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ON THE CARDINALITY OF SUBRINGS
OF A COMMUTATIVE RING

BY
ROBERT GILMER AND WILLIAM HEINZER

ABSTRACT. If R is an uncountable commutative ring, it is shown that
there exists a proper subring of R having the same cardinality as R. It is also
shown that if |R| = o is an uncountable regular cardinal, and if R, is a
subring of R containing an identity of R and such that |R,| < w, then there
exists a proper R,-subalgebra S of R such that |S| = |R|.

Let w be an uncountable cardinal. In the terminology of universal algebra, an algebra
A is said to be a Jonsson w-algebra if |A| = » while |B| < o for each proper subalgebra
B of A. Thus, a Jonsson w-group is a group of cardinality w such that each proper
subgroup has smaller cardinality. Shelah in [16] answered an old question of Kurosh
by proving existence of a Jonsson w,-group. On the other hand, Scott in ([15], Th. 9)
proved that abelian Jonsson w-groups do not exist. In this paper we investigate the
question of existence of a commutative Jonsson w-ring R. Because unitary rings are of
primary importance in commutative ring theory, we are immediately faced with the
question of whether R should be required to contain an identity element e. If so, should
we restrict consideration to unitary subrings of R or, more restrictively, to subrings
containing e?. Theorem 1.2 shows that for R unitary, the answer to the existence
question is “no” and is independent of unitary restrictions placed on subrings. If we
ignore existence of an identity element both in R and in its subrings, then Theorem 1.3
shows that again no commutative Jonsson w-ring exists.

In the second part of the paper we generalize the considerations of Section 1 as
follows. Suppose R is an uncountable commutative ring with identity element e and R,
is a proper subring of R containing e. In view of Theorem 1.2 we ask whether there
exists a proper R,-subalgebra S of R such that |S| = |R[; note that Theorem 1.2 provides
an affirmative answer in the case where R, = Ze is the prime subring of R. We show
in Theorem 2.4 that the answer to the question is “yes” if |R| is a regular cardinal, and
we note in Remark 2.5 that the answer is also “yes” if R, is a Noetherian ring. Using
Theorem 2.4, we observe in Theorem 2.6 that if each proper R,-subalgebra of R is
countable, then R is countable.
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1. Commutative Jonsson w-rings do not exist. We begin with a lemma in the
domain case.

LEMMA 1.1. Let E be an uncountable integral domain with identity element e and let
D be a subring of E containing e such that |D| < |E|. There exists a proper subring
E, of E containing D such that |E,| = |E]|.

PrOOF. Let K and F be the quotient fields of E and D, respectively. Choose a
transcendence basis B C E for K/F. An algebraic extension of a countable field is
countable; hence F(B) is uncountable, and in fact, |[F(B)| = |B| = |K| = |E| ([12],
p. 143). Thus, if b € B, then D[B\{b}] serves as a suitable choice for E,.

THEOREM 1.2. Let R be an uncountable commutative ring with identity element e.
There exists a proper subring S of R containing e such that |S| = |R|.

PROOF. Let |R| = w and denote by Ze the prime subring of R. If there exists a prime
ideal P of R such that [R/P| = w, then applying Lemma 1.1 to the domains R/P and
Ze/(Ze N P), we obtain a proper subring T of R /P containing Ze /(Ze N P) such that
|T| = o. If ¢ is the canonical homomorphism of R onto R/P, then we can take § =
& ~'(T). Thus, we assume that |[R/P| < w and |P| = w for each prime ideal P of R.
If [ is any ideal of R such that |/| = o, then either Ze + [ is a suitable choice of S, or
else R = Ze + I. We therefore assume that R = Ze + [ for each ideal / of R with
|I| = w; in particular, R = Ze + P for each prime ideal P of R. Note that if |I| =
|J| = wandif I <J,thenI N Ze <J N Zebecause J =J NR=JN(Ze + 1) =
[+ ((JNZe) LI

