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1. Introduction. Let us recall the notions of full embedding and universality of
categories we will be using throughout.

A full embedding is a functor F taking the objects of a source category A injectively
to objects of a target category B and the hom-sets Hom,(a, b) bijectively to the hom-sets
Homg(F(a), F(b)). If A is a subcategory of B and the corresponding inclusion functor is a
full embedding then A is said to be a full subcategory of B. In this case we have
Hom,(a, b) = Homg(a, b) for any a, b in A; that is to say, a full subcategory is
completely determined, within a given category, by specifying the class of its objects. A
category U is termed universal if an arbitrary category of algebras can be fully embedded
in U.

If the one-object categories (monoids) can be fully embedded into a category V (that
is, if an arbitrary monoid M is isomorphic to the endomorphism monoid of a suitable
object of V) then V is said to be monoid universal.

Let us note in passing that in a universal (concrete) category it is impossible to draw
any conclusions about the structure of an object from its monoid of endomorphisms.
From this point of view universality is rather a negative property.

The reader wishing to learn more about full embeddings and universal categories is
referred to the monograph [15].

We are going to study, from the universality point of view, some natural full
subcategories of the category B of (0, 1)-lattices and (0, 1)-homomorphisms (the latter are
supposed to preserve the universal bounds 0 and 1 of (0, 1)-lattices).

Universality of B was established in [7]. Recently the universal subvarieties of B were
characterized as follows.

Tueorem 1.1 [5]). For an arbitrary variety V of (0;1)-lattices the following are
equivalent:

(1) V is universal,

(2) V is monoid universal,

(3) V contains a non-trivial (0, 1)-lattice with no prime ideal,

(4) V contains a simple (0, 1)-lattice L with card(L)>2.
Consequently, a variety V of (0, 1)-lattices is not universal if and only if every non-trivial
(0, 1)-lattice L in V has a prime ideal. &

Besides varieties, the classes sB consisting of all (0, 1)-lattices L containing as a
(0, 1)-sublattice a fixed (0, 1)-lattice S, as well as the classes B, of all (0, 1)-lattices with a
fixed quotient (0, 1)-lattice Q, seem to be fairly natural and worth studying. The following
results have been obtained.

THEOREM 1.2 [1]. For every non-trivial lattice S the category sB is universal. B
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Tueorem 1.3 [13]. For a finitely generated lattice Q, the category By, is universal if
and only if Q has no prime ideal. B

In this paper we extend this line of study to the classes sBy = ;BN By of all
(0, 1)-lattices with a given (0, 1)-sublattice S and quotient lattice Q. Our goal is to
establish the following result.

THEOREM 1.4. If § is finite or has a prime idea or if Q is finitely generated then By, is
universal if and only if there exists a (0,1)-homorphism from S to Q and no
(0, 1)-homomorphism from Q to S.

As is the case with Theorem 1.2 and 1.3, the necessity of the condition in Theorem
1.4 is nearly obvious: the existence of a (0, 1)-homomorphism f: Q — § implies that there
is at most one object representing the trivial monoid (a rigid object).

The proof of Theorem 1.4 makes use of certain categories of hypergraphs and
categories of partial lattices. All the necessary data on these structures will be given in the
next section, preliminary to the actual proof carried out in the concluding section. The
proof will be accomplished by a sequence of full embeddings yielding a composite full
embedding of a special universal category of hypergraphs into B,

The resulting full embedding will pass through an intermediate category of the form
Biext(S, Q, @) where ¢:5— Q is a (0, 1)-homomorphism, whose objects are all triples
(+,L,0) where L is a (0,1)-lattice, ¢:S— L is an injective (0, 1)-homomorphism,
o:L—Q is a surjective (0, 1)-homomorphism with ¢ = ¢, and morphisms from
(t,L,0) to (+',L', 0') are all (0,1)-homomorphisms f:L-> L' satisfying ¢'"=f o and
o= o' o f. In such a way, as a by-product of our proof we obtain a sufficient condition for
the universality of Biext(S, Q, ¢).

2. Preliminaries. A partial lattice is a triple P = (P,J, M) where P is a poset, and J,
M are sets of finite subsets of P such that

if A €J then A has a join in P,

if A e M then A has a meet in P,

if x<yin Pthen {x,y}eJ N M.

A mapping f:P— P’ is a partial lattice homomorphism from P=(P,J, M) into
P'=(P',J',M") if for every AeJ (or AeM) we have f(A)eJ' (or f(A)e M') and
f(VA) =V (A) (or f(AA) = Af(A)), respectively. Every lattice L can be considered as
a partial lattice for which J = M is the set of all finite non-empty subsets of L.

A lattice L together with an inclusion f: P— L is called a free completion of a partial
lattice P if f is a partial lattice homomorphism and for every partial lattice homomorphism
g:P— L’ into a lattice L’ there exists exactly one lattice homomorphism g*: L — L’ with
g=g" of. (Then g* is called the free extension of g.) The lattice L is denoted by P*.

