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THE STRUCTURE OF THE MULTIPLICATIVE GROUP

OF RESIDUE CLASSES MODULO PN+1

NORIKATA NAKAGOSHI

§]1. Introduction

Let k be an algebraic number field of finite degree and p be a prime
ideal of k, lying above a rational prime p. We denote by G(pΛ+1) the
multiplicative group of residue classes modulo pN+1 (N ^ 0) which are
relatively prime to p. The structure of G(pN+1) is well-known, when
N = 0, or fc is the rational number field Q. If k is a quadratic number
field, then the direct decomposition of G(pN+ι) is determined by A. Ranum
[6] and F.H-Koch [4] who gives a basis of a group of principal units
in the local quadratic number field according to H. Hasse [2]. In [5,
Theorem 6.2], W. Narkiewicz obtains necessary and sufficient conditions
so that G(pN+ί) is cyclic, in connection with a group of units in the p-
adic completion of k.

The structure of G(pN+ι) is confirmed by that of the p-Sylow sub-
group and the p-rank of G(pN+ι) is given by T. Takenouchi [8]. If an
algebraic number field k contains a primitive p-th. root of unity, the
p-rank is also given by H. Hasse [3, Teil Ia, § 15].

In the present paper we shall establish the direct decomposition of
G(pN+1) for each N which gives another proof of T. Takenouchi's results
[8].

§ 2 . Notation and an outline of the investigation

Let e and / be the ramification index and the degree of p over Q,

respectively. Put e1 — — - — , where [x] is the maximal integer <̂  x.
Ip — U

We denote by Z(m) a, cyclic group of order m.
Let HN+1 be the (N + l)-th unit group of the p-adic completion kp

of k, that is,
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42 NORIKATA NAKAGOSHI

HN+ι = {ηekp\v = lmodp^ 1 } (N = 0,1, -) .

Hι is called a group of principal units of kr Then one verifies easily

that

G(pN+ι) s Z(p' - 1) X Hi/ίΓ^+i (direct),

whence HJHN+ι is isomorphic to the p-Sylow subgroup of G(pN+ι).

Let bN(v) be a number of elements of a basis of HJHN+1 whose

orders are exactly pv(v >̂ 1). Then HJHN+1 is expressed as direct prod-

uct:

HJHN+1 gz f[ (Z(p ) X . . . X
v = l v δivίυj-times '

For our purpose it will suffice to establish a basis of HJHN+ι for each

2V^0.

For any multiplicative group G we denote by Gpv a subgroup of G

generated by σpv where σ e G and v ^ 1. We define the p-rank RN of

G(pN+ι) by

p** = (G(pN+ι):G(pN+ψ) .

JB̂ Γ will be given by Theorem 1 in §3.

We let π be a prime element of kv fixed once for all. Put

(1) -p = επe,

where ε is a unit of kr Moreover, we let {ω^lύiύf be a system of rep-

resentatives in fcp for a basis of the residue class field modulo p over

the prime field.

Let Zv be the ring of p-adic integers. Then Hλ is a multiplicative

Zp-group and its system of generators over Zp is given by H. Hasse [2].

THEOREM A (H. Hasse [2]). Suppose that kp does not contain a

primitive p-th root of unity. Put

J \1 ^ 8 ^ pe/(p - 1), s =5= 0 mod p

Then {τ]is} is a Zp-basis of Hlt

Let ζμ be a primitive p^-th root of unity for each μ >̂ 0. Then we

have
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THEOREM B (H. Hasse [2]). Suppose that kp contains ζμ (μ^l), but

does not contain ζμ+1. Let λ and e0 be integers such that

e = φ(pλ)e0 ,

where φ is Euler's function and e0 is prime to p. Put

ίg s rg e + ex = p^/(p — 1), s ^ 0 mod pj

where ωlf '- ,ωf satisfy the following conditions:

ωf - εωf'1 ~ 0 mod p , ωf - εωf'1 *£ 0 mod p (2 <; i ^ /)

and a>o is a imίί of kp for which a congruence

Xp — εX = ω0 mod p

/ιas no solution X in kr

Then {ηisyΎ)*} is a system of generators of Hι over Zp.

