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GALOIS THEORY
WITH INFINITELY MANY IDEMPOTENTSY

O.E. VILLAMAYOR AND D. ZELINSKY

1. Introduction.

In 1942 Artin proved the linear independence, over a field S, of dis-
tinct automorphism of S; in other words if G is a finite group of automor-
phisms of S and R is the fixed field, then Hompg(S,S) is a free S-module
with G as basis. Since then, this last condition (S is G-Galois”) or its
equivalents have been used as a postulate in all the Galois theories of rings
that are not fields, for example by Dieudonné, Jacobson, Azumaya and
Nakayama for noncommutative rings and then in[AG, Appendix] and [CHR]
for commutative rings. When S has no idempotents but 0 and 1, [CHR]
proves that the ordinary fundamental theorem of Galois theory holds with
no real change from the classical, field case.

If the rings have finitely many idempotents, the G-Galois condition
prevents the “Galois group” G from being the full automorphism group,
but [CHR] provides a Galois theory pairing all subgroups of G with certain
separable subalgebras. In a sense this is a study of the group G as a
transformation group on a commutative ring S. In [VZ] we presented a
different Galois theory, oriented toward the rings rather than the groups,
pairing all separable R-subalgebras of S with some subgroups of the full
automorphism group of S over R. The present paper contains the same
Galois theory, with no hypotheses at all on idempotents. The technique
uses Pierce’s representation [P] of the ground ring R as the global cross
sections of a sheaf of rings that have no nontrivial idempotents, so that at
each point z of the base space we have a ring extension of R, to which
[VZ] applies.

In order to carry out this program, the G-Galois condition is too res-
trictive. Our hypothesis, besides the natural finite generation, projectivity,
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and separability of S over R, can be phrased in three equivalent ways: R
is the fixed ring of some finite set (equivalently, group) of automorphisms
of S; the S-module Homg(S,S) is generated (not necessarily freely) by auto-
morphisms of S; R is a finite product TR; of rings such that the corres-
ponding direct factor of S is G-Galois over R; for each i. The last hypo-
thesis was called to our attention by H. F. Kreimer after this manuscript
was prepared; he used it to prove theorems similar to ours [K]. Using
our techniques, we have appended a proof that it is equivalent to the other
two, at the end of section 3.

2. The Boolean spectrum.

Pierce [P] defined, for each commutative ring R, a sheaf of rings <
over a totally disconnected compact Hausdorff space X in such a way that
R is the ring of global cross sections of 2. We recast his definition slightly
in the next few pages. Let B(R) = the Boolean ring consisting of all idem-

potents of R.

(2.1) DernrtioN.  The Boolean spectrum of R is the Stone space X = Spec
B(R) consisting of all prime (equivalently, for Boolean rings, maximal) ideals
of B(R).

It is possible to describe X without reference to B(R):
(2.2) A point 2 in X is a collection of idempotents in R with the proper-
ties
(2. 2a) For every idempotent ¢ in R, either e € x or 1 — e € z but not both;

(2. 2b) If e and f are idempotents in R, then ef € x if and only if e€ «
or f e x.

For each element e in z, there is a neighborhood of z, namely U, =
{y € X|ec y}. These neighborhoods form a base of the open sets. Notice
U,c U, if and only if e=f, that is ef = f.

From this description, we deduce a continuous map
(2.3) ¢: Spec R— X, ¢(p)= the set of idempotents in p.

Since p is a prime ideal in R and since e(l —e¢) =0, it is clear that
#(p) satisfies (2. 2a) and (2. 2b), and so is a point of X. Since ¢~ (U,) =
{p € Spec R|e € p} = {p € Spec R|1 — e & p} and this is a basic open set, ¢

is continuous.
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Note that 0 € x and 1 & x, for otherwise (2. 2a) implies 0 « and lex
and (2. 2b) then implies the contradiction 0 =1-0€ z. From this and
(2. 8) helow, we deduce that the R-ideal Rz generated by 2 is proper for
each ¢ (if 1€ Rx then 1=7re for some ec2 and 1(1—¢) =0, 1=¢c<€x
contradicting the definition of z), hence contained in some maximal ideal
p of R.  Thus ¢(p) =« and ¢ is surjective.

The following is another version of X which, however, we shall not
use explicitly.

(2. 4) X is homeomorphic to the identification space one gets from Spec R by identi-
Jring each connected component to a point. The homeomorphism is induced by ¢.