R. A. Dean has proved the following theorem.

THEOREM 2.1[4]. Every partial lattice has a free completion which is uniquely
determined up to an isomorphism.

Let P=(P,J, M) be a partial lattice. A subset A c P is called J-ideal (or M-filter) if
the following hold:

ifxeAandyePwithy<x(ory=x)thenyeA,

if Bc A and BelJ (or Be M) then \/B € A (or A\B € A).

Denote by I(P) the set of all J-ideals, F(P) the set of all M-filters. Obviously, for
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everyxe P, {yeP;y=<x}is aJ-ideal, {ye P;y=x} is a M-filter; they are called principal.
Ordered by inclusion, I(P) and F(P) are complete lattices. Denote by [(P) (or Fy(P)) the
sublattice of I(P) (or F(P)) generated by all principal J-ideals (or M-filters). Define
re:P*— [(P), qp:P*— F(P) such that for weP” r(w)={xeP;x<w in P¥},
qe(w) = {x € P;x = w in P¥},

ProposiTION 2.2 [4]. The mappings re, qp are lattice homomorphisms. N

In what follows we shall omit the index P in rp and gp if a misunderstanding cannot
occur. The following theorem says, essentially, that the order in P¥* can be recursively
reduced to that of P.

TueoreM 2.3 [4]. If a,b € P* for some partial lattice P then a <b in P* if and only if
one of the following conditions holds:

(1) a=agva,and a;<b for every i €2=1{0, 1},

2) a=agna,and a;<b for some i€,

(3) b=by Vv b, and b, = a for some i €2,

(4) b=boA b, and b;=a for every i € 2,

(5) gqe(a) and re(b) have an element of P in common.

Consequently, every element a € P*\P is either meet or join irreducible. W

For a partial lattice P=(P,J, M) define polynomials over P and the rank of a
polynomial as usual (see e.g. [3] or [6]):

(1) each element x € P is a polynomial over P and rank(x) =1,

(2) if p,, p, are polynomials over P then p, v p,, p, A p, are polynomials over P and
rank(p, v p,) = rank(p, A p,) =rank(p,) + rank(p,) + 1.

For a polynomial p over P denote by v(p) the element of P* corresponding to p. We
say that p is a minimal polynomial if for every polynomial p’ with v(p') = v(p) we have
rank(p) <rank(p’). Following H. Lakser [14] we obtain:

Lemma 2.4. If x € P?® is meet-irreducible then there exist a minimal polynomial p over
P with v(p) = x and a finite family {p;;i € I} of minimal polynomials over P such that:

(a) v(p)=V{v(p);iel} in P¥;

(b) for every i € I either v(p;) is join-irreducible or rank(p;) = 1;

(c) for every i€ I, v(p;) £ \/{v(p)); j € I\{i}} in P¥;

(d) for every i €1, if rank(p;) > 1 then there exists no y € P with v(p;) <y <uv(p) in
P* and if p;=p;, A pi2 then v(p, ;) £ v(p) for je {1,2}.

Proof. If x is meet-irreducible in P* and p is a minimal polynomial with v(p)=x
then p = p, A p, implies that either v(p,) = x or v(p,) = x; this contradicts the minimality
of p; thus p =p, v p, or rank(p) =1. Hence we easily obtain that there exists a finite
family of minimal polynomials {p,;i € I} satisfying (a) and (b). We prove (c) and (d).
Assume that (c) or (d) does not hold. We construct a polynomial p’ such that
rank(p') <rank(p) and v(p') = v(p); it contradicts the minimality of rank of p. If (c) or
(d) does not hold, then there exists i € I such that either \/{v(p,); j e I\{i}} =v(p,) or
rank(p;) >1 and there exists y € P with v(p;) <y <uv(p) or p;=p;, Api2 and v(p;;) <
v(p) for j € {1,2}. Let r be a “join” of {p;;j € I\{i}). In the first case we set p’=r, in
thesecondcasep’=r v y,inthelastcasep’ =r v p; ;. Clearly, rank(p') <rank(p), v(p') =
v(p) B
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The family {p;;i € I} from Lemma 2.4 is called a normal decomposition of x. A dual
statement holds for join-irreducible elements. The following theorem generalizes
Whitman’s result on semidistributivity of free lattices.

THEOREM 2.5. If u=xvy=xvz>xv(y Az) in P*? for a partial lattice P and if
{pi;i €I} is a normal decomposition of u then there exists i € [ such that rank(p,;) =1 and
v(p) £x v (y A2)

Proof. Assume that {p,;i €1} is a normal decomposition of u. We first consider the
case that rank(p;)>1 and v(p;)<x v y. According to Theorem 2.3. either v(p;) <x or
v(p;) <y, because an application of (2) or (5) in Theorem 2.3 contradicts (d) of Lemma
2.4. Analogously we obtain that either v(p;)<x or v(p;) <z and so v(p;)<x v (y A 2).
If for every p;, i € I we have v(p;))sx v (y Az) then u=\/{u(p);iel}<sxv(yAz)
< u. The proof is complete. W

For a lattice L, we say a set A c L has property (n), where n =2 is a natural number,
if the following holds: there exist x,y € L such that for every B ¢ A with |B| =n we have
\/ B=x, /\ B=y. If A has the property (n) then denote sup(A) by x, inf(A) by y.

