. Then, we have

P& < Aj forevery 1 <i <n} <P{{ < Aj forevery 1 <i <n},
for every {Ai}1<i<n € R
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We remark that this inequality also holds for the continuous parameter setting

(see [1, Theorem 2.2.1]). Define the normalized process of {g;};>0 as g = g,/,/IE[gtz],
for + > 0. Then we have the following comparison estimate.

Lemma 2.1. Let0 <6 < 1,0 < B < 1 be fixed and set A = 2BLY gnd N = [(1 — §)2L—[BL]y,
There exists vg = vo(8) > O such that if v > vg, then we have

P{g, < Ay foreveryx € {[82F1+iA;i =0,1,...,N}}
< P{M"L < i, foreveryx € {[8211+iA;i =0,1,..., N}},
for every {xy} € RNt and L large enough.

Proof. By Slepian’s lemma, we have only to show that E[gxgy] < IE[AZ xL MyL] for every
x,ye{[82L1+iA;i=0,1,...,N},x # y. By (1.9),

L—C, 2.1)

log2
E[g2] > "2—210g(2x> —c=x2 ;’g

for some C; = C;(8) > 0 and

Elgxgyl = %(log((x +y) v —log(lx —ylv1)+C

k> log?2
2

=

(L —logy(lx —y|+ 1) + C2,

for some C, > 0. Therefore,

L —logy(|x —y|+ 1)+ C)

) 2.2
L—c] 2

E[gxgy] <

for some C| = C{(8) > and C} > 0. Next, by definition of ML,

L
BIMiMil=3 > . Blaga,)

k=0 Ieli(x) I'eli(y)
L
= > @ —d"(x, yn27*
k=[log, (dL (x,y)+1)]
> L—logy(lx —yl+1) —C3

for some C3 > 0 where d (x, y) := min{|x — z|; z € y + 2L Z)}. Therefore,

L —logy(Jx —y| + 1) — C3 +v?

1yl 1L
BIM; My] = L+1+v2

2.3)

Now, by using the elementary fact that (a + x)/(b + x) > a/bforeveryx > 0if0 <a < b
and log, [x — y| > [ﬁL]’lior)L, y € {8251 +iA;i=0,1,..., N} withx # y,(2.2) and (2.3)
yield that E[g,gy] < E[MxLMyL] if v > 0, L > 0 large enough.

Proof of Theorem 1.1 upper bound; the case d = 2. It is sufficient to show that there exists
C > 0 such that

P{g, < 1 for every 7 € [0, 2]} < e €L,
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for every L € N large enough. By Lemma 2.1,
P{g; < 1 forevery ¢ € [0, 251}

~

1
<P{3, < ——— forevery x € {[82F]1 4+ iA;i =O,1,...,N}}

~ VEIg2]

<P{M! < foreveryxe{[SZL]+iA;i=0,1,...,N}}

<P gS—ZL}
v

VLF1+02
+]P’{MXL5yL+£f0reveryxe{[82L]+iA;i:0,l,...,N}},

VEIg2]

for every y > 0. The first term in the right-hand side is less than exp(—CL?) by Gaussian
tail estimate. By (2.1) there exists C > 0 such that v/L + 1+ v2/\/E[g2] < C for every
X € {[82’“] +iA;i=0,1,..., N}and L > 0 large enough. Hence, Proposition 2.2 yields that
the second term is also less than exp(—CL?) for small y > 0 and we obtain the upper bound.

Proposition 2.2. Let0 < 8 < 1,0 < B < 1befixed and set A = 2\PL1 N = [(1—8)2L-[AL],
There exist yy > 0 and C > 0 such that for every y < yy, it holds that

P{ML < yL for every x € {[82-]1+iA;i =0,1,..., N}} <e €L,
for every L large enough.

For the proof of thls proposition, we introduce some notation. For 0 < § < 1 and
0 < a < 1, let ALS _{[52L]+12M i =01, [(1—5)2“ [«L]1}. Note that if
0<p<a<lthenAy)cAf) We also define @ —a(ak,,l € I, [wl] <k < L),

and ME@ =E[MLF@] = Zk:[a“ dlen) ak’,. The main idea of the proof is a multi-
scale argument which is based on the hierarchical structure of MBRW. This is often used in the
study of branching random walks or two-dimensional discrete Gaussian free fields (see [6]).