Proof. We first show that, for each x € X, ¢%(x) is a connected com-
ponent of Spec R. If V is any connected set in Spec R, ¢(V) is connected
in the totally disconnected space X, and hence is a single point. This
means that ¢ '(x) is a union of connected components. We need only show
¢~Y(x) is connected. The homomorphism R — R, = R/Rx induces a continu-
ous map Spec R,—Spec R which merely associates to each prime ideal in
R, its inverse image in R. From the definition of ¢, we see that the image
of this map is ¢7(x). Since Spec R, is connected (2.13), so is ¢ '(x).

This shows that X is in one-to-one correspondence with the identifica-
tion space. To show that the topology of these two spaces agree, we need
to show that ¢ is continuous and closed. Its continuity has already been
mentioned. Now assume C is closed in Spec R. Then C = {p|p DI} for
some ideal 7 in R. We see that ¢(C)= {z € X| for some p in Spec R,
pDRx+ I} ={xz|Rx+ I+ R}. The complement of ¢(C) is {z|Rx + I = R}
and this is open, because Rx + /= R means re + i =1 for some 7, ¢ and i
in R, x and I respectively (see (2. 8)); but then this same equation says
Ry + I =R for every y containing e, and this set of y’s is a neighborhood
of z.

Pierce’s sheaf &% over X is then the direct image, under ¢, of the
standard sheaf < (R) of local rings over Spec R. In other words, for every
open set U in X, the ring of cross-sections of R over U is defined to be
I'(¢~(U), & (R)), where I' is the usual cross-section functor. In particular,
we computed ¢~ (U,) above; I'U,, &) is the ring of fractions S™'R where
S is the multiplicatively closed set generated by 1—e. Since 1—e is
idempotent, we have
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(2. 5) rUu,2)={(1—¢)}'R = R|Re.

In particular, if e =0, we get I'(X, &) = R, [P,4. 4].
We can also describe the single stalks of &2 as both rings of fractions
of R and homomorphic images of R: For each point z in X, R,=limI"(U, &),

the direct limit taken over the directed set of neighborhoods U of z. Using
the formula (2. 5), we quickly get

(2. 6) R, =S"'R where S ={1—¢le e x}
= R|Rx

where, of course, Rx is the ideal of R generated by the elements of x. Note
that R, is flat over R. ‘

In fact, Pierce works even with noncommutative rings. The same
remarks we have just made will also apply to this case, substituting the
spectrum of the center of R for Spec R.

We need repeatedly the usual sheaf property: if two cross sections
agree at a point, then they agree in a neighborhood of the point. How-
ever, for the sheaf &2 this is easily translated into simple algebraic terms
and is quite special. We make this translation now and collect the major
applications that we shall need.

DeriniTioN. Let M be any R-module. Then

M,=MRzR, = S7'M where S = {1 —ele € x}
= M|Mz

If ae M, then a, will denote the image of ¢« under M— M,. We remark
that, if M is finitely generated (resp. finitely presented, resp. faithful, resp.
projective) as an R-module, then M, has the same property as an R -module.
And if M is a separable R-algebra, then M, is a separable R -algebra.

If g = Homg(M,M), we shall use g, to denote the R,-module endo-
morphism of M, induced by g. This conflicts with the notation already
introduced which would make g, an element of Homg(M, M), = Hom,
(M,M)®3zR,. We shall adhere to the first version of g,; in all our cases
there is no real conflict, because Homg(M, M), will be identified with a
subset of Homg (M, M),. This is elucidated in the following proposition.
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(2.7 The map g—g, from Homg(M, M) to Hompg(M,, M,) is the composite
Homg(M, M) — Homg(M, M) @R, = Homy(M, M), - Homy_(M,, M,); this last
map is a monomorphism when M is finitely generated and is an isomorphism when
M is finitely generated and projective.

Proof. 1If F is free on a finite number of generators and F— M is an

epimorphism, then we have induced monomorphisms

Homgz(M, M) — Homg(F, M)
Homg(M, M) ®zR,— Homgz(F,M) ® R,

(since R, is flat) and isomorphisms

Homg(F, M) ®xR, = Homg(F, M,) = Homg (F,, M,)

the first resulting from the fact that F is a finite product of R’s. Similarly,
F,— M, is an epimorphism and induces a monomorphism Homg (M, M,)

—Homg (F,,M,). Thus in the commutative diagram

Homg(M, M) @R, — Homy(F, M) ®rR,
4 4

HomR,(Mz-a Mx) ’%HOme(FI, Mx)
three of the four arrows are monomorphisms. It follows that the fourth is,
too. The isomorphism statement is standard [CE, VI. 4, 1. 3].