We note that λ ^ μ.

Now we sketch a plan to determine a basis of HJHN+ι. Let μe + ex

^ N < (μ + ΐ)e + βi and t ^ 1. Then we see by Lemma 7 in § 5 that if

μ = 0, &ίe+iv(v + t) = &^ω if μ ^ 1, 6ίβ+ΛΓ(/i) = 1 + M μ - ί), &ίe+iv(^ + 0

= bN(μ) — 1 and bte+N(v + t) = δiv(v), where î  ̂  ^ and v + ί ^F μ Hence

it is enough to compute bN(v) for 0 <= N < (μ + l)e + eλ.

We assume that kp contains ζμ (μ ^ 0) but does not contain ζμ+1.

First suppose that μ = 0. Let ηuHN+1 be cosets of iϊ^+i in Jϊ l y

where ηu are principal units defined by Theorem A. From Theorem A

a system of canonical generators for HJHN+ι is given by

( 2 ) {ηi9HN¥l}9

where l < ^ i < ; / , l fgs fg min (JV, pe/(2> — 1)) and s ^ 0 mod p. Let #^0)

be a number of generators of (2) such that ηfs = lmodp i V + 1 . In §5 we

shall prove

( 3 ) gN0) + Σ V(SN(») - 9N(V - D) = Nf

(see (17) in §5), hence (2) is a basis of HJHN+1. Then bN(v) are given

as follows:
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Furthermore, we shall compute orders p^N'Λ^ of ηu modulo pN+\ using

Corollary 8 in §5. Then we can determine a basis of HN+ι for each

N (see Proposition 11 in § 5). Since a basis of Hx is given by Theorem

A, the direct decomposition of flΊ/jH^+1 is easily obtained.

Secondly we assume μ ^ 1. Put

S = {(ί, β) 11 S i ύ f> 1 ^ ^ ^ β + eι = p β l ,

5 ^ 0 mod 2?, (ΐ, s) ^ (1, eQ)} .

The number of elements of S is equal to (ef — 1). If λ — μ, then 3yleo

= ζμ and fe*^i*}«. )€5 is a Zp-basis of ^ ( [ 2 , p. 232]). If λ > μ, then we

observe by [2, p. 231] that

( 6 ) 9C" = C, ?$? Π ηli ,
a,s)es

where j8# and βίs are p-adic integers. Let Hoι be a multiplicative Zp-

group generated by {η*,ηu}{i>s)eS Then by [2, p. 230] we have a direct

decomposition of H01:

( 7 ) Hoi = <?*> X Π <?i*> (direct) ,

where <̂ > stands for a cyclic group generated by η.

Let η*HN+1, τ]isHN+ί be cosets of HN+ι in ^ and V^
N' *\ v»w) be

their orders in HJHN+1, respectively. From Theorem B we have a sys-

tem of canonical generators for HJHN+1 as follows:

(8X) {VisHN+ι} , if 1 ^ N < e + ex ,

(82) {η*HN+ι, ηisHN+ί} , if e + ex ^ N ,

where l ^ i i / , l ^ s ^ min (JV, e + ex) and s =£ 0 mod p. Let gN(v) be a

number of generators defined by (8χ) or (82) such that ηfs = lmodp Λ r + 1 ,

rjζ = l m o d p ^ ^ . Then (8J or (82) is a basis of Hλ/HN+1 if and only if

the equality (3) holds. It will be proved by (17) in § 5 that (i) (8X) is a

basis of HJHN+ι, (ii) (82) is a basis of HJHx^ if and only if v(N: l,e0)

= λ. If the equality (3) holds, then bN(v) are given by (4).

