NOTES AND PROBLEMS NOTES ET PROBLEMES

This department welcomes short notes and problems
believed to be new. Contributors should include solutions
where known, or background material in case the problem is
unsolved. Send all communications concerning this department
to I. G. Connell, Department of Mathematics, McGill University,
Montreal, P. Q.

REMARK ON CO-NULL MATRICES
.
M.S. Macphail

A well-known theorem of Copping [2] states that a
conservative matrix with a bounded left inverse cannot evaluate
a bounded divergent sequence. (Definitions are given in the
next paragraph.) A proof was given by Parameswaran
[3, Theorem 6. 1], using only the simplest Banach-space ideas.
This proof, however, is valid only for co-regular methods;
it was stated in [3, Theorem 6.2] that a co-null matrix cannot
have a bounded left inverse, but the proof there given is
incorrect, as it uses for co-null methods a theorem established
only for co-regular. It would be desirable to have a short
independent proof of this known result, which excludes co-null
matrices from consideration in Copping's theorem. This is
furnished by the slightly more general result given below.

The matrix A =(a k) is conservative if the column limits
n Lonservatlve

and the row-sums limit exist, and the row-norms are bounded.

We denote the column limits by ay = lim a K’ the row sums by
n n
a =% a _, the row-sum limitby o =1lim « , and the row
n k nk o n
norms by p =Z ,a |. Any matrix with p_ bounded is called
n k' nk n

a bounded matrix. We denote the Banach space of convergent
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sequences by c, of bounded sequences by m, with the usual
norms. If the matrix A is conservative, it maps ¢ into c,
if bounded., m into m, continuously in each case. We define

x(A)=a - CZ a}\ ; then provided the matrix A 1is conservative
o .

we call it co~-null if y(A) =0, co-regular otherwise.

THEOREM. Let A be co-null and B bounded. Then
if the product C =BA 1is conservative, it must be co-null.

Remark 1. If under our hypothesis we have BA =1,
there would be an immediate contradiction, thus proving the
statement in the opening paragraph, that a co-null matrix
cannot have a bounded left inverse.

Remark 2. If B were conservative, the result would
follow immediately by the formula y(BA) =y(B)x(A) [4, p. 398].

Proof of theorem. Denote the columns of A by

ni,AZ

S, =A_ + ... + A ; then A 1is co-null if and only if S
I 1 k k

converges weakly to o in ¢ [1, p.136-137]. We assume this.

,..., and the (column) vector {o } by o. Let
n

Now the left multiplier B may be regarded as a continuous
operator from c¢ into m, mapping the columns of A into the
columns of C. By a theorem of Banach [1, p. 143] the images
BS‘K converge weakly to Ba in m. Since the terms of a

sequence are linear functionals, we have that BSk converges

termwise to Ba, and so Ba is the vector composed of the
row sums of C. As we are assuming C conservative, we
have each BSk € c, and Boe€ c. Then, since every linear

functional on ¢ 1is a restriction of a linear functional on m,
we have in particular that lim BSk approaches lim Bea, and

so C 1is co-null, as was to be proved.

There is no corresponding theorem for AB, as shown

by the example [4]

106

https://doi.org/10.4153/CMB-1965-013-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1965-013-2

1 -4 0 0 0 0
0o 0 1 -1 0 o0
A= 1o 0o 0o 0o 1 -1
4 0 0o o0 i
0 0 0 0
B= [0 1 0 0
o 0 0 0

where AB =1.
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