(2. 8) Every finite set of elements in Mx is contained in Me for some e < x. If
m, =0 for all m in a finite subset of M, then m(l —e) =0 for some e< x and
Sor all m in this subset.

Proof. Such a finite set is contained in 3} Me; for some finite subset
{e;} cx. If e is the union of the ¢;, then ¢ 2 and ¢, Re so X Me,cMe
(cf. [P, 1.6]). The last part of (2. 8) merely asserts Me (1 —e) = 0.

(2.9) Let a and b be elements of M and a, =b, at one point of X. Then
a, =b, for all y in some neighborhood U, of x, that is, a(l —e)=0bl—e) for
some e < x. If a, =b, for every x, then a=b.

Proof. If a,=10b, then (2.8) shows (@a—b)(1—e¢ =0. If a,=0b, for
every z in X then for each z in X we have e € z with a(l —e) = b(1 — e).
Since X is compact, it is covered by a finite number of the U, say
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Uey +*+5 Ug,. By (2.10) this means 1 = 37,1 —¢;) so that a= > ar,(l — )
= 2 bh(l - ei) = b.

(2. 10) UecalU, = X implies 1 € 3c aR(1 — o).

Proof. The hypothesis means every x is in some U, that is every =
meets A, that is, the Boolean ideal generated by all 1 — ¢ with e e A is not
contained in any %x. This must then be the unit ideal, so that 1 is a
linear combination in B(R) of {1 —e|ee A}. Such a linear combination
is also a linear combination in R (the Boolean sum e® f is e+ f — ef),
proving (2. 10).

(2. 11) If N is a submodule of M and N, = M, for all x (note: since R, is flat
over R, N, c M), then N= M (that is, ®,ex R, ts faithfully flat).

If M s finitely generated and N, = M, for one x, then there is a neighborhood
of x such that N, = M, for every y in the neighborhood.

Proof. By reducing to M|/N, we can assume N =0. If ae M and
a,=0 then a€ Mx. If M is finitely generated, (2. 8) gives ¢ € x# such that
M= Me. Then for every y containing ¢, M, =0. If a,=0 for all «,
then a=0 by (2. 9).

We can lift idempotents:

(2.12) Let S be any R-algebra and u any idempotent in S,. Then there is an
idempotent v in S such that v, = u.

Proof. Lift u to any element w in S. Then (w?—w),=0. By (2.9),
(w*—w)(1 —e) =0 for some ec 2. This implies v = w (1 — ¢) is idempotent

and v, = w, — wze, = w, = u.
(2.13) [P, 4. 4] R, has no idempotents except O and 1.

Proof. If wu is idempotent in R, and v is an extension to R as in
(2. 12) then either ve ¢ or 1—ve x, by (2.2a). Thus #«=0 or 1.
We can extend automorphisms:

(2. 14) Suppose S is an R-algebra that s finitely presented as an R-module, let N
be a finite subset of S and let g be an R,-algebra automorphism of S, that is the
identity on N,. Then there is an R-algebra automorphism h of S such that h is
the identity on N and h, =g.
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Proof. Let e, -+ -, e, be R-module generators of S whose relations
are also finitely generated and let X;7,¢; =0 be a finite set of defining re-
lations. Further, let e¢;e; = 23 #':0¢;, be the multiplication table of the ¢’s,
and let n,=3>};7",e; be the elements of N. Then we are only required
to find f,, - -+, f, in S, to serve as k(e,), -« -, kle,), satisfying

270if3 =0
(2. 15) Sifi—2u?iafe=0
257" if i — 2 ree; = 0.

We know this finite set of equations is satisfied modulo Sz by {g(e;,)}. Lift
each g(e;,) to any element f” in S and consider the finite number of ele-
ments of S that are the left hand sides of (2.15) with £,/ replacing f..
Since these elements are 0 at x, they are all contained in Se for some e
in « by (2.8). It follows that (f,), satisfies (2. 15) for every y in X that
contains e. Let f;= f/’(1 —¢e) 4+ e;e. Then for every y in X, either ey
in which case f,, = (f)), satisfies (2. 15), or 1 — e € y in which case f;,=e,,,
which also satisfies (2. 15). Thus with these f;, the left hand sides of (2. 15)
are zero at every point of X, hence are zero (2. 9).