If N ^ e + ex and y (N: 1, e0) =̂= Z> then it will be possible to deter-

mine a basis of HN+ί (see Proposition 11 in §5) and we observe that
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HN+1 is a subgroup of i/01. Hence we can find a relation between η%,

ηleo and ηu modulo pN+ι (see (18) in §6) which is induced by (6). Let

Z be the ring of rational integers. Let M be a free Z-module generated

by rj*,ήιeQ and ηu ((ί,s)eS). Let ψ : M —> HJHN+1 be a homomorphism

defined by ψGj*) = ^ mod p*+ 1, ^(^ leo) = ^ mod pN+ι and ψθ?**) = j?ίβ mod pN+1.

Then we shall have a system of canonical generators for Kerψ. Hence

the direct decomposition of Hι/HN+1 = M/Kerψ will be obtained using

elementary divisors of a certain matrix (see (9) of Theorem 3) whose

entries are p^N'-^s\ pvw *) a n d ^-components of exponents appearing in

the relation (18) in §6.

§ 3. Theorems

We shall prove the following assertions:

THEOREM 1 (cf. [3] and [8]). The p-rank RN of G(pN+ι) is given by

, if 0 ^ N < e + ex ,

ef, if N iΞ> e + ex and fcp $ d ,

ef + 1 , if N ^ e + ex and kp s ζx .

THEOREM 2. Suppose that kp does not contain ζ1# Lβί 0 ^ iV ^ e + elβ

iί follows that for each t ^ 0

p - 1) X Π (Z(P+t) X X
v = l v 6i\r(v)-times '

X (Z(pι) x x Z(p'))
v (i2 ί e + iV-#iV)-times '

where Rte+N> RN we p-ranks of G(pte+N+ι), G(pN+1), respectively, and

THEOREM 3. Suppose that fcp contains ζμ (μ ^ 1) but does not con-

tain ζμ+1. Let λ and e0 be as in Theorem B. Then the direct decom-

position of G(pN+1) is expressed as follows:

( I ) In the case where 1 ^ N < e + e19

G(pN+ι) s Z(pf - 1) x Π (Z(p») x . . . x Z(p»)) ,
v = l y 6N(V)-times '

where bN(v) are equal to those of Theorem 2.
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( I I ) In the case where e + ex ^ N < (μ + l)e + eγ and v (N: 1, e0)

G(\>N+1) s Z(p' - 1) X Π (Z(VV) X v X

bN(v) are given as follows:

Let a be a rational integer (1 fg α <̂  μ) such that ae + ex <* N

< (α + l)e + βι.

For v ^ a — 1, bN(υ) = 0.

= α, 6^(α) - ((α + ΐ)e - N + [*L^Z™-Jjf + βN(a).

For v :> a + 1,

/Γ^ - fa + ^ ~ l)g] 9 ^ - fa + * ~
j 2L

4. \N-(a + δ- ΐ)e\

where

(a + δ- ΐ)e\\ f

^ - α - a + 2 \)f

,o v , βf if v = λ^a + l ,
(2 , if a = λ ~ μ ,

θ.vfa) = Γ v ^ , jβ^ω = j - 1 , </ v = λ + a ,
[1 , if a ^ λ ,

(0 , otherwise (v ^ α + 1)

0 , if N — ae + ex 9

1 , i/ αe + βx < iV < (α + l)e + elβ

(III) /n the case where e + ex < N < (^ + l)e + ex and v (N: 1, e0)

> ^, ίfeê ê exists a rational integer a (1 ^ a ^ /̂ ) ŝ cfe ίftaί ae + ex-^N

< (a + l)e + elβ Let pa'* be p-components of βίsp
μ where βis are p-adic

integers defined by (Jo). Put

ais = min{v(N: i,s),a'u] for (i,s)eS ,

where S is given by (5). // N = ae + ex and (e + e1)/pv~a+ι < s

:g (e + e1)/pv~a, then v(N:i,s) = p ^ a i/ ae + βj< iV < (a + l)e + ex

(N — ae)lpv~a < s <. (N — ae)/pv~a~\ then v(N:i,s) =^v ̂  a. Lei

°, pC l, , pCe/ be elementary divisors of the following (ef + 2) x (ef + 1)-
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( 9 )

pa

p v ' 'e + e i

0
pniv:ι,s

0
0v(ΐV:l,eo)