COROLLARY 2.6. Let P be a partial lattice. If A < P¥ is infinite with property (n), then
for a normal decomposition {p;;i€l} of sup(A) there exists i € I with rank(p;)=1 and
a # v(p;) for every ae A. On the other hand for every i € I with rank(p;)>1 we have
v(p;) <a for every a € A.

Proof. Let {p;;iel} be a normal decomposition of sup(A) and assume that for
every i € [ either rank(p;)>1 or v(p;) =a for every a € A. Let ay,a,,. .. ,a, be distinct
elements of A. For every j,ken+1, j#k set b=\/{a;;ien+1,i#j,k}, and by
property (n) and Theorem 2.5 we obtain b=(bva;) A (bva,)=sup(A). Now by
induction we prove that a; = sup(A) for every i € n + 1—a contradiction. W

The dual statements of Theorem 2.5 and Corollary 2.6 are also true.

Denote by H(n) for n=2 the category of all n-hypergraphs and their compatible
mappings: objects are pairs (X, E) where X is a set and E is a set of subsets of X with
cardinality n; a mapping f : X — Y is a compatible mapping from (X, E) into (Y, F) if for
every e € E we have f(e) € F. For two cardinals m =n =2, n finite, denote by H(n, m)
the full subcategory of H(n) formed by all n-hypergraphs (X, E) without isolated elements
(that is, for every x € X there exists e € E with x € e) such that for every e € E there exists
a set B with ec B c X, |B| =m and every subset C c B with |C| = n belongs to E.

We first strengthen the results from [13] and [9], [10].

ProrposiTioN 2.7. For all cardinals m=n=2, n finite, the category H(n,m) is
universal.

Proof. For an arbitrary cardinal m > 2, the universality of H(2, m) has been proved
in [9] and [20]. For arbitrary cardinals m=n, n finite, n>2, define a functor
Q:H(2,m)— H(n, m) as follows: For (X, E) € H(2, m) define Q(X, E) = (X, E') where

E'={Bc X; |B|=n, there exists aset Cwith BcCc X, |C|=
and {c, b} € E for every distinct ¢, b € C};

for a compatible mapping f we set Q(f)=f It is easy to verify that Q is a full
embedding. &
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If we combine Proposition 2.7 with results of [8] (see also [15]), we immediately obtain

CoroLLARY 2.8. Let m=n =2 be cardinals, n finite. For every set I there exist a
system R(I)= {(X;, E;):iel} of rigid hypergraphs in H(n,m) and a universal full
subcategory U of H(n,m) such that there are no compatible mappings between distinct
members of R(I) or between members of R(I) and objects of U. R

For a fixed system R= {(X}, E;);i €I} of hypergraphs in H(n,m) and for every
n-hypergraph (X, E) € H(n, m), denote by R(X, E) the n-hypergraph (Xg, Eg), where
Xg is a disjoint union of X and all X; with iel, and Eg is a disjoint union of
corresponding sets E and all E; with i € 1.

For an n-hypergraph (X, E) define a partial lattice PL(X, E)=(P,J, M) where
P=XU{0,1} (we assume that 0,1 ¢ X), where 0 is the smallest element of P, 1 is the
largest element of P, the elements of X are incomparable and

J=M=EU{{p,i};peP,ie{0,1}}U{0,1}.

Let A(X, E) be a free completion of PL(X, E). For a compatible mapping f: (X, E)—
(X', E’) denote by PL(f) the partial lattice homomorphism from PL(X, E) into
A(X', E') such that PL(f)(x)=f(x) for every x € X, PL(f)(0)=0, PL(f)(1)=1. It is
easy to verify that PL(f) is a partial lattice homomorphism; denote by A(f) the free
extension of PL(f). Then A is a functor and the following holds.

ProrposITION 2.9 [13]. If n is finite and m = 3n — 3 then A is an embedding of H(n, m)
into L such that any non-constant lattice homomorphism f:A(X, E)— A(X', E') with
(X,E), (X',E'Ye H(n, m) has the form f = Ag for a compatible mapping g:(X, E)—
(X', E') and moreover, f preservesQand 1. B

We state several properties of A. For an independent set Z (that is, no A € E satisfies
AcZ)in (X, E)e H(n, m) write

F, ={u € A(X, E); there exist finite sets Z' ¢ Z, X' c A(X, E) such that
for every x € X' there exists y € X\Z with x >y and u = A\(Z' U X")}.