(2.16) TueorREM. Let S be an R-algebra, finitely generated as an R-module and
assume that the group of all R -algebra automorphisms of S, is finite, for each «
in X.  Then every finite set of R-algebra automorphisms of S generates a finite
group (the automorphism group of S is “locally finite”).

Proof. Let hy, « -+, h, be the finite set of automorphisms of S, and H
the group they generate. Then for each =z, Ay, * - -, h,, satisfy enough
relations to make H, a finite group. Let m; be these relations, that is, each
m; is a monomial in the k; and the k7' and my(hy,, - ¢, ha,) =1.  This
last means that the image of each my(ky, * + -, k,) under the map Homg(S, S)
—Homy (S,,S,) is the identity. By (2. 7) so is the image in Homg(S, S)®R,.
Therefore my(hy, + -+, hy)s =1,. By (2. 8) with M = Homg(S,S), we have
myhy, ++ - h,) (1 —e)=1—e for some e in x. Since the #; are all the
identity on e, this means that the %; induce on S/Se automorphisms that
satisfy enough relations (namely the m;) to generate a finite group. For
every z in X, we have produced a neighborhood U, of w, such that H
induces on S/Se a finite group H,. By the compactness of X, we cover X
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with finitely many of these neighborhoods {U,le € A}. Then H is embed-
ded in the finite product of the finite groups H,, ¢ € A, because if » in H
induces the identity on every S/Se then %, is the identity on every S,=S/Sx
(since every z contains some e in A); from (2.7) 2—1 under Homg(S,S)
— Homg(S, S),; (2. 9) then implies # =1. Thus H is finite.

(2.17) If S is an R-algebra and F is a finite group of R-algebra automorphisms
of S, then for every x in X, (ST), = (S,)7= where ST denotes the fixed ring under
F (3. 3).

Proof. The inclusion c is trivial. If u e S, and f,(u) =u for every
fin F, lift » to an element v in S and have (f(v) —v),= 0 for all (finitely
many) f in F. By (2.8, f(v)(1—e) =0l —e) for some ¢ in 2. If
s=v(l —e), we have s S¥ and s, = v, = u, which completes the proof.

3. Galois theory.

Henceforth we consider a ring extension R c S satisfying the following
hypotheses.

(3.1) DEerFINITION. A commutative R-algebra S is said to be weakly Galois
(over R) provided

(3.1a) S is a finitely generated, faithful, projective R-module, and a
separable R-algebra.

(8. 1b) The S-module Homg(S,S) is generated by R-algebra automor-
phisms of S. If p: S— Homg(S,S) is the wusual regular representation of
S, o(s)(t) = st, then (3.1b) may be phrased thus:

(3. 1c) 0(S)G = Homg(S, S).
See also (3. 6) and (3. 15) for equivalent conditions.

(38.2) If S is weakly Galots over R, then for every x in X, S, is weakly Galois
over R,.

Proof. (3. 1a, b) are inherited under localizations.

(3.3) DeriniTion. If S is a ring and H is a set of automorphisms of S,
we use SZ to denote the fixed ring {s € S|i(s) =s for every 2 in H}. If
T is a subring of S, Aut,(S) will denote the group of all automorphisms of
S that are the identity on T.
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(8.4) If S is weakly Galois over R and G = Autg(S), then S¢ = R.

If s € S¢ then p(s) commutes with G in Homg(S,S). Since S is com-
mutative, p(s) commutes with o(S). Hence, by (3. 1c), p(s) is in the center
of Homg(S,S), which, because of (38.1a) is p(R). Hence s R.

In Section 4 we give an example to show that the converse of (3. 4)
fails, even in the presence of (3.1a). However, (3. 6), which gives an
equivalent formulation of “weakly Galois”, may be considered a kind of
converse. The converse holds in the following form in the absence of idem-
potents:

(3.5) Suppose R has no idempotents but 0 and 1. If S satisfies (3.1a) and
if SE =R for some subgroup H of G, then p(S)H = Homg(S,S); in particular, the
Galois theory in [VZ] applies if and only if S is weakly Galois over R.