The rest of the proof amounts to showing that the assumptions of the previous
paragraph lead to a contradiction, thereby establishing the theorem. First, suppose that
J N Ze = (0) for some ideal J of R with |J| = w. Since I N Ze < J N Ze is impossible
for I < J, we conclude that |I| < o for each ideal / of R properly contained in J—that
is, J is Jonsson w-ideal of R. By Corollary 2.6 of [9], it follows that either J 2 =(0)
or J is a field. If J2 = (0), then the ideals of R = Ze + J contained in J coincide with
the subgroups of J as an additive group, and this contradicts non-existence of abelian
Jénsson w-groups. We conclude that J > # (0). If J is a field, then R = J @ A for some
maximal ideal A of R with |[R/A| = w. No such maximal ideal exists by assumption.
Therefore J N Ze # (0) if | J| = w. Consider (J N Ze)R, the ideal of R generated by
J N Ze. Since this ideal has the same intersection with Ze that J has, it follows
that either [(J N Ze)R| < w, or else (J N Ze)R = J. If |(J N Ze)R| < v, then
|R/(J N Ze)R| = w, the assumptions of the first paragraph carry over to the ring
R/(J N Ze)R, and yetJ /(J N Ze)R is an ideal of cardinality w in this ring that meets
its prime subring Ze/(J N Ze) in the zero ideal. This is impossible; hence J =
(JNZe)RandR/J' =Ze/(J N Ze) for each J with | J | = . Because Ze is a principal
ideal ring, it follows that each prime ideal of R is principal and has finite associated
residue class ring. This implies that to within isomorphism, R is a finite direct sum of
rings of the form R /M*, where M is maximal in R. If k is chosen so that M* < M*~',
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then |R/M*| = |R/M|* and hence R is finite. This contradiction completes the proof
of Theorem 1.2.

The analogues of Lemma 1.1 and Theorem 1.2 fail in the case of countably infinite
rings — that is, a unitary ring of cardinality w, may not have a proper infinite unitary
subring. In the characteristic-zero case, E = Z is obviously the unique ring with this
property and in the case of nonzero characteristic, all counter-examples are of the form
E = U, GF(p*), where g and p are prime [13]. Laffey in [13] also determines in
the non-unitary case that an infinite ring R whose proper subrings are finite is the zero
ring on Z(p~), the p-quasicyclic group, for some prime p.

We turn to a consideration of the non-unitary version of Theorem 1.2. The main part
of the proof of Theorem 1.3 amounts to an extension of Corollary 2.6 of [9] to rings
without identity.

THEOREM 1.3. If R is an uncountable commutative ring of cardinality w, then there
exists a proper subring S of R with |S| = w.

PrOOE. If a proper ideal of R has cardinality w, then we’re finished. Assume
|I| < w for each proper ideal / of R. Assume that x € R is such that Rx # R and let
Ann(x) denote the annihilator of x. We have R/Ann(x) = Rx and |Rx| < o, so
|Ann(x)| = w and Ann(x) = R — that is, Rx = (0) if Rx # R. If Rx = (0) for each
x € R, then R is the zero ring on its additive subgroup and the conclusion of the theorem
follows from Scott’s result cited in the introduction. If Rx = R for some x € R, then
x = ex for some ¢ € R, and e is an identity element for R. Then y € R\{0} implies
Ry # (0) so Ry = R and R is a field; in this case, Lemma 1.1 implies the desired
conclusion.

2. Some results in the relative case. We consider in this section the question of
whether Theorem 1.2 extends to a result for commutative rings similar to that given in
Lemma 1.1 for integral domains. In this section all rings and all modules are unitary.
The general question we consider is the following.

QUESTION 2.1. If R is an uncountable commutative ring with identity element e and
R, is a subring of R containing e with |R,| < |R|, does there exist a proper
R\-subalgebra S of R with |S| = |R|?

In giving an affirmative answer to Question 2.1 for R, = Ze in Theorem 1.2, we have
used two special properties of Ze in the second paragraph of the proof of that result.
The first of these is that Jonsson w-groups do not exist; the second is that prime ideals
of Ze are principal. The proof of Theorem 1.2 establishes the following.

REMARK 2.2. Suppose that R, and R are as in Question 2.1, and that for each proper
R,-subalgebra S of R, |S| < |R| = . Then

(i) For each prime ideal P of R, |R/P| < o and |P| = w.

(ii) If I is an ideal of R with |I| = w, thenR = R, + I. Hence R/l = R,/(I N R)),
so |R/I| < w. In fact, |R/I| = |R,| for each ideal I of R with |/| = w.

(iii) If I < J are ideals in R with |I| = o, then I N R, <J N R,.

https://doi.org/10.4153/CMB-1986-019-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1986-019-0

1986] CARDINALITY OF SUBRINGS 105

(iv) If J is an ideal of R with |J| = w and J N R, = (0), then J> = (0) and J is a
Jonsson w-module over R,.

(v) If the ring R, does not admit a Jonsson w-module, then each ideal I of R with
|I| = w is extended from R, — that is, I = (I N R,)R. In particular, P = (P N R,)R
for each prime ideal P of R.