Since X is a set of doubly irreducible elements, A(X, E)\(X\Z) is a (0, 1)-sublattice of
A(X, E).

ProposiTioN 2.10 [13]. If n is finite and m = n =2 then for every (X, E) € H(n, m) we
have

@) ifxvy=xvz<l(orxAny=xanz>0)in A(X,E)thenxvy=xv(yAz)(or
xAy=xA(yvz));

(b) for every independent set Z of (X, E), F, is a prime filter of A(X, E)\(X\Z);,

(c) if Ac A(X, E) is finite and \/A = 1 (or /\ A =0) then there exists B € E such that
for every b € B there existsae A witha=b (orb=a). R

3. Universality of biextensions. Let ¢ =S— @ be a (0, 1)-homorphism under
certain conditions on (0, 1)-lattices S and Q, for any finite n > 1 and any regular cardinal
m > max{R,, |S|, |Q|} we construct a full embeddmg of H(n,m) into (B, or
Biext(S, O, ¢). -

Write I =(S\{0,1})U (Q\Im((p)) U {0, 1}. Select loe 1 and set I' =I\{ly}. Foriel
define (i), u(i) as follows: if i € S\{0, 1} then /(i) = (¢(i), 0), u(i) =i; otherwise /(i) =
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(i,0), u(i)=(i,1). By Corollary 2.8 there exists a family of rigid n-hypergraphs
R={(X;, E);iel'} in H(n,m) and a universal full subcategory U of H(n, m) such that
there exist no compatible mappings between distinct members of R or between members
of R and objects in U. For (X, E)e H(n,m) define two partial lattices P(X, E) =
(P(X,E),Jo, My) and Q(X,E)=(Q(X, E),J;, M,) (for simplicity we set (X,,E,)=
(X, E)) such that: P(X, E) is a poset on the set (Q X {0,1}) U (S\{0, 1}) U Xg where the
union is disjoint and the ordering is the smallest one satisfying

(a) x <y for x,y € S whenever x <y in S;

(b) (x,i)<(y,j)forx,yeQ,i,je{0,1} whenever x <y in Q and i <j;

(©) (p(x),0)=sx=<(@(x),1) for every x e S\{0, 1};

(d) for every i€l, y € X; we have I(i) <y < u(i).

Note that [(i), u(i)e P(X,E) for every iel, and Q(X,E) is the subposet of
P(X,E)on {(0,0),(1,1)} U(S\{0,1}) U Xg.

In addition to all comparable pairs of P(X, E) let J, consist of all members of Eg and
all pairs {x, y} € P(X, E) such that either both x and y are in Q x {0}, or both x and y are
in S, or at least one of x,y is in Q X {1}. Let M, consist of all comparable pairs of
P(X, E), of all members of Eg, and all pairs {x, y} € P(X, E) such that either both x and
y are in Q X {1}, or both x and y are in §, or at least one of x, y is in Q X {0}. Set

J1= {A GJO7AC_:Q(X7E)}’ M1= {AXEMO; A EQ(X’ E)}
Finally, define mappings:

Vx5 P(X,E)=> Q(X,E) by vixgl(x)=x for every xe Q(X, E), vx.g)x,i)=
(i,i) forevery x e Q, i € {0, 1}.

tx.gy:S—=P(X,E) by yxpfx)=x for every xeS\{0,1}, i £(0)=(0,0),
vxeX(1)=(1,1),

Ox.5): P(X, E)— Q by o(x g)(x,i)=x for every xe Q, i€ {0,1}, o(x g)(x) = p(x)
for every x e S\{0, 1}, o(x g)(x) =y for every x € X;, i e I where y € Q is determined by
the equation /(i) = (y, 0).

Then we have:

LemmA 3.1. For every (X,E)e H(n,m), P(X, E) and Q(X, E) are partial lattices
and v:P(X,E)-»Q(X,E), v:S—>P(X,E), 0:P(X,E)—>Q are partial lattice
homomorphisms.

Proof. By a direct inspection. W
Write ®(X,E)=P(X,E)*, W(X,E)=Q(X,E)*, and let v £:®(X,E)—
W(X,E), t.5:S—>®(X,E), ofr:®X,E)—Q be the free extensions of vy g,

tx ey and o ). In the following, if misunderstanding cannot occur, we will omit the
index (X, E). We have:

Lemma 3.2.(a) For every x € Q, (0%)7'(x) = {y e ®(X, E); (x,0) sy < (x, 1)}.

(b) (v*)7'(0,0)=Q x {0} and (v*)7'(1,1) = Q x {1).

(c) For every x € Xg, (v¥)™'(x) = {x}.

Proof. We prove by induction over the rank of polynomials that for every
polynomial p over P(X, E) there exists x(p) € Q with (x(p),0) <v(p)=<(x(p), 1), thus
obtaining (a). If rank(p) = 1 then by a direct inspection we obtain the required statement.
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Assume that rank(p)>1. If p=p A p, then x(p) =x(p\) A x(p,); if p=p, Vv p, then
x(p) =x(p,) v x(p,); because rank(p,), rank(p,) <rank(p) the proof of (a) is complete.