Proof. 1If ¢, -+, e, is the set of minimal idempotents in S, then H
must be transitive on this set and Se; must be H;-Galois over R [VZ, 1. 3]
where H; is the subgroup of H that sends Se; into itself. If p; is the regu-
lar representation of Se;, then this implies Hompg(Se,, Se;) = 0,(Se;,)H;.  If
h;; is an element of H sending e¢; to e;, then Homg(S, S)=®, ;Homg(Se;, Se;)
= @,;,; Homg(Se;, Se;)h;; = @;,;0,(Se;)Hh;; < p(S)H.

(3.6) THEOREM. Let S be an R-algebra satisfying (3.1a). Then S is weakly
Galois over R if and only if there is a finite group (equivalently, a finite set) of
automorphisms of S having fixed ring R.

Proof. Assume S is weakly Galois. By (3.2) and (3.5), the Galois
theory in [VZ] applies to S, for each 2 in X. That is, Autg(S,) is a finite

group with fixed ring R,. Use (2. 14) to extend this finite group to auto-
morphisms 4, -+, h, of S. These will generate a finite group H, by
(2.16). By (3.5), (p(S)H),=0,(S,)H, = Homg(S,,S,) = Homg (S, S), (of
course, p, is the regular representation of S,). It follows by (2.11) that
0,(SHH, = (p(S)H), = Homg(S,S), for all ¥y in a neighborhood of 2. In
particular, (S,)% = R, by (3. 4). For each # we have a finite group H and
a neighborhood of z such that at each point y in the neighborhood,
(Sy)*v=R,. By compactness, we get a finite number of these neighborhoods
covering X and a finite number of H’s which then generate a finite group
F with (S,)f-= R, at every point z. By (2.17) and (2. 11), S¥=R.
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Conversely, if F is finite and S*=R, then for every x, R,=(S7),=S,™,
which by (3.5) and (2.7) implies p,(S,)F, = Homg/(S,,S,) = Homg(s,S),.
It then follows from (2. 11) that o(S)F = Homg(S,S), proving S is weakly
Galois.

(3. 7» DeriniTioN.  If H is a group of automorphisms of S, the closure of
H is the set of all automorphisms g that satisfy either of the following
equivalent conditions:

(3. 7a) For each z in X and each minimal idempotent f in S,, 0.(f)g, =
0,(f)h, for some h in H.
(3. 7b) For some set {E;} of idempotents in S with UE;=1, p(E,)g=e(E)h;
for some &; in H (all 7).

H is closed if it equals its own closure.

The condition UE;=1 in (3. 7b), of course, is a statement in the
Boolean algebra B(S); it means that if E is an idempotent in S and
EE;=E, for all i, then E=1. However, for comparison between (3. 7a)
and (3. 7b), another condition is more convenient: for every z in X and
for every minimal idempotent f in S, there is some i such that E;,=f,
that is E,,f = f. The proof that these two conditions are equivalent is
not difficult and runs along our typical line of extension arguments.

We now prove the equivalence of (3.7a) and (3.7b). If g satisfies
(3. 7a), lift each f in each S, to an idempotent E, in S by (2.12), and
consider the two elements u = p(E,)g and v = p(E;)h in Homg(S,S), where
h is the element of H given in (3.7a) such that p,(f)g,= e, (/)h,. By
(2. 7) we conclude the images of # and v in Homg(S, S), are equal.

By (2.9), ul—e)=v(1—e) for some ecx. Write Ef =(1—¢)E,.
Then o(Ef)g = p(Ej)h and (E}), = (1 — e),(E,), = f.

Conversely, for each minimal idempotent f in S,, choose an E; such
that E,,= f. Then p(E)g = o(E)h; implies p(E;,)g, = 0 (Ei;)hi, as desired.

(3. 8) TuEOREM. Let S be a weakly Galois R-algebra. Then the usual Galois
correspondence (3. 3) 1s one-to-one between the set of all separable subalgebras of S
and the set of all subgroups H of the automorphism group of S that satisfy (3. 8c)
below, or, equivalently, that satisfy (3.8a) and (3. 8b):

2) Added August 12, 1968: A. Magid has improved (3.7b) to p(E;)9=p(E;)h; for some finite
set of orthogonal idempotents E; with >1E;=1 and some %; in H.
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(3. 8a) For some finite subgroup F of H, SF = SH,
(3. 8b) H is closed in the sense of (3. 7).
(8. 8c) H 1is the closure of some finite set (equivalently, some finite group) of

automorphisms of S.