In view of Remark 2.2, we see that the answer to Question 2.1 is related to the
question of whether there exists a ring R, with |R,| < w such that R, admits a Jénsson
w-module. Indeed, if such a ring R, exists and if M is a Jonsson w-module, then R, and
the idealization R = Ry @ M of R, and M ([14], p. 2) provide a negative answer to
Question 2.1. We do not know, however, if such a ring R, exists. Our next result
establishes non-existence of such rings for w a regular cardinal. We recall that an
infinite cardinal a is regular if a # 3,,c;«; for each nonempty family {«; };¢; of cardinals
with |I| < a and a; < a for each i ([2], p. 245; [3], p. 504).

PROPOSITION 2.3. If « is an infinite regular cardinal and R, is a commutative ring
with |Rl[ < a, then R, does not admit a Jonsson o-module.

PROOF. Suppose that R, admits a Jonsson a-module M. By passing from R, to
R,/Ann M, we may assume that M is a faithful module, and Proposition 2.5 of [9]
implies that R, /Ann M = D is an integral domain. Since |D| < a, M is also a J6nsson
a-generated module in the sense of [8]; that is, M is generated as a D-module by a set
of cardinality o and has no generating set of cardinality less than o, while each proper
D-submodule of M has a generating set of cardinality less than a. We claim that M is
a torsion D-module. For suppose that M is not torsion and let N be the torsion
submodule of M. Then M /N is a torsion-free Jonsson a-generated D-module. Hence
by Theorem 1.4 of [8], M/N is isomorphic to the quotient field K of D. But |K| =
|D| < a. We conclude that M is a torsion D-module. It follows that

M = U{Anny(a)|a € D, a # 0}.

And by Proposition 2.5 of [9], M = aM so that Anny(a) < M for each nonzero a in
D. This contradicts the fact that a is a regular cardinal, and completes the proof of
Propositions 2.3.

Using Proposition 2.3, we show that the answer to Question 2.1 is affirmative if
|R| = w is a regular cardinal.

THEOREM 2.4. Let R be an uncountable commutative ring with identity e such that
|R| = w is a regular cardinal. If R, is a subring of R containing e such that |R,| < w,
then there exists a proper R,-subalgebra S of R such that |S| = |R|.

PROOF. Suppose there does not exist such an S. For each prime ideal P of R, we show
that there exists x € P such that |xR| = w. By Proposition 2.3 and Remark 2.2v, P =
(P N R)R. And by 2.2i, |P| = o. Since  is a regular cardinal and |P N R,| < w,
it follows that there exists x € P N R, such that |xR| = w. Also, the principal ideals
xR of R such that |xR| = o are closed under multiplication, for suppose |xR| =
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|yR| = w, and consider the exact sequence
0— xyR — yR — yR/xyR — 0.

To show |xyR| = w, it suffices to show that |yR/xyR| < w; this holds since
|R/xR| < w by Remark 2.2ii, and yR /xyR is a homomorphic image of R/xR. Let U
be the multiplicative system of principal ideals xR of R such that [xR| = w. We have
shown that U meets each prime ideal of R. It follows that (0) € U. This yields the
contradiction that |(O)| = w, which completes the proof of Theorem 2.4.

REMARK 2.5. In the proof of Theorem 2.4, the fact that the principal ideals xR of R
such that [xR| = |R| are closed under multiplication does not use the fact that |R| is a
regular cardinal. Therefore, for a given R, and R as in Question 2.1, if from the
non-existence of a proper R,-subalgebra S of R with |S| = |R| one can deduce that each
prime ideal of R contains a principal ideal xR with [xR| = |R/, then for this R, and R,
such an S must exist. From this it follows that for R, Noetherian, the answer to Question
2.1 is affirmative. For if R, is Noetherian, then by a result of Enochs included as
Theorem 3.1 of Section 3, it follows that R, does not admit a Jonsson w-module.
Therefore the nonexistence of a proper R,-subalgebra S of R with |S| = |R| implies that
each prime ideal of R is extended from R, and thus is finitely generated. Since a finitely
generated ideal of cardinality w contains a principal ideal of cardinality w, the result
follows.