We prove (b). Write r' = rox g). First we prove that for every polynomial p over
P(X,E) and for every x € (X, E)\{1,1)} we have x er' o v*(v(p)) if and only if
v(p) =x. If u(p) =x then obviously, x € r'v*(x) cr'  v*(v(p)). We show the converse
implication by induction over the rank of polynomials over P(X, E). If rank(p) =1 then
rov*(u(p)={yeQ(X,E);y<v(p)} and the statement is true. Assume that
rank(p)>1. If p=p,; Ap, then rank(p,), rank(p,) <rank(p) and by the induction
hypothesis we obtain the statement. Assume that p = p, v p,. Then by Proposition 2.2, x
belongs to the smallest Ji-ideal containing r' e v*(v(p,)) Ur' e v¥(v(p,)). Since every
y € Q(X, E) is either join-irreducible or lies in §, direct inspection of J; shows that there
exist A;c Q(X,E) with A,cr’ o v*(u(p;)) for ie{1,2} such that x<\/(4,UA,),
A,UA, e J,. Since rank(p;) <rank(p) for i € {1, 2} we obtain by the induction hypothesis
that a; <v(p;) for all ;€ A;, i € {1,2} and hence x <v(p); thus the statement is true.
Secondly we show that r' o v*(u(p)) = O(X, E) if and only if v(p)e Q x {1}. Since
(r)"(Q(X, E)) = {1, 1} weobtainthat (v¥)~'(1, 1) = Q x {1}. Obviously,ifv(p) € Q x {1}
then r' o v*(v(p)) = Q(X, E). We show the converse implication by induction over the
rank of polynomials. If rank(p)=1 then obviously v(p)e Q X {1}. Assume that
rank(p) > 1. If p = p, A p, then rank(p,), rank(p,), <rank(p) and r’ e v*(u(p,))=r'e
v*(v(p,)) = Q(X, E). By the induction hypothesis v(p,), v(p,) € Q X {1}; hence also
v(p)e Q@ x{1}. If p =p, v p, then by Proposition 2.2 Q(X, E) is the smallest J,-ideal
containing r’ ° v*(v(p,)) Ur' e v¥(v(p,)). Hence there exist A; = r' o v*(u(p;)), i € {1,2}
such that A, UA,€eJ; and \/(A;UA,)=(1,1) in Q(X, E). By direct inspection either
AUA,€eJ, and \/(A,;UA,)e Q x {1} in P(X,E) or (1,1)e A;UA,. Thus, by the
induction hypothesis and by the first part of the proof, we obtain v(p)=xe Q x {1}.

Now by (a) we obtain the required statement. The proof that (v#)7!(0,0)=
Q x {0} is dual.

Finally, we prove (c). Assume the contrary; then there exists y comparable with x
such that v#(x) = v#(y). Further there exists A € Eg with x € A. Set A’ = (A\{x}) U {y}.
Assume for example that y >x. By Proposition 2.10 we obtain Agpx £ (A") ¢ O % {0)
but Av*(4') = Av*(A) = (0, 0)—a contradiction to (b). If y <x then \/A € SU (Q x {1})
but \/A’' does not have this property by the first part of the proof of (b) and by
Proposition 2.10. W

LemMA 3.3. A Jy-ideal A belongs to I(P(X, E)) if and only if one of the following
conditions holds: '

(a) A is the principal ideal generated by (x, 1) for some x € Q;

(b) A=A,UA, where A, is the principal ideal generated by (x, 0) for some x € Q and
A, c Xy is a finite set such that for every i €I, if X;N A #0 then I(i) < (x,0);

(c) A=A, UA,UA; where A, is the principal ideal generated by some x € S\{0, 1},
A, is the principal ideal generated by (y,0) for some y € Q with p(x)<y, AscXgrisa
finite set such that for every i € I if AN\ X, #@ then I(i) < (y,0) and u(i) £ x.

Proof. Clearly, A is always an ideal and since it is a finite join of principal ideals it
belongs to I(P(X, E)). By a direct inspection we obtain that J-ideals satisfying (a), (b),
and (c) are closed under meets and joins in I(P(X, E)); thus; they form ,(P(X, E)). W

https://doi.org/10.1017/50017089500008193 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500008193

166 VACLAV KOUBEK

Lemma 3.4. Let Ac®(X,E) be a set of cardinality m with property (n) and
inf(A) = (x, 0) for some x € Q. Then A c X, i € I with (i) = (x, 0).

Let A c ®(X, E) be a set of cardinality m with property (n) and sup(A) = (1, 1). Then
AcX,;.