Proof. We need to show five things:

(3.9a) If T is separable and H = Auty(S), then H satisfies (3. 8a) and
(3. 8b).

(3.9b) If H is a subgroup of the automorphism group of S and H
satisfies (3. 8a) and (3. 8b), then S¥ is separable over R.

(3.9c) If T is separable and H = Aut(S), then T = S%.

(3.9d) If H satisfies (3.8a) and (3. 8b) and T = S%, then Aut,(S)=H.

(3. 9¢) (3. 8c) is equivalent to (3. 8a) and (3. 8b).

We begin with a stronger version of (3. 9b).
(3.10) If F s a finite subgroup of G, then ST is a separable subalgebra of S.

Proof. First, we argue that if 7= S¥, then T is flat over R: For every
z in X, T, =S by (2.17), but this is separable over R, by [VZ, Theorem
p. 731]. Hence T, is also projective and therefore flat over R,. For every
R-module A and every z, (Tor®(T,A)), = Tor®«(T,, A,) =0. This implies
Tor®(T, A) =0 by (2. 11).

Since T and S are both flat over R, the mapping TRT—+S®S is
a monomorphism, and we may identify 7T® T with its image in S® S. To
prove T is separable, then, it suffices to produce an element f in S®S
with the following properties

(3. 11a) feETQRT
(3. 11b) 1®t—t®1) f=0for all t+in T
(8. 11c) u(f)=1

where z: S®S—S is the multiplication map, for then T® T'—T will split
as (T ® T)-module map, since a reverse map may be defined by the condi-
tion that it send 1 to f. This splitting implies T is separable.

Since S is separable g splits, and the image of 1 under this reverse
map is an element ¢ in S® S having the properties (1 ®s—s®1)e =0 for
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all s in S and p(e)=1. This ¢ is unique due to the commutativity of S;
since for every ¢ in G, (9@® g) (e) has these properties, we have (g g) (¢e)=e.

Now, for each % in F, write e, = (A ®1)(e). Since h®1 is an (RRS)-
algebra automorphism of S®S, 1®s—h(s)®1)e, =0 for all s in S. In
particular, 1® ¢t —t®1)e, =0 for all ¢ in T.

Let f denote the union of the e,,
F=1~1 il — e).

Then (3. 11b) holds since it holds for each e¢,, and (3. 11c) holds because
#(1—e)=0 and so (Il (1 —e¢,)) =0. It remains to show that feT®T.
It is clear that f e (S® S)P®F because for all #, ', #’* in F,

(K" ®h")(en) = (KR Qh")(e) =
= (Khh"7 Q1) (B ® 1) (e) = (W hh" @ 1) (€) = ew nurt

so B’ ® h’ permutes the e,’s, and will leave f fixed. Therefore, it remains
to show (SR S)F =TRT. If he F then St =Ker(1 —h: S—S), so,
since S is flat over R, SQ S =Ker(1—1® &) = (S® S)®*}.  Further, if
S, +++, S, are R-submodules of S, then S® (N2 S)=NES®S,) (since
NS, = Ker(S— II(S/S;) and tensoring with a flat module S preserves kernels
and finite products of R-modules). Hence S® SF=(S® S)®F, In the
same way, since T is flat over R, (SQT)F1 =SFRT. Combining,
(S® S)FBF = ((S® SNSRI = (SR T =T RT.

In view of (3. 4), the following is enough to prove (3. 9c):

(3.12) If S is weakly Galois over R and if T is a separable subalgebra of S then
S s weakly Galois over T.

Proof. If T is separable, then T is finitely generated as an R-module
[AB, 4.7 and 4. 8], say by a finite set N. Use (2.14) to conclude that
H = Aut,(S) induces on S, the full automorphism group of S, over T,, for
each z in X. Then by (3. 5) and (2. 7) p,(S,)H,=Hom;s(S,,S,)=Hom(S, S),
(this last equality needs the fact that S is finitely generated and projective
over T, which also comes from [AB, 4.8]). It then follows from (2. 11)
that o(S)H = Hom(S, S).

We have proved part of (3. 9a), namely (3. 8a), because (3.12) asserts
that S is weakly Galois over T and (3. 6) then implies that S¥ =T for some
finite subgroup F of H. Combined with (3. 9c), this gives (3. 8a).
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To complete the proof of (3. 9a), it suffices to show

(3.13) For every subalgebra T of S, Autr(S) ts closed.