A question related to Question 2.1, but more in the spirit of the approach taken in
[6], is the following. Suppose that R is a commutative ring with identity ¢ and R, is a
proper subring of R containing e. If o is an infinite cardinal and if each proper
R,-subalgebra of R has cardinality = «, does it follow that |[R| = a? We can use
Theorem 2.4 to provide an affirmative answer to this question by arguing as follows.
Suppose |R| > «. Let A be a generating set for R over R,. Assuming that R, is infinite
(as we may), we have |R,[A;]| = |R,| for each finite subset A, of A. Now R =
R\[A]= U{R\[A/]|A, € F, the family of finite subsets of A}. Therefore |R| = |F|-|R,|.
This implies that |[F| = |R|, which implies |A| = |R| = «*, where «* is the successor
cardinal of a. Choose a subset B of A of cardinality « *. Since |R,[B]| > a, it follows
that R,[B] = R, but the argument just given shows that |R,[B]| = |B|. Therefore
|R| = a'. Since a” is a regular cardinal ([3], p. 505), Theorem 2.4 yields a con-
tradiction to the assumption that |R| > o. We record this result formally in the case
where a = wy.

THEOREM 2.6. Suppose R is a commutative ring with identity e and R, is a subring
of R containing e. If each proper R-subalgebra of R is countable, then R is countable.

3. Appendix. In Remark 2.5 we referred to a result of E. Enochs; this result was also
cited in ([1], p. 659). Enochs has supplied us with the statement and proof of this
unpublished result, and has graciously allowed us to include them in this paper. We use
the following notation. If L is a submodule of M, then L C’ M means that L is an
essential submodule of M. E(M) denotes an injective envelope of M. Soc(M) denotes
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the socle of M. The proof makes use of a result of E. Matlis, Theorem 3.11 in the paper
Injective Modules Over Noetherian Rings, Pacific J. Math. 8 (1958), 511-528, which
states that if G is a simple module over a Noetherian ring R, then E(G) is countably
generated. Since R is Noetherian, it follows that any submodule of E(G) is a countable
union of finitely generated modules, and hence is countably generated. Also, from the
fact that E(OM,) = @E(M,), it follows that if G is semisimple and countably gener-
ated, then any submodule of E(G) is countably generated.

THEOREM 3.1. If a module M over a Noetherian ring is not finitely generated, then
M has a factor module which is countably generated, but not finitely generated.

PrOOF. If Soc(M) is not finitely generated, let G be a countably generated submodule
of Soc(M) that is not finitely generated. If U < M is maximal with respect to
GNU=(0),then G C’'M/U, soM/U is isomorphic to a submodule of E(G). Since
G is semi-simple, M / U is countably generated but not finitely generated since G is not
finitely generated.

Thus to complete the proof of the theorem, it suffices to show that M has a homo-
morphic image for which the socle is not finitely generated. We may assume that M is
not countably generated. If L, is any nonzero finitely generated submodule of M and
if K, is a maximal proper submodule of L,, then L,/K, is a nonzero submodule of
Soc(M/K,), so Soc(M/K,) # (0). If Soc(M/K,) is not finitely generated, the proof
is complete. If Soc(M/K,) = §,/K, is finitely generated, let U, /K, be maximal with
respect to S,/K, N U,/K, = (0). Then M/U, is isomorphic to a submodule of
E(S,/K)), and therefore is countably generated. It follows that U, /K, is not countably
generated. Let L,/K, be a nonzero finitely generated submodule of U,/K;, and let
K,/ K, be a maximal proper submodule of L,/K,. Then S, /K| is isomorphic to a proper
submodule of Soc(M/K,) = S,/K,. If S,/K, is not finitely generated, the argument
ends. If S,/K, is finitely generated, let U,/ K, be maximal with respect to S,/K, N
U,/K, = (0), and let L;/K, be a nonzero finitely generated submodule of U,/K,. A
simple induction argument yields the existence of finitely generated submodules K| <
K, < ...of M such that either Soc(M /K,) is not finitely generated for some n, in which
case we are finished, or else Soc(M/K,) is isomorphic to a proper submodule of
Soc(M/K,,) for each n. In the latter case, if K = U _,K,, then Soc(M/K) is not
finitely generated.

COROLLARY. If w is an uncountable cardinal and if R, is a Noetherian ring with
lR,[ < w, then R, admits no Jonsson w-module.

PROOF. Assume, to the contrary, that M is a Jonsson w-module over R,. A countably
generated module over R, has cardinality at most sup{|R, |, 0} < w, and hence M is not
countably generated. Choose, by Theorem 3.1, a submodule N of M such that M /N is
countably generated, but not finitely generated. Then w = |M| = |N|-|M/N|; this is
a contradiction, for |[N| < o by hypothesis, and |M /N| < w by the argument above.
This completes the proof.
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