Proof of Proposition 2.2. Let0 < § < 1,0 < B < 1 be fixed and consider events
& = {ML < yoL forevery x € A(ﬁ)}
A = {MXL’(“) < L?for every x € A(L )8}
= {tlx € AYG ME©@ > —y L) > 2011y,

e = {tlx € AN MED > o1y > 2520y,

where a € (B8, 1), vo, Y1, V2, €1, &2 > 0 are to be specified later on. Then we have

P{€} < P{A } + P{AN B} +P{BNC°}+P{CNE}.
We estimate each term in the right-hand side.

For P{A€}, we have

L4
P{AS) < [AY)] max P{ML@ > 12} < c2L~1oL] max expl————— |
Lo L)
xeA xeAy) 2var(Mx’ )
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Since var(ME®) = L — [aL] + 1 for every x € A(Lazs, we obtain P{A} < exp(—CL?) for
every L lar%e enough and this term is neghglble Next, on B¢ the number of x € A(L 5 Which
satisfies M < —y1 L is at least |A | 2¢1L Therefore, on 4 N B¢ we have

— Y Mk <

L,5 ()
X€ALs

|A |{ 71 L(IA(O‘)| 281L) +L2281L} < —%)/]L,
LS

for every L large enough if €1 4+ « < 1. In this case, Gaussian tail estimate yields that
L? }
L, )
var((1/1AF5D Xy M)

P{A N B} < exp{—C

By definition of M,

)SED D JD SIS BTN

L,(a)
g X ! )
| L,§ | L8| ‘e A<a> ye A(a) k=[aL] Ielr(x) I'el;(y)

xeA ;)
o> Z (@ —d"(x, y) v 0)27*,

A(a)|2
L, xEA(a) ye A(Ol) k=[aL]

For given x € A( sand [@L] < k < L, we have

Jk—laL]
Z ((2k _ dL(x, V) Vv 0) <2 Z (2k _ iz[aL]) — 2k(2k7[OlL] +1).
@ i=0

yEALa

By these computations,

| AL“

(Ol
AL | Azx; 8|k

and we obtain P{A N B¢} < exp(—CL?) for every L large enough if &; + a < 1.

For the third term we have P{8B N €} = E[P{C|F ®}; B]. For given ¥ © and on B, the
number of x € AL s which satisfies ML @ > —y1 L is at least 2¢1L We denote this set as §;.
Now, if G occurs then the number of x € 4; which satisfy ML B _ MxL’(a) > (y1 +y2)Lis
less than 2¢2L ., For x € AL 5

[aL]—1

Mf”(ﬁ) _ MXL»(Q) — Z Z at]

k=[BL] I€I}(x)

are independent centered Gaussian random variables with variance [« L] — [BL]. Therefore,

on B we have
2¢1 L

P{eC | F @) < P{Z 1G>+l < 282L},
i=1

https://doi.org/10.1239/aap/1427814585 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1427814585

Persistence probability for a Gaussian process 155

where {&;} are i.i.d. centered Gaussian random variables with variance [¢L] — [BL]. Set
0; == 1(& > (y1 + y2)L). Then {6;} are i.i.d. and by Gaussian tail estimate, we have

272
L
E[6,] > exp (1 + y2) > phL,
L3/2  2([eL] - [BL])

for every large enough L, where we set A := (y; + 2)2/(a — B) log2. Now, if 61 — A > &
then

2€1L

P{C | F W1 < IP’{Z@,- < 2€2L}
i=1
2£1L

= P{Z(Gi —E[6:]) < _%z(el—A)L}

i=1
< 2exp{—C2E17ML)

for every L large enough, where the last inequality follows from [6, Lemma 11]. Therefore,
the third term is negligible under the condition &1 — A > &2, A 1= (y1 + )/2) /(o — B)log2.
For the last term, We have P{C N &} = ]EEIP’{@ | #®): @]. For given £® and on €,
the number of x € A I 8 which satisfy M > L is at least 2821, We denote thls set
as 4,. Now 1f & occurs then ML MxL’(ﬂ) < (yo — y2)L for every x € 4. For x € AL )8,
ML — Zk 0 Z e (x) ak ; are independent centered Gaussian random variables

w1th variance [SL]. Hence, we have

PlE | FB) <PE < (v — y) L™ <ex

p{ (=)L }mL
2[BL] ’

if Yo — 2 < 0 and this term is also negligible, where § is a centered Gaussian random variable

with variance [BL].

