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QUADRATIC FORMS AND LINKAGE OF
QUATERNION ALGEBRAS

BY
VATSALA KRISHNAMANI AND JOSEPH YUCAS

ABSTRACT. A field F satisfies n-linkage on a subset of F if when-
ever the quaternion algebras

(Slrs,l) (32’ 5,2) (Sm J;,)
FIPVFE P 7UF

are equal in Br(F) there exist z € F with

(s,-, s,’-) B (s,-, z)
F F

fori = 1,2, ..., n This linkage of quaternion algebras is examined
and its relationship to the torsion freeness of I*(F) and to the strong
approximation property is investigated.

)

Throughout this note F will denote a field of characteristic different than 2.

There are two notions of linkage of quaternion algebras which have been ex-
amined quite extensively in the literature. On the one hand, Elman and Lam [1]
introduced the following notion: Two quaternion algebras

b
%21 and ¢d
F F
are linked if there are x, y, z € F with
b 9 £ d b
a bl _[xz] iled] _ [Y_f _
F F F F

In their papers [2] and [3], Elman and Lam showed that having all quaternion
algebras linked in this manner is closely related to the torsion freeness of
powers of the fundamental ideal I(F) of the Witt ring W(F) and to the strong
approximation property SAP on the space of orderings of F. On the other hand,
in [7] the power underlying the abstract theory of quadratic forms is the follow-
ing linkage property of quaternion algebras: If

a_cil
F
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c, d]

7
In this note we study a stronger version of this linkage and show that it is also
closely related to the torsion freeness of powers of I(F) and to the SAP

property.
We say that F is linked on n-chains from a subset S of F if whenever

S s’l] — ’S?_’ s’2] _ _ [sn’ S;I]

with s, s € S, there exists z € F with

then there exists z € F with
a, b
F

a,z

F

_C’Z]_
F

[s,., sil _ [%e2
F F
fori = 1,2,...,n If Fis linked on n-chains from F we will just say that F

is linked on n-chains. Notice that the linkage axiom of [7] is just linkage on
2-chains. Every field is linked on 2-chains, see ( [6], Ex. 12, p. 69).

In notation and terminology we primarily follow [6] and [7]. Thus D () is the
value set of the quadratic form ¢ and D(2) = D( (1, 1)). Fora & F,

a, x

oo (1

xEF}

and W(F) is non-degenerate if Q(a) # {1} for every a € F\Fz.

PROPOSITION 1. IX(F) is torsion free if and only if F is linked on 3-chains from
{x, y, xp)} for every x, y € F.

ProOF. Suppose 12(F ) is torsion free and

a; b,-]
F

a, b, € {x, y,xy},i = 1,2, 3. The result is trivial if A = 1 or q; = b, for all i
thus we may assume that

A =

4= |22
F
If
4= [z
F
then 2 { (—xy, —z) ) = ({(—xy, —x, —y) ) = 0. By assumption,
4 =2 Z] ~ 1
F
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The result now follows easily.
To show the converse, by ([4], Lemma 1, Corollary 1), it suffices to show

~

that
%) _y
F
whenever x € D(2).
Since
xx]
F
we have a chain
X,y _ ,M Xy, X
F F F I
By assumption there exists z € F with
x,y] _ {x, Z] B [y, Z] [ zl
F F Fl L F[I
The last equality implies
x,z] _ 1
F
and the result follows. O

COROLLARY 2. F is a Pythagorean field if and only if |F/F* = 1 or W(F) is
non-degenerate and F is linked on 3-chains from {x, y, xy} for every x, y € F.

ProoF. If F is Pythagorean and x € F\F? then

X, X
F

# 1

hence W(F) is non-degenerate. The result follows from Proposition 1.
Conversely, by Proposition 1, IZ(F) is torsion free. Hence if x € D(2),
({(—x, —y)) = 0forevery y € F. Consequently,

-

for every y € F. Since W(F) is non-degenerate, x = 1 and F is Pythag-
orean. O
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PROPOSITION 3. F is a Pythagorean SAP field if and only if |F/F?| = 1 or
W(F) is non-degenerate and F is linked on 3-chains from {x, y, xy, —xy} for
every x, y € F.