Proof. Assume that |A] =m, A has property (n) and inf(A) = (x, 0) for some x € Q.
Write r =rpx,g), 9 = qpx.5)- By Lemma 3.3, for every a € A we have x, € Q, so that
r(a) N Q x {0} is the principal ideal generated by (x,, 0). Obviously, x, =x. Since m is a
regular infinite cardinal with m >|(Q]| we obtain that there exists A’ c A with |A'|=m
such that x, = x, for every pair of a,b € A'. Since /\r(B) is the principal ideal generated
by x for every Bc A’ with |B|=n, we have x,=x for every aeA’. Denote by
Y., =U{X;; I(i)=(x,0)}. For ae A, if r(a) contains an element z € P(X, E)\(Y, U
(Q x {0}) then q(a) is contained in a principal filter generated by some y € S with
@(y) =x, because for every uer(a), veq(a) we have v=u. Since /\q(B) is the
principal filter generated by (x, 0), this is possible for at most n — 1 elements of A, since
A has property (n). Thus for all but n — 1 elements r(a) is a principal ideal generated by
some z,€X;, where sup(A)=u(i) and (x,0)=I[(i) (by Corollary 2.6 r(sup(A))#
r(inf(A))). If g(a) is a proper subset of the principal filter generated by z, then,
moreover, it is contained in the principal filter generated by u(i); thus, at most n —1
elements of A have this property. Hence, for all but finitely many a € A, the ideal r(a) is
the principal ideal generated by z, and similarly g(a) is the principal filter generated by z,;
thus a = z,. Hence sup(A) = u(i) and, by Proposition 2.10, we conclude that there exists
i € I with I(i) = (x,0) and A c X;. The second statement is proved dually. B

Lemma 3.5. Let Z ¢ X be an independent set in (X, E). Then there exists a surjective
(0, 1)-homomorphism from W(X, E)\(X\Z) into S.

Proof. Set X, =Xg\Z. For every i €1, the (ordinary) sublattice (X;) of W(X, E)
generated by X; is isomorphic to A(X;, E;). Denote by M= (MP,J, M) the partial lattice
where MP is the subposet of W(X, E) on the set U {(X;);iel}. Clearly S\{0,1}, X;,
{(0,0), (1,1)} c MP. Set

J=M = {{(x,y}; either x, y € (X;)
for some iel, orx,y €S, or x and y are comparable in MP}.

By a direct inspection we obtain that 6 :M— W(X, E) is a free completion, where 6 is the
inclusion. Write

P ={p; p is a polynomial over M with v(p) ¢ X,}.

By Proposition 2.10, for every i € I we have the prime filter F, = F;nx, in A(X;, E;)\X.
Define a function f: P— S by induction, as follows.

If p € P with rank 1 then for v(p) € S set f(v(p)) = v(p), for v(p) e A(X,, E;), i€l
set f(v(p))=1 whenever v(p)eF, and u(i)=(x,1) for some x e Q, f(v(p))=u(i)
whenever v(p) € F; and u(i) € S, f(v(p)) = 0 whenever v(p) ¢ F.

If p=p,vp,eP then for je (1,2}, i eI such that v(p;) € X; N X, define v(p;) =1
whenever u(i) € Q X {1}, v(p;) =u(i) whenever u(i)eS and set f(v(p))=f(v(p,) Vv
F@(p2).
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If p =p, A p2€ P then f(v(p)) =f(v(p1)) A f(v(p2)) whenever p,,p, e P, f(v(p)) =
0 whenever p, ¢ P or p, ¢ P.

We shall prove that for p,, p, € P with v(p,) = v(p,) we have f(v(p,)) =f(v(p,));
this shows that f:W(X,E)\X,—S is a surjective (0,1)-homomorphism. Define a
quasi-ordering on the set of all pairs of polynomials from P such that {p,, p,} < {r, r} if

max{rank(p,), rank(p,)} < max{rank(r,), rank(r,)}
or if

max{rank(p,), rank(p,)} = max{rank(r,), rank(r,)}
and

min{rank(p,), rank(p,)} < min{rank(r,), rank(r,)}.

We prove that f(v(p,)) <f(v(p,)) whenever v(p,) <v(p,) in M*. Assume the contrary
and let {p,, p,} be a least pair of lattice polynomials in P such that v(p,) <wv(p,) and
f(u(py)) % f(v(p,)). By Theorem 2.3, v(p,) <s <v(p,) for some s e ¥(X,E). If se X,
then f(v(p,)) =0=<f(v(p,)). If s is a lattice polynomial from P then by the induction
hypothesis either rank(p,)=1 or rank(p,)=1 or f(v(p)))<f(v(s))sf(uv(p,)). If
rank(p,;)=1 then f(v(p,)) £f(v(p,)) implies rank(p,)>1. If p,=p,;Ap,, then
rank(p,,), rank(p,,) <rank(p,) and v(p,) <v(p,,), v(p22), and by induction we have
flw(p) <f(v(py)). If p,=p,, V pa,, then by Proposition 2.2 and the special form of M
either v(p,) <v(p,,) for some i € {1, 2} or there exist A; c MP with v(a;) <v(p,,), for
every a;€A;, i€{l1,2} and such that A;UA,eJ with \/(4,UA,)=vu(p,). Since
rank(p, ;) <rank(p,) we conclude by the induction hypothesis that f(v(p,)) <f(v(p,))-
Therefore f(v(p,)) <f(v(p,)) whenever v(p,)<v(p,). If rank(p,)=1 the proof is

analogous; hence f(v(p1)) = f(v(p2)) if v(p1) =v(ps). W.