Finally, by choosing «, yo, ¥1, ¥2, €1, &2 to satisfy all the conditions, we obtain the desired
estimate. For example, for given 0 < B < 1 it is sufficient to take « = (1 + f)/2, &1 =

(1=p8)/3,e2=1-=p8)/6,y1 = v2 = +/log2(1 — B)/7 > yo.
2.2. Thecasesd =1andd > 3

Next, we consider the cases d = 1 and d > 3. We prepare some notation which will be also
used in the proof of the lower bound. By the inversion formula,

1 . .
P (S, = x) / E[e'?Se1e™10* gp,
—N,ﬂ]d

~ e

forx € Z%,andu > 0. Since {Su}u>01s acontinuous time random walk with generator (1.6), we
have E[exp(i6-S,)] = exp{u(§(#)—1)} foreveryu > 0,60 € R? where §(0) := > ez exp(if-
x)q(x) (cf. [18, Lemma 2.3.1]). By the assumption on ¢, ¢(0) := 1 — g(0) = 0 if and only
if all the values of 8 are integer multiples of 27 and there exists € > 0 such that ¢ () > ¢|6 |2
for every 6 € [—m, 719 (see [18]). Also, by Taylor’s theorem ¢ () = 6 - A6/2 + 0(|6]*) as
|6] — 0. Then, by Fubini’s theorem,

' 1 e5h0) _ o~19(0)
/s Su=0) Q2n)d / — ¢ (0) @9

forevery 0 <s <1t.
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Lemma 2.2. Letd = 1 and {B;};>0 be a one-dimensional standard Brownian motion. Define
B, == B;/\/E[B?] = B;/+/t,t > 0. Then, we have E[gg;] < E[Esgt]f()r everys,t > 0.
Proof. By the random walk representation (1.5), all we need to show is that
P (S, = 0)du _s
(J& P(Su = 0) d)2(f" P(Sy = 0)du)!/2 ~ V1

for every 0 < s < t. By (2.4), this is equivalent to

T e (t=9)p®) _ o—+5)p(0)
(/ “)
- 25¢(0)
T e—25¢0) 12 p o | _ o=20(0) 1/2
< / ——dé / —df . (2.5)
-z 25¢(0) - 2t9(0)

Since (e* — 1)/x is increasing in x > 0, we have

e—(t—s)a _ e—(l+s)a - 1— e—2sa 1— e—2ta
2sa - 2sa 2ta

forevery 0 < s < t,a > 0 and (2.5) follows from Schwarz’s inequality.

Proof of Theorem 1.1 upper bound; the case d = 1. By Lemma 2.2, we can use Slepian’s
lemma and we have

P{g; < 1foreveryt € [0,T]} < IP’{B, < for every t € (0, T]}.

NG
VElgf]
By the local central limit theorem (1.8),

12 1 [/« C
E[g,z]=§/0 ?(SMZO)duZE/O(T;—m)duzﬁlﬂ\/;—c,

for some C > 0 and every t > 0. Also, by using the estimate

9

(8, = 0) > P(there is no jump in [0, u]) = e™“,
we have E[g,z] > % 02; exp(—u)du = %(1 — exp(—2¢)). Hence, E[g,z] > max{ﬁ;qﬁ —
C, %(1 — exp(—2t))} for every t > 0 and this yields that there exist C, C’ > 0 such that

V1/\/Elg?] < Ct'/* + C’ for every t > 0. Therefore,

P{g; < 1 forevery s € [0, T]} < P{B, < Ct'/* + C’ forevery r € (0, T1},

and the right-hand side is bounded above by C T ~!/2 by the result about persistence probability
for Brownian motion with drift (see [25]).