Proor. If F is a Pythagorean SAP field and A4 is any F-quaternion algebra,
there exists w € F with

e

F
by ([2], Theorem 5.3). If
i
F
then by ( [6], Ex. 12, p. 69) there exists z € F with
g,__b a,z _[—l,z]_[—l,w]
F F F F
It follows that wz € D(2) = F? so
abl _[aw
F F

Consequently, F is linked on n-chains for any n.

Conversely, by Corollary 2, we need only show that a Pythagorean field F
satisfies SAP. By ([2], Theorem 5.3), it suffices to show that the form (1, x, —y,
xy) is isotropic. Notice that

[x,yl _[rx —X), y]
F F F I
By assumption there exists z € F with
) I A [Y__Z] _ [z
F F F F I
Hence
I
F
by the last equality and
X, yzl 1
F

by the first equality. Consequently, z € D(l, x) and z € D(y, —xy). This
shows that {1, x, —y, xy) is isotropic. a

Proposition 3 and its proof immediately yield
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THEOREM 4. Suppose F is a field with W(F) non-degenerate. The following
statements are equivalent:

1. F is a Pythagorean SAP field.

2. F is linked on 3-chains from {x, y, xy, —xy} for every x, y € F.

3. F is linked on 3-chains.

4. F is linked on n-chains for some n > 2.

5. F is linked on n-chains for every n = 2.

We remark that some results in quadratic form theory which depend mainly
on linkage on 2-chains can be generalized for Pythagorean SAP fields using
linkage on n-chains. We give Proposition 5 below as an example of such. Re-
call ([7], Lemma 5.2) which states that for a, b € F, Q(a) N Q(b) =
D{1, —ab)/(D{1, —a) N D{1, —b)).

PROPOSITION 5. Let F be a Pythagorean SAP field. For aj, ay, .. ., a, € F,
n n n
M Q(a) = q D(1, —aya;)/ q D1, —a;.
j=1 j= j=

Proor. If x € Ni_; D(1, —a,a;) then

F
thus
n
ap, x aj, x [al, x]
—| =|—]and |[—| € a;).
F F F ,Q (@)
Consequently,

a, X

X —
is a group homomorphism from ﬂ;’=l D(1, —aja;) to ﬂj'-'zl Q(a). If
A4 € NJ_; O(a)), then there exist y, € F with

a;s )’il
F

A =

hence by assumption there exists z € F with

P
F
Thus
a.aj, z "
2Tl — 1,z € N DY, —a,a;)
F j=1

https://doi.org/10.4153/CMB-1988-043-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1988-043-7

306 V. KRISHNAMANI AND J. YUCAS [September

and the mapping is surjective. One verifies easily that the kernel is N /"'=l

D(1, —a;). O

We close with a relationship between linkage and Witt rings of local type in
the finitely generated case.

PROPOSITION 6. Let F be a field with |F/F?| = 2". If for every basis

(X1, Xp» . .., X, } of F/F? there is a chain
Xp 4| _ X2 %D B Y
F F

which is linked then each proper subgroup of F/F 2 is contained in some value set
D(1, —z),z # 1.

PROOF. Let H be a subgroup of F/F? with say |[H| = 2™, m < n. Pick a basis
{yi»--.. s} for H and extend it to a basis {y,.... Y, Xpipr---5X,}
for '/ F% Notice that {y,X,,4 1> - - - » VXt 1s Xt 1» - - - » X} is als0 a basis for
F/F?. By our assumption, there is a chain

ylxm+l’ al _ ymxm-f-l’ am — xm+1’ Ay 41 _ Xy Ay
F F F F
which is linked. Thus there is a z € F with
V1 Xmt15 2| _ _ [ymxm+1’ 2l _ Xm0 z]
F ' F F I
This implies
[yl, Z] _ [)’2,21 _ [y,,,, 2l _ 4
and hence y,, y,,...,y, € D{1, —z). O

CoROLLARY 7. If W(F) is non-degenerate and if F satisfies the hypothesis of
Proposition 6 then F has exactly one non-trivial quaternion algebra.

Proor. By Proposition 6, each hyperplane is contained in a value set
D(1, —z), z # 1. Since W(F) is non-degenerate, every hyperplane must be a
value set D(1, —z). Consequently, every value set D{1, —z)z # 1, has index 2
in F/F? The result now follows from a result of Kaplansky [5], see ([7],
Proposition 5.15). O

We thank the referee for the helpful comments which shortened an earlier
version of this note.
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