Set ®'(X, E)=(*, ®(X, E), 0*). For a compatible mapping f:(X, E)— (X', E’)
denote by f’ the mapping f':P(X, E)— P(X', E') which is the extension of f by the
identity. Obviously f' is a partial lattice homomorphism. Denote by ®'f the free
extension of f' and set ®f = ®’f. Then we obtain:

PrOPOSITION 3.6. @' is an embedding from H(n, m) into Biext(S, Q, @) and thus ® is
an embedding from H(n,m) into sB.

Proof. Obviously, for every (X,E)eH(n,m), +*:S—®(X,E) is an injective
homomorphism and ¢*:®(X, E)— Q is a surjective homomorphism with 0% o ¥ = ¢;
thus (¥, ®(X, E), 6®) is an object of Biext(S, Q, ¢). For every compatible mapping
f:(X,E)> (X', E') the following diagram commutes:

S/
T~

R(X, EY)

P(X, .E) ~_
I i

Consequently, ®'f:(1*, ®(X, E), 0*)—((+')*, ®(X',E'), (¢')*) is a morphism of
Biext(S,Q,¢). R i T

Q
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LemMA 3.7. Let M be a lattice, and let (X, E) € H(n, m). Then every homomorphism
f:®(X, E)y—= M with f(x,0)=f(x,1) for some x € Q satisfies f(y,0)=f(y, 1) for every
y € Q, and thus f(x) =f(y) for every x,y € (X, E) with o(x) = o(y).

Proof. Observe that in ®(X, E) for every x e Q we have (x,1) v (1,0)=(1,1),
(x,0) A (0,1)=(0,0), x,0) v(0,1)=(x,1), (x,1) A(1,0)=(x,0). W

Lemma 3.8. If (X, E),(X',E'YeUand f:®(X, E)— ®(X', E') is a homomorphism
with f(x,0) #f(x, 1) for every x € L then there exists a compatible mapping g:(X, E)—
(X', E') with &g =f.

Proof. For every x € X, there exists D, = X, with |D,| = m such that B € E, for every
Be D, with |B|=n. Then D, has property (n) in ®(X,E) and inf(D,)=(0,0),
sup(D,) = (0,1). Hence f(D,) has property (n), and inf(f(D,))=f(0,0)=(0,0). By
Lemma 3.4 we conclude that f(D,)c X, and sup(f(D,))=(0,1). Thus f(X,) < Xq.
Analogously we obtain that f(X,) c X{ and f(1,0) = (1, 0). Thus f(Q x {0}) c Q x {0}
and, if we apply Lemma 3.4 for every (X;, E;), i € I, we conclude that f(X;) = X, where
u(j) = f(u(i)). By the properties of R (see Corollary 2.8 and Proposition 2.9), we obtain
that f(x,i)=(x,i) for every xeQ and i e[, f(y) =y for every y € §, f(z) = z for every
z€X; with i e I' and there exists a compatible mapping g:(X,, E,)— (X, E;) defined
by g(z) =f(z) for every z € X;,. Since f(x) = dg(x) for every x € P(X, E) and P(X,E)
generates ®(X, E) we have g=f N

If we summarize results in Lemmas 3.7 and 3.8 we obtain:

CoroLLARY 3.9. If there is no (0, 1)-homomorphism of Q into ®(X,E) for any
(X,E)e U, then By is universal. If for every (X,E)eU and for every (0,1)-
homomorphism f:Q— ®(X, E) we have either 1* #f o 0® o 1* or 0® + 0" o f o 6% then
Biext(S, Q, @) is universal.

LeEMMA 3.10. If there exists a (0, 1)-sublattice Q, of Q such that every quotient of Q,
has at most n — 1 doubly irreducible elements and there exists no (0, 1)-homomorphism
from Q, to S then for every (X, E) € U there exists no (0, 1)-homomorphism from Q to
(X, E).

Proof. Assume that there exists a (0, 1)-homomorphism f:Q— ®(X, E). Consider
g=v*of0:0,—Q(X,E)* where 6:Q,— Q is the inclusion. By the assumption,
Im(g) has at most n—1 doubly irreducible elements, and thus Im(g) N Xy is an
independent set and according to Lemma 3.5 there exists a (0, 1)-homomorphism from Q,
to S—a contradiction. W

LemMma 3.11. If there exists a simple (0, 1)-sublattice Q, of Q which is not a
(0, 1)-sublattice of S, then for every (X, E) € U there exists no (0, 1)-homomorphism from
Q to ®(X,E).