Proof. 1If g is an automorphism such that, for every # in X and every
minimal idempotent f in S, 0,(f)g, = 0,(f) h, for some & in Auty(S),
then for every ¢ in T, fg.(t,) = 0.(f)g.(ts) = 0 (), (t,) = fty,. Since the
sum of all f in S, is 1, we have g,(¢,) = ¢, or ¢g(t), =t, for every z. By
(2.9), g(¢) =¢ and so g€ Auty(S).

(8.14) If F is a fimite group of automorphisms of S and if T = SF, then Autr(S)
is contained in the closure of F.

Proof. Suppose g € Auty(S). Then for every 2 in X g, is an auto-
morphism of S, that is the identity on T,, and T, = SE, according to
(2.17). By [VZ, Theorem] g, is in the “fat group generated by F,”,
that is, for every minimal idempotent f in S,, p.(f)g, = e,(f)h, for some
h, in F,. This is the same as saying ¢ is in the closure of F.

This completes the proof of (3.14). (3.9d) follows immediately: If
H is any group satisfying (3. 8a) and (3. 8b) and if T'=SH =S¥ with F a
finite subgroup of H, then since the closure operation preserves inclusions,
the closure of F is contained in H. But 7 = SH implies that H c Autx(S),
and we have just proved in (3. 14) that Aut,(S) is contained in the closure
of F. Hence H = Aut,(S)=closure of F. Notice that we have simul-
taneously proved (3. 9d) and half of (3. 9¢): (3. 8a) and (3. 8b) imply (3. 8c).

To complete the proof of (3. 9e), suppose H satisfies (3. 8c), write H =
the closure of F with F finite, and set 7 = SF.  According to (3.14),
Aut,(S)c H. By (3.13) and because F c Auty(S), Hc Autr(S), which
means H = Aut,(S). Since T is separable by (3. 10), we may use (3. 9c) to
conclude that T = SH, so that H satisfies (3. 8a). It is a triviality that every
closure is closed, so H satisfies (3. 8b).

We can now compare our weakly Galois hypothesis with that of Kreimer.
His condition is this:

(3. 15) There exists a finite set of orthogonal idempotents {e,, + -+, e,} in R with
Sle; =1 and with Se; Galois over Re; for each i.

This clearly implies weakly Galois, but we shall also prove the converse.
First, if S is weakly Galois over R we show that S. is Galois over R,
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for each # in X. If S,=1IS, is a decomposition of S, into indecompos-
able R,-algebras, then all the S; must be isomorphic, else the sum of the
identity elements of those S; that are in one isomorphism class will be a
proper idempotent in S, that is invariant under all automorphisms, hence
will be a proper idempotent in R,, contradicting (2. 13). Now choose one
isomorphism a;: S;—S; for each i and construct an automorphism «a of S,
by demanding that « restricted to S; be e, 03! for i <n and « restricted
to S, be azt. Let H be the cyclic group generated by a and let G, be
the product of H and the automorphism group of S, over R,. Then S,
will be G_,-Galois over R, (the elements of G, are strongly distinct in the
sense of [CHR, 1.1]).

Now lift G, to a set of automorphisms of S by (2. 14). The multipli-
cation table that holds at x will hold in a neighborhood U, of x, so this
lifted set will be a group in U,, isomorphic to G,. If Se[G] denotes the
usual crossed product (with trivial factor set) of G over the ring Se, we
have the homomorphism 6: Se[G] — Homg.(Se,Se). We know this induces
an isomorphism at z, since the definition of “S, is G,-Galois over R,”
requires S,[G,]—Homg(S,,S,) be an isomorphism and the localization at
z of Se[G] is S,[G.] and of Homg,(Se,Se) is Hompg (S,,S,). If C denotes
the cokernel of 6, then C,=0; but C is finitely generated over Re since
Hompg. (Se, Se) is, so C is zero in some neighborhood of z, that is Ce’ =0
for some ¢ with 2 € Uy cU,. Hence 6': Se¢'[G]—> Homp(Se’,Se’) is an
epimorphism. But Homg. (Se’, Se’) is projective over Re’, so the kernel of
¢’ is a direct summand in Se’[G], hence finitely generated over Re’. The
same localization argument then shows that this kernel is also zero in some
smaller neighborhood of x. Thus for every # in X there is a neigh-
borhood U,s of z such that Se’’[G]— Homg. (Se”’,Se’’) is an isomorphism,
that is Se’”’ is G-Galois over Re’’. A finite number of neighborhoods cover
X. Using the usual Boolean operations and noticing that if Se is G-Galois
over Re, then Se’ is G-Galois over Re’ for every ¢ with U, c U, we can
arrange that these neighborhoods U,,, - - -, U,, are disjoint. Then {e,, « - -, ¢,}
is the required set of idempotents.