V
>(N:f,eo)

(i, s)eS

It then follows that

- 1) x x x X

(IV) In the case where μe + ex ^ N < (μ + l)e + el9 we let G(pN+1)

be of type (pf — lyp
μ,pd\ -,pdef) which is determined by (II) and (III).

Then G(\)te+N+ι) is of type (pf - l ,p^,p ώ l + ί , . .,p^/+ ί) for each t ^ 0.

Remarks. Under the hypothesis of Theorem 3 (i) if λ = μ and N

^ e + e19 then v (N: 1, β0) = λ (cf. [2, p. 216]) (ii) if N = αe + ex, then

^ ^ v (iV: 1, eQ) ̂  ^ + α - 1 (iii) if ae + eγ < N < (a + l)e + elf then λ

^ v (N: 1, eQ) ̂  λ + a (cf. proof of Corollary 10 of § 5) (iv) if N ^ μe + el9

then HN+1 is a subgroup of a free part of Hιt

COROLLARY 4. // p is an unramified prime ideal of k, lying above

a rational prime p, then we have

Z(pf - 1) x Z(pN) X X Z(pN) , if p^
*> /-times f

- 1) X Z(2) X X
W ) X • X

(/-I)-times

if p =

§4. Proof of Theorem 1

It follows from (1) that

LEMMA 5 (cf. [2, p. 220] and [3, Teil Ia, § 15]). Let γ be an integer

of kp. Then
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II + γpπps mod pps+ι , if 1 ^ s < e/(p - 1) ,

1 + (γp - εγ)πps mod pps^ , if s = β/(p - 1) ,

1 - εγπs+e m o d p s + e + 1 , if if s > e/(p - 1) .

Now we shall prove Theorem 1. First we note that kp contains a

primitive p-th root of unity if and only if e = 0 mod (p — 1) and a con-

gruence
(*) Xp - εX = 0 mod p
has a solution X ^ 0 mod p in kp (cf. [2, p. 215]).

According to H. Hasse [3], we shall use the following notation:

a: a number of kp, prime to p.

γ: an integer of kp.

γ0: an integer of kp such that γ0 = 0 mod p.

η: a principal unit of kr

μs: an integer of kp such that μs = ap mod ps (s ^ 1).

α β : an integer of kp such that ap = 1 mod ps.

^ s : an integer of kp such that

(10) αf = 1 + r ^

Each of these notations stands for a general element of a group, but

will sometimes be used to stand for the group itself. The p-rank RN

of G(pN+1) is then given by

PRN - (G(pN+ι): G(pN+ι)p) = ( α : ̂ + 1 )

= ( α : //i)(^!: μ2)

and we have

(12) Oi,:jO = (r:r.) d ^ β ^ Λ O .

It will be verified that

(a) (a: μd = 1 ,

(1 , if 1 <: s < e + ex and s = 0 mod p ,

l i J. iSi s \ β ~f- βj anu

1 , if e = 0 mod (p — 1) and

(C) (μe + et

 : Pe + el + l) " P > i f ^p 3 Cl >

p / , if e £F 0 mod (^ — 1) ,

(d) (μs: /ιί+1) = 1 , if s > e + ex .
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Proof of (α). Since (aiμj — {a:apη) is a power of p and a/η is a

cyclic group of order (pf — 1), (a: μd — 1.