Proof. Assume that there exists a (0, 1)-homomorphism f:Q— ®(X, E). Consider
g=v*ofo0:0,—Q(X,E)* where 0:Q,— Q is the inclusion. If Im(g) N Xg is an
independent set then there exists a (0, 1)-homomorphism from Q, to S—a contradiction.
Thus there exists A c Im(g) N Xg with A € Eg. By Proposition 3.2(c) A < Im(f © 8) and
hence AAelm(fe8)NQ x{0}. Since Q, is simple and v*(Q x {0})=(0,0) we
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conclude that A\A =(0,0) and A € E,. Then \/(A)=(0,1) eIm(f  6) but v*(1,1)=
v*#(0, 1)—a contradiction to the simplicity of O,. B

THEOREM 3.12. Let S,Q be (0, 1)-lattices and let ¢ :S— Q be a (0, 1)-homomorphism.
If there exists a (0, 1)-sublattice Qy of Q which has no (0, 1)-homomorphisms into S and
either there exists finite n such that every quotient of Q, has at most n doubly irreducible
elements or Q, is simple, then sB, and Biext(S, Q, @) are universal. In particular, if Q
has a finitely generated (0, 1)-sublattice without any (0, 1)-homomorphisms into S then sB,
and Biext(S, Q, @) are universal. Biext(S, Q, @) is also universal whenever @ is not
one-to-one.

Proof. The first statement follows from Proposition 3.6, Corollary 3.9 and Lemmas
3.10 and 3.11. Since a doubly irreducible element has to belong to every set of generators,
we obtain that if Qy has n generators then it has at most n doubly irreducible elements.
Moreover, if Q¢ has n generators then every quotient of Q, has also n generators; thus we
obtain the second statement. The last statement immediately follows from Corollary 3.9
because if f:Q—>®(X,E) is a (0,1)-homomorphism then foo®oi1*=foq@ and
therefore f o 0™ o 1* is not one-to-one, so that no morphism f of Biext(S, Q, ¢) can
factorize through o®. B

CoroLLARY 3.13. Let S,Q0 be (0,1)-lattices, and let @:S—Q be a (0,1)-
homomorphism. If S is finite or has a prime ideal, or if Q is finitely generated, then the
following conditions are equivalent:

(a) there exists no (0, 1)-homomorphism from Q to S,

(b) sBg contains a rigid lattice and S and Q are non-isomorphic,

(c) sBg contains an arbitrarily large rigid lattice;

(d) for every monoid M the class sB contains a proper class C of non-isomorphic
lattices such that End(N) is isomorphic to M for every N € C;

(e) sBg is universal.

Proof. If § is finite and there exists no (0, 1)-homomorphism from Q to S then from
the equational compactness [16] of S there exists a finitely generated (0, 1)-sublattice Q,
of Q without any (0, 1)-homomorphisms from Q, to S. If S has a prime ideal then Q has a
(0, 1)-homomorphism to S if and only if Q has a prime ideal. If Q has no prime ideal then
by the equational compactness of the two-element lattice [16] there exists a finitely
generated (0, 1)-sublattice Qo of Q without any prime ideals. Thus if one of the conditions
holds then by Theorem 3.12 ¢B, is universal. Thus (a)=(e). The implications
(e)=> (d)=>(c) > (b) are proved in [15] (note that ;B for § = Q fails to satisfy (c)). We
prove (b)=> (a). If there exists a (0, 1)-homomorphism f:Q— S, then every lattice M in
sBg has an endomorphism ¢* ¢ f ° 0¥, s0 only Q can be a rigid lattice in sBg. In this case
S and Q are isomorphic since ¢* is one-to-one. .

Thus Theorem 1.4 is proved. The following corollary generalizes Theorem 1.3 and
thus it gives a solution of the problem given in [13].

CoroLLARY 3.14. For a lattice Q, the following conditions are equivalent:
(a) Q has no (0, 1)-homomorphism into a free (0, 1)-lattice;

(b) Q has no prime ideal;

(c) By, contains a rigid lattice;
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(d) By, contains an arbitrarily large rigid lattice;

(e) for every monoid M the class By contains a proper class C of non-isomorphic
lattices such that End(N) is isomorphic to M for every N € C;

(f) By is universal.

Proof. Obviously (a) and (b) are equivalent (a two-element lattice is-a free
(0, 1)-lattice over the empty set). The equivalence of the other conditions follows from
Corollary 3.13 applied in the case of a two-element lattice S. W

It is well known that any (0, 1)-lattice S is a (0, 1)-sublattice of a simple lattice Q of a
cardinality greater than that of S. Thus Theorem 3.12, when applied to S and Q, provides
also an alternative proof of Theorem 1.2.
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