Proof of Theorem 1.1 upper bound; the case d > 3. In this case the upper bound follows
from a similar argument to the proof of [22, Theorem 2] which studied a class of stationary Gaus-
sian processes. For completeness we give the proof. Let A = A(T") > 0 which will be specified
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later on. Consider n x n matrix p = (pjx) where pjx = E[gjagkal, 1 < j,k <n:=[T/A]
We also denote ,0_l = (,oj_kl) as the matrix inverse of p. By (1.8),%0c>0 PSS, =0)du < 0
when d > 3. Therefore, there exists ¢y > 0 such that E[gf] = %fox P(S, =0)du > l/c(z)
forevery x € {jA; j=1,2,...,n}if T > 0 is large enough and we have

P{g; < 1 foreveryt € [0, T]}

§P{§x§ foreveryxe{jA;j:l,Z,...,n}}

Elg?]

<P{g <coforeveryx € {jA;j=1,2,...,n}}

1 € € 1 " -1
= W/_mdxl"'ﬁmdxneXP{_z Z pjk-xj-xk}.

Jk=1

Since p is areal symmetric positive definite matrix, its eigenvalues are givenby 0 < A} < --- <
A, and we have det p > A/ Also, eigenvalues of o lare givenby 0 < 1/4, < --- < 1/A4
and we have Z?,k:l ,oj_klxjxk > (1/xy) Z;'.:l sz. for every (x;) € R". Therefore, we obtain

A n/2
P{g, < 1foreveryr € [0, T]} < (b/\-”) , (2.6)
1

for some b € (0,1). Now, we use the fact that for every n x n matrix A = (g;;) and an

eigenvalue A, it holds that |A — a;;| < Z#i |ajj| for some 1 <i < n. By (1.10) and p;; =1

for every 1 < i < n, there exists C; > 0 such that A, < 1 4+ C,A~(@/2+] 27:1 |j|~@/2+1
_ —(d/2)+1 g1 S —(d/2)+1

andA; > 1 — CoA™¢ Zj:1|]| . If we choose A as

KT ifd =3,
A=A(T)={KlogT ifd =4,
K ifd > 5,

with K > 0 large enough (independent of 7)), then A=@/2+137_ |j|=W@/2+ < Cc/K
for every T > 0 large enough and every d > 3. Hence, we can choose K > 0 so that
b(An/A1) < C3 < 1forevery T > 0 large enough and (2.6) yields the desired upper bound.

3. Proof of the lower bound

In this section we prove the lower bound of Theorem 1.1. We first consider the case d < 3.
Let T > 0 and consider a continuous Gaussian process {g;}:<[o0,7] With mean O and covariance
(1.5). We first give an estimate on its maximum.

Lemma 3.1. There exists C > 0 such that

CT'*  ifd =1,

E[ sup g,] <1ClogT ifd=2, 3.1)
O=t=T CJlogT ifd > 3.

Proof. Let p(s, t) := {E[(gs — g/)*1}'/? be a canonical metric induced by g. For0 <s <t,
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by (1.5) we have

1 2s 2t t+s
o(s, 1) = —<f +f —2/ )?(S,, =0)du
2\Jo 0 t—s
1 (t+s)+(t—s) 2s+(t—s) t—s
=—</ —/ +2/ >,7>(Su=0)du
2 t+s 2s 0

1 t—s
=3 / {P (Suti+s =0) = P(Sus2s = 0) + 2P (Su = 0)} du.
0

Then, we have a trivial bound p (s, t)2 < 2|t — s]| for every d > 1. Also, by the local central
limit theorem (1.8) we have £ (S, = 0) < Cu~“/? for every u > 0 and this yields

Clt —s|'/? ifd =1,

ps. 0> <{Clog(jt —s|v1)+C ifd=2,
C ifd > 3,

for every s, ¢t > 0.
Now, we use Dudley’s bound:
1 diam([0,T7])
]E[ sup g,] < c/ log N (e) de, (3.2)
0<t<T 0

where N (¢) is a metric entropy for [0, 7] induced by p, namely, the smallest number of p-balls
with radius ¢ which cover [0, T] (cf. [1, Theorem 1.3.3]). When d = 2, by the above estimates
there exist Cq, L1 > 0 such that

V2|t —s| for every s, ¢t > 0,

s, 1) <
ps.1) { Cilog(i —s]) iflt—s| > L.