4. Two examples.

First we show that in the Galois correspondence, we must restrict our-
selves to groups satisfying (3. 8a) and (3. 8b); the latter closure condition
is not enough by itself.
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Let X be {1, 1/2, 1/3, -+ -, 1/n, - - -, 0} with its relative topology as a
subset of the real line and let W be the ring of continuous functions from
X to_the discrete field @ of rational numbers. In other words, W is the
result of adjoining an identity to a countable ring-direct sum of copies of
Q. The Boolean spectrum of W is indeed X and w, = w(x) for each w in
W. Let K be a Galois extension field of @ with Galois group G and let
V be the ring of continuous functions from X to K. Then V is weakly
Galois over W since V = K®,W and V©E®D =W (in fact, the extension is
even strongly Galois). Consider the subgroup H of Auty(V) consisting of
all automorphisms ¢ such that g is the identity at the point 0 in X. Then
H is closed, H+ Aut,(V), but V¥ =W because if v& W then v, @ for
some z and hence for some x +0; and H contains an automorphism #k such
that %, = identity for all y =z and h,(v,) v, so that k(v) =v. This shows
that H and Aut,(V) cannot both fit into a Galois correspondence.

The second example shows that without assuming S is weakly Galois,
the partial assumptions (3.1a) and S¢= R for some G are not sufficient
to carry out our Galois theory.

Let W be as above, let e, denote the idempotent characteristic function
of the one-point set {1/n} and let R be WI[t,«]/I with ¢ and « indetermi-
nates over W and I the ideal generated by f#—1 and all te, + n'e, for

=1,2, ++-. Let a denote the residue class of # in R. The Boolean
spectrum of R is still X, R, =@ for all x +#0 and R, = Q[¢,¢7'] with ¢ =«a,
indeterminate over Q. Let S be the result of adjoining a fourth root g of
a to R, so S=R[v])/(v!—ea). Then S has a free basis 1, 8, B, B over R
and is separable because ¢ = (1/)(1 Q1+ R+ LR+ F®B) is an
element of S®,S satisfying p(e) =1 and ¢(BR1—1®8)=0 so e(2@1—1Rx)=0
for all x in S. We now show S¢=R. If x#0 then S,=Q[%/—n*1=Q[*%/—1],
a Galois extension field of R, =Q. Thus any element s of S that is in-
variant under all automorphisms of S will have s, € R, for all z+0. To
show that in fact s€ R, write s=a+ b8+ cf2+ dBg with a, b, ¢, d € R.
Since s, =a, + b8, + c,p2 + d p: e R,, we must have b, =c,=d, =0 for
all 0. By (2.9), if we show b, =¢y=d,=0 then b=c=d =0 and
s€R. Now b=3"_,a,a" with g€ W and b, = Ja,(2)e,’ =0 for all z=0.
Since q,, - -, a, are continuous functions, all a,(x) are constant (= ¢,(0)) on
some neighborhood of 0. Thus we have a single polynomial 3!4,(0)¢* in

Q[t,¢7'] with infinitely many roots, namely «, = —#x* for all integers n.
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This polynomial must be 0, so 4;(0) =0 for all ;. Thus b, =0. Similarly,
¢, =d, =0 and we have proved S¢ = R.

On the other hand, we show that S,% % R, which, by (2. 17) and (3. 6),
show that S is not weakly Galois over R and also shows that our technique
of reducing to the case of no idempotents will not work here. As we said,
R, = Q[t,¢™'] with ¢ indeterminate over Q; and S, = R,,] with g4 = t.

Then S, is contained in the rational function field Q(g8,) (8, is indeter-
minate over @) and contains no fourth roots of 1 except+1. If g is an
Ry-algebra automorphism of S, it carries 8, to another fourth root of ¢,
which must be g, times a fourth root of 1. Hence g(8,)=48, and g(5,2) =82
Thus g2 is in S,% but not in R,.
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