Proo/ 0/ (δ), (c) and (d). Since αf _= l m o d p and the order of G(p)

is equal to pf — 1 which is prime to p, as = 1 mod p. If αs — 1, then

by (10) we see that γs = 0 mod p. Let αs ^ 1. We can put

as = 1 + εsττ* ,

where s J> 1 and εs is a unit of fcp. Then it follows from Lemma 5

1 + 6?τrpl mod p^ + 1 , if 1 ^ s < e/(p - 1) ,

αf = (εj - 66.V mod j ^ + 1 , if s =

1 - εεsπ
s+e m o d p ' + e + ι , if s > e/(p — 1) .

If 1 <; s < e + e1 and s = 0 mod p, then by (10) fs modulo p contains

(ε? + ro) modulo p. Hence (f: γs) = 1, because of (p: ^,) ^ (^: ε̂  + ^0) = 1.

Suppose that 1 ^ s < e + ex and s ^ 0 mod p. Then from the above

congruences and (10) we can conclude that

I γs = 0 mod p , if 1 ^ s < e/(p — 1) and s < ps ,

εv

sπ
v's == Omod pp's+ι, a contradiction , if s > ps

γs = 0 mod p , if s ^ e/(p - 1) .
Hence we have (γ: γs) = (^: f0) — p 7 which shows (b) by (12).

Let s = e + ex. Using the above congruences and (10) we see that

'e*πpi = Omod pp's+\ a contradiction , if 1 ^ s < e/(p — 1) ,

γs ΞΞ εf - εε, mod p , if s = e/(p - 1) ,

7, ΞΞ 0 mod p , if s > e/(p — 1) .

If kp 3 ζi, then 7*/̂  = ((γp — εγ) + γo)/γo, where γ'Q are solutions of Xp —

εX = 0 mod p, and (7-: ̂ 0)/(r : rί) = P- Hence (^: r.) = ( r : (rp - e/0 + ro) =

p. If e ΞΞ 0 mod (p — 1) and fcp § ζx, then ^s = εf — εεs Ξ̂  0 mod p and(^: γs)

= 1. If β Ξ̂  0 mod (p — 1), then (γ : p,) = (γ: γ0) = pΛ Therefore (c) is

obtained by (12).

Assume that s > e + eλ. Then we have by Lemma 5

(1 + γπs~e)p ΞΞ 1 - εγπs mod ps+ί .

Hence by (10) γs modulo p contains (—εγ + γQ) modulo p and (γ:γs)

= (γ: (—εγ + γ0)) — 1, thereby proving (d). By (11) and (12) we have

Theorem 1.
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For instance, we compute RN when N ^ e + ex and e 3p 0 mod (p — 1).

Put β = (p - l)eχ + r, l ^ r ^ p - 2 . Then by (11), (a), (b), (c) and (d)

we have

= (e

§5. Preliminaries to the proof of Theorem 2 and Theorem 3

In order to prove Theorem 2 and Theorem 3 we need some results

which we obtain in this section. Throughout this section we assume

that kp contains ζμ (μ ^ 0) but does not contain ζμ+1.

The following proposition is well-known:

PROPOSITION 6 (cf. [2, §15] and [5, Chap. V]). If N ^ e19 then ΉNhl

is a free Zp-group and HN+1 ^ He+N+1 by η -> rf (ηeHN+1).

LEMMA 7. Suppose that N ^ ex and HN+ι is a subgroup of a Zp-free

part Hol of Hx. Let HJHN+ί be of type (pSo,pSl, -,pSef). Then we can

take s0 = μ and ίZΊ/iϊ£e+ivr+i is of type (pSo,pSί+t, -,p'e'+t) for each t ^ 0.

Remark. In Lemma 7 we allow that s, = 0 (0 <; j ^ ef).

Proof. We have an expression of Hλ as direct product (cf. [2, p. 222]):

# i = <ζ,> X H7i ,

where <ζ//> is a cyclic group generated by ζμ and H01 is of rank ef. By

the hypothesis of the Lemma 7 we have

HJHN+1 s < O X H^/HN+ι (direct) .