Ife > /Cilog Ly thens,t > Owith L1 < |t—s| < exp(e2/C}) satisfy p(s, 1) < ¢ and we have
N(e) < Texp(—e2/Cy). Ife < \/C1log Ly thens, t > Owith |t —s| < %82 satisfy p(s, 1) < &
and we have N (¢) < 27 /&2 inthis case. Also, diam ([0, T']) = Sup; scjo.77 P (s, 1) < C/logT.
By combining these estimates with (3.2), we obtain E[supy,;.7 g:] < ClogT. Whend > 3,
by the trivial bound of p we have N(g) < 2T /&?* for every ¢ > 0. Also, since p is bounded,
diam ([0, T']) < C. Hence, we obtain E[supy, .7 &] < C/logT in this case.

Finally, for the case d = 1 let { B,y }+>0 be a fractional Brownian motion with Hurst parameter
y = ‘—IL, namely {Bty }i>0 1s a continuous centered Gaussian process with E[(B,y — B =
|t — s|'/2. Tt is well known that E[supg<;<r Bly] < CTY* and we have E[(g; — g5)*] <
E[(v/CB] —~/CB!)*]. Then, the Sudakov—Fernique inequality (see [1, Theorem 2.2.3])
yields that E[supy<, <7 &:] < «/EIE[supOS,ET B/1<cT'/4

Next, let (H("), || - ||g#) denote a reproducir%g kernel Hilbert space associated with ' =

{l;(s, t);s, t € [0, T]}. We define n = r]T =y &dsand h = {h,T}te[o,T], h[T = E[ng:] =
fo E[gsg:1ds. Then, by definition, 7 € H(I") and we have the following lemma.
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Lemma 3.2. Let d < 3. (i) There exists C > 0 such that |h||3;, < CT>/? forevery T > 0
large enough.

(ii) For every 0 < § < 1, there exists C = C(8) > 0 such that

liminf 7@/2=2 inf Al > C.
T—o0 te[8T,T)

Proof. At first, by (1.5) and (2.4)

1 t+s 1 e—(t—S)¢(0) _ e—(t+5)¢(9)
E[g‘g]z—/ P (S, =0)du = 40,  (33)
SR A ! 221 Joim Q)

for every 0 < s <t where C(r) := [—r, r]d, r> 0.

(1) By (3.3) and Fubini’s theorem, we compute that

T T
113 = / / Elgyg,] ds dr
0 0
T t
= 2/ (/ E[gsg,]ds) der
0 0

T
_ (21)d ¢(19)2 ( / e 10O (100) | ¢=10®) _ ) dt) do
T C(m)

/ f(T¢©))do,

(271 @n)?

where f(x) = 1/x2(1 — (1/2x){(2 — e )2 — 1}) is a continuous function on (0, co)
which satisfies lim,_.q f(x) = % and f(x) < 1/x2 for every x € (0, 0o0). Therefore,

T — | f(w(i))de
B @2mn)d C@JT) JT
73—/ o VYo
Q- (/@(1) /e(nf)\e(1)> ( ¢<ﬁ>>

By properties of f and ¢, f(T¢(-/~/T)) is bounded on C(1). Also,

Lo (o))< [ (ro( ) a0
eavHe) VT eayMe) JT

1
< —do
/Rd\e(l) 2|4

C 00 rd*l
< —

dr.
=3

1 r

This integral is finite if d < 3.
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(i1) By (3.3) and Fubini’s theorem again, we compute that

T
Wl = /0 Elgyg,]ds

1 1 o= (=5)¢0) _ o—(t+5)¢(0)
= —d/ (/ ds) do
22m)¢ Jeu \Jo ¢ (©)

L[ Lo o0 g4
22m)¢ Je(x) ¢(0)

1 / I ol 2
> —e =g (0))"do
22m)4 Jemy #(6)? 2
27-d/2)

L e~1O/NT) 4.
4(2m)d /@(nﬁ)

where the second inequality follows from the fact that e* + e — 2 > x2/2 for every
x € R. Finally, by Fatou’s lemma we have

liminf 7@/2=2 inf Al >
T—o00 1€[8T,T) 4(2m)4

/ e~ 1/20:49 49 = 0.

