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A note on Hadamard arrays

Joan Cooper

Let v =mk +1 be a prime power; we show for m even it is not
possible to partition the Galois field GF(v) to give four

(0, 1, -1) matrices X Xy> X3, X, setisfying:

l’
(i) Xi*Xj=o’i¢j’i’j=l,2,3,h;
n

(ii) } X, is a (1, -1) matrix;
=1

4
(111) ] XX = oI .
i=1 11 v

Thus this method of partitioning the Galois field GF{(v) , into
four matrices satisfying the above conditions, cannot be used to
find Baumert-Hall Hadamard arrays BH[4v] for

» =9, 11, 17, 23, 27, 29,

Terminology and definitions

A Un x by Hadamard array, H , is a square matrix of order Ln with
elements *A4, tB, *(C, D each repeated n times in each row and column.
Assuming the indeterminants A4, B, C, D commute, the row vectors of H

must be orthogonal.
The Hadamard product, * , of two matrices A = (aij) and B = (bij)

which are the same size is given by

)

The identity matrix will be represented as I and the v X v matrix

A % B = (a. b, .
1J iJ
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of all 1's will be J .

The symbol & represents the result from adjoining two sets with

repetition remaining; that is,
{xl, e :cs} & {yl, ...,yt} = Evcl, s Ty Yya e yt]

Where repetition occurs the elements resulting from such an adjunction
will be called a collection and denoted by square brackets [ ] .

A binary composition A of two sets will be defined as
Geps ooos 2] A Brys o0 0]

[xl+A2, ey xs+A2]

All\A2

let v=mk +1= pol (a prime power). Let & be a primitive element

of F = GF(v) and write G = {zl, ees 2 for the multiplicative

=Y

cyclic group of order v - 1 generated by x .

Choose the cosets Ci of G by

C. =

{xk'j +
i

:0=j=ml} 0=4i=k-1,
where the order of Ci is m and its index k .

Now let Di = (djl] be the incidence matrix of the coset Ci .
D, = [de) is defined as

1 if z,-2, €C. ,
17d i

de =
0 otherwvise.

We will denote Di by [Ci] .

As G=CyuC u...v( ) =F\o}, its incidence matrix is J -7
and the incidence matrix of F is J .
Therefore the incidence matrix of {0} will be I .
k-1

X = & b C will mean the matrix X which is a summation of the
§=0

incidence matrices of the cosets. That is
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k-1 k-1
(1) X= 820 bc| = BZO bs[cs] .

b8 € Z , the integers. Note from the definition of a binary composition

{o}ac, = ¢, -
We will define the transpose of a coset Cf by:

ci={xkj+i=05a'5m-l} ,

Cg={-xkj+1::05j5m-l}.

LEMMA 1 [1]. If m is even, c'-£=ci,- and if m ie odd,

6= Cougg -
THEOREM 2 ([1]. IFf c; and €, are two cosets of order m and

index k of the group G , then the binary composition of C; and ¢,

i8 given by:
k-1
() Ci A CZ = & asCs 1f zero does not occur;
&0
k-1
(i2) C, AC,=mli0} & & a C 1if zero does occur;
1 l e=0 & 8

where the a, are integers giving multiplicities.

LEMA 3. If

(i) =zero does not occur in Ci A C’Z then

k-1

(i) zero does occur in Ci A CZ then
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k-1
LEMA 4 (7). ¢, A C, = mlo} & s aCy if and only if ¢, = cf .
LEMMA 5 [1]. If
(z) Cz;é CZ in Ci A CZ then
k-1 k-1
& C.. AC,._ = & mC_ ;
p:O L+p Z+p =0 m 8
(i) ¢, = cf in C,AC, then
k-1 k-1
& Ci+p A cZer = km{0} & & (m—l)Cs

p=0 =0

Method of partitioning GF(p)
The incidence matrices [01,] of the cosets C.l: and the identity
matrix I are partitioned into four (0, 1, -1) matrices Xl, X2, X3, }()4

such that

We show for m even with Xi * XJ. = 0 it is not possible to get

THEOREM 6. Let v = mk + 1 = p®

Further suppose €, are cosets of order m defined above.

(p a prime) with m even.

Let

k-1
X. = &aics,z=l,2,3,h,
s=0 8

and suppose exactly one of a 28 1 or -1 and I

,a, , a, , a
17 27 3 hs
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belongs to one of the X, 's .

Then

18 not possible.

Proof. Without loss of generality let I occur in Xl .
k-1
& a, C & {0}

1 8=0 ls

o]
]

T e, 12
a. [¢] +I from (1);
.e=0 Y& ©

for ¢ =2, 3, 4,
k-1
;= 1 a; [c]

8=0 8

Since m is even from Lemma 1,

2

k-1
Xi= z al [Cs]+I k4

§=0

2

k-1
xf: 2 a, [c ]| » i#1,

s=0 8
x2 kil > [ ]2 kil kil [ ][ ] kil [ ]

= ) a7 [C |+ 2 a a, |[C |[C | +2 a |[C | + 1.
1 520 % ¢ 60 p=s+1 s p & P s=0 & °©

For 1 =2, 3, 4 ,

k=1 k-1
)

) aisaip[cs] [Cp] .

k-1
=1 & [c)P+2
=0 ‘s 8=0 p=stl

1
)

Now
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L L
I =1 8
i=1 i=1
k-1 5
= Z [Cs] from the conditions of the theorem
&=0
A A LA RER AN CA
+2 a.a, [c][c]| +2 a [c]+1;
i=1 \s=0 p=s+1 ‘s 'p ¥ P e=0 Y& °©
h k-1
B X2 = kmI + (m-1) } [€.] from Lemma 5
, Z 8
=1 8=0
L (k-1 k-1 k=1
+2 7 ) 1 a.a. ( ) b.[C.]] by Theorem 2 (%)
i=1 {8=0 p=s+1 's 1p j=0 79 :
(bj's depend on & and p)
I el
+ 2 a c| +I,
8=0 1 °
D 2 Tlede'T 4l
(2) . = (km+1)I + (m-1) cl+2 d.lc.] ,
imy ¢ 8=0 ol g=0 99

where dj comes from collecting all the cosets together from the third and

fourth terms of the equation above.

In
It can be easily seen that it is not possible to get z Xi = vIv as
i=1

m -1 is odd and the 2 in front of the last term of equation (2) gives

all the cosets from this term an even number of times.

For »v=9, 11, 17, ... , m cennot be odd, by a result in [2]. We
have jJust shown m cannot be even. So it is impossible to partition
GF(v) by the method of [Z2] in order to construct Hedamard arrays, for

those values of v .
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