
NOTES AND PROBLEMS NOTES ET PROBLEMES 

This d e p a r t m e n t w e l c o m e s shor t no tes and p r o b l e m s 
be l i eved to be new. C o n t r i b u t o r s should include so lu t ions 
w h e r e known, or backg round m a t e r i a l in c a s e the p r o b l e m is 
unso lved . Send a l l c o m m u n i c a t i o n s c o n c e r n i n g th i s d e p a r t m e n t 
to I. G. Conne l l , D e p a r t m e n t of M a t h e m a t i c s , McGil l U n i v e r s i t y , 
M o n t r e a l , P . C 

REMARK ON C O - N U L L MATRICES 

1 
M. S. Macpha i l 

A we l l -known t h e o r e m of Copping [2] s t a t e s that a 
c o n s e r v a t i v e m a t r i x with a bounded left i n v e r s e cannot eva lua te 
a bounded d i v e r g e n t s e q u e n c e . (Defini t ions a r e given in the 
next p a r a g r a p h . ) A proof was given by P a r a m e s w a r a n 
[3 , T h e o r e m 6. 1], us ing only the s i m p l e s t B a n a c h - s p a c e i d e a s . 
Th i s proof, h o w e v e r , i s va l id only for c o - r e g u l a r m e t h o d s ; 
it w a s s t a t ed in [3 , T h e o r e m 6. 2] tha t a co -nu l l m a t r i x cannot 
have a bounded left i n v e r s e , but the proof t h e r e given i s 
i n c o r r e c t , a s it u s e s for c o - n u l l m e t h o d s a t h e o r e m e s t a b l i s h e d 
only for c o - r e g u l a r . It would be d e s i r a b l e to have a s h o r t 
independent proof of t h i s known r e s u l t , which e x c l u d e s co -nu l l 
m a t r i c e s f r om c o n s i d e r a t i o n in Copping1 s t h e o r e m . Th i s i s 
fu rn i shed by the s l ight ly m o r e g e n e r a l r e s u l t given be low. 

The m a t r i x A = (a , ) is c o n s e r v a t i v e if the co lumn l i m i t s 
nk 

and the r o w - s u m s l imi t ex i s t , and the r o w - n o r m s a r e bounded. 
We denote the co lumn l i m i t s by a, = l im a , the row s u m s by 

k n nk 
a = 2 a , the r o w - s u m l imi t by a = l im a , and the row 

n k nk o n 
n o r m s by p = S la I. Any m a t r i x with p bounded i s ca l l ed 

n k nk n 
a bounded m a t r i x . We denote the Banach space of c o n v e r g e n t 

Wr i t t en whi le the au tho r w a s a m e m b e r of the S u m m e r 
R e s e a r c h In s t i t u t e , Kings ton , 1964. 
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s e q u e n c e s by c, of bounded s e q u e n c e s by m , with the u sua l 
n o r m s . If the m a t r i x A is c o n s e r v a t i v e , it m a p s c into c, 
if bounded, m into m , con t inuous ly in each c a s e . We define 
\ (A) -a - H a ; then p r o v i d e d the m a t r i x A i s c o n s e r v a t i v e 

o k 
we cal l it c o - n u l l if \ (A) = 0 , c o - r e g u l a r o t h e r w i s e . 

T H E O R E M . Let A be c o - n u l l and B bounded . Then 
if the p r o d u c t C = BA i s c o n s e r v a t i v e , it m u s t be c o - n u l l . 

R e m a r k i . If under our h y p o t h e s i s we have BA = I, 
t h e r e would be an i m m e d i a t e c o n t r a d i c t i o n , t hus p r o v i n g the 
s t a t e m e n t in the opening p a r a g r a p h , tha t a c o - n u l l m a t r i x 
cannot have a bounded left i n v e r s e . 

R e m a r k Z. If B w e r e c o n s e r v a t i v e , the r e s u l t would 

follow i m m e d i a t e l y by the f o r m u l a x ( B A ) ~ x ( B ) x ( A ) [4> P- 398]. 

Proof of t h e o r e m . Denote the c o l u m n s of A by 
A , A^ , . . . , and the (column) v e c t o r { a } by a. Let 

i Z n 
S = A -f . . . + A ; then A i s c o - n u l l if and only if S 

K 1 k k 
c o n v e r g e s weak ly to a in c [ 1 , p. 136 -137 ] . We a s s u m e t h i s . 
Now the left m u l t i p l i e r B m a y be r e g a r d e d a s a con t inuous 
o p e r a t o r f rom c into m , m a p p i n g the c o l u m n s of A into the 
c o l u m n s of C. By a t h e o r e m of B a n a c h [ 1 , p. 143] the i m a g e s 
BS c o n v e r g e wreakly to Ba in m . Since the t e r m s of a 

k 
s equence a r e l i n e a r f u n c t i o n a l s , we have tha t BS c o n v e r g e s 

t e r m w i s e to B Q , and so Ba i s the v e c t o r c o m p o s e d of the 
row s u m s of C. As we a r e a s s u m i n g C c o n s e r v a t i v e , we 
have each BS e c , and Bcr^ c. T h e n , s ince e v e r y l i n e a r 

k 
funct ional on c is a r e s t r i c t i o n of a l i n e a r funct ional on m , 
we have in p a r t i c u l a r tha t l i m BS a p p r o a c h e s l im Baf and 

so C is c o - n u l l , a s w a s to be p r o v e d . 

T h e r e is no c o r r e s p o n d i n g t h e o r e m for A B , a s shown 
by the e x a m p l e [4] 
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w h e r e AB = I . 
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