R4

Remark 3.1. Asymptotics of ||h||%{ as T — oo for d > 3 have been studied in [11] by using
SDE (1.2).

By using Lemma 3.2, we first show the lower bound of the persistence probability in time
interval [6T,T], 0 <68 < 1.

Proposition 3.1. Let 0 < § < 1 be fixed. There exists C > 0 such that
e ¢ ifd =1,

Plg, < 1foreveryt € [§T,T]} > {e=CoeD’ jrq =2,
efC\/TlogT lfd — 37

for every T > 0 large enough.
Proof. Seth = {h! }icq0.77, hT = Ba(T)h;, 0 <t < T where 8 > 0 and

T7-6/ ifd =1,

a(T) =T 'logT ifd =2,

T-U/2 /logT ifd =3.
By the Cameron—Martin formula and Schwarz’s inequality, we have

P{g; — E[T < lforeveryt € [6T, T]}
~ 72
= E[l{gtgl for every te[ﬁT,T]}en (I/Z)Hh”H]

<P{g; < 1foreveryt € [67T, T]}1/26_(1/2)”h”%fIE[eﬁ]lﬂ,

where 7 is a centered Gaussian random variable with variance ||ﬁ ||%1. This yields that

P{g; < 1foreveryt € [6T,T]} > e*‘lf‘llgfp{g, — E,T < 1foreveryt € [87T, T]}2.
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Therefore, by definition of % and Lemma 3.2(i) it is sufficient to prove that
liminf P{g, — k! <0 forevery e [8T,T]} > C > 0. (3.4)
T—o00

ByLemma3.1 and Lemma 3.2(ii), if we choose § > 0Olarge enoughtheninfsr<;<r ﬁ,T > 2b(T)
where we set the right-hand side of (3.1) as (7). Then,

P{g: — EIT > 0forsomet € [6T,T]} < }P’{ sup g — E[ sup g/] > b(T)}

OSTST OSIST
b(T)?
SGXp{— ( ; }
20T
where

CJT ifd=1,
o7 := sup E[g’]<{ClogT ifd=2,
O=i=T c ifd =3,

and the last inequality follows from Borell’s inequality (see [1, Theorem 2.1.1]). Hence, we
obtain (3.4) and complete the proof.

Proof of Theorem 1.1 lower bound; the case d < 3. By Proposition 3.1, there exist Ty > 0
and Cy > 0 such that

P{g, < 1forevery € [T,2T]} > e~ C0¢T),

for every T > Ty where
1 ifd =1,
a(T) = (logT)*> ifd =2,
JTlogT ifd =3.

For every T > Ty, we have [Ty, T] C U§:0[21To, 24175] where [ = [log(T/ Tp) /log 2].
Slepian’s lemma yields that

P{g; < 1 foreveryr € [0, T]}
I
1 I+1
> P{g; < 1foreveryt € [0, To]}l_[IP’{g, < 1 foreveryt € [2'Ty, 2" Tol}
=0

]
> C exp{—coZa(z’To)},

=0

for some C; = C1(Tp) > 0. Then, by elementary computation we have

] CrlogT ifd =1,
Z a'Ty) < { Cr(log T)®  ifd =2,
1=0 CyN/TlogT ifd =3,

for some C> > 0 and we complete the proof.
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Proof of Theorem 1.1 lower bound; the case d > 4. By (1.5) and (1.8), there exist Ty, C1,
C> > O such that C1 < E[g;g:45] < C> for every t > Ty, 0 < s < 1. Therefore, there exists
C3 > 0 such that P{g; < 1 foreverys € [t,t + 1]} > C3 for every t > Ty. Then, Slepian’s
lemma yields that

P{g; < 1 foreveryt € [0, T]}

[T—To]
> P(g, < 1foreveryt € [0, Tol) [] Plg: < 1foreverys e [To+1 To+1+1])
=0
> e—CT

’

for some C > 0 and we complete the proof.
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