Hence there exists a Zp-basis {ηu , ηef} of Ή^ι such that {ηlfχ, , ηf/f}

is a Zp-basis of HN+1. It then follows from Proposition 6 that {̂ f1+1,

'"yVe/ef+1} i s a Z^-basis of He+N+1. Thus the Lemma 7 is proved by

induction, q.e.d.

If μ = 0 and 2V ^ e^ then we observe by Lemma 7 that &ie+iV(v + ί)

= bN(v) for each t > 0. Hence all Gίj^4"1) are determined by factor groups

HJH19 ,HιIHe+ei. If μ ^ 1 and N ^ μe + e19 then ff^+1 is a subgroup

of Iff = {^l^e-ffj. Hence H^ + 1 is a subgroup of a free part of Hx.

In this case for each t ^ 1 it follows that bte+N(μ) = 1 + bN(μ — ί),
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bte+Niμ + ί) = bN(μ) — 1 and bte+N(v + t) = bN(v), where v ̂  μ and v + t

$r μ. Hence all G(pN+1) are determined by factor groups HιjH2, ,

HJHμe+ei.

In order to compute gN(ι>), v(N: ί, s) and v(N: *) defined in § 2 we

need the following corollary to Lemma 5 (cf. [7] and [9, Corollary 1.2]):

COROLLARY 8. Let η be an element of k9 such that η=lmodps and

η^ lmodj/ + 1 (s Ξ> 1). Let τ be the least non-negative integer such that

pτs ^ e/(p - 1). Then

ηpv = 1 mod pspv , rjpv ̂  1 mod pspv+1 for v = 0,1, , τ

and

ψv = 1 mod ps?T+^e for v^τ .

precisely we have the following congruences by (1):

1 + γpvπ'pv mod pS2)υ+1 , if e/(p - 1) < pΓs and 1 ̂  v £ τ ,

1 + γpτpv~Tπspτ mod p*PτJn»-*w , i/ e/(p - 1) < ^ 5 and 1 <: r < v ,

1 + ^vτr^v mod pspv+1 , i/ e/(p - 1) = pτs and 1 ̂  v ̂  τ ,
1 + ( r ^

+ 1 _ e r p
f )p"- ' -v + β l mod ^-^+βi+i ?

i/ ^/(P — 1) = PΓ^ and 0 ̂  τ < v ,

\1 + r^V mod pυ e + 5 + 1 , i/ e/(p - 1) < s ,

where γ is an integer of kr

LEMMA 9. Let ηίs be principal units defined by Theorem A or

Theorem B (1 <: i^/ , 1 ^ s ^ p e / ( p - 1), s^0modp). Letl^N<2e + ex.
Then we have for v ̂  1

if and only if indices ί and s satisfy the following conditions:

( i ) 1 ̂  s ^ N/p% when 1 ̂  JV < β + eι

(ii) 1 ̂  s ^ (e + ej)/pp, but if μ ̂  1 and y = λ, ίfeen (i, s) ̂  (1, e0),

when N = e + ex

(iii) l ^ s ^(N - e)lpv~\ but if v = λ and λ ̂  ^(Λ': 1, eQ)9 then (i, s)

^F (1, β0), ^feen e + βι < N < 2e + ex and μ >̂ 1.

Proof, Let τ be the least non-negative integer such that
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pτ'ι8 < e/(p — 1) ^ pτs .

Let 1<^N <e + βι. If 1 g s <; iV/p% then v <: τ, otherwise it follows

that pvs = pτs-pv~τ >̂ pe/(p — 1) J> e + ex > N. Hence we see by Corollary

8 that ηfs $= lmod p*+ 1. If N/p" < sy then by Corollary 8 we have ηg

Let N = e + ex. If 1 ^ s ^ iV/p" and p7"1^ < β/(p - 1) < Prs, then

v ^ τ. Hence by Corollary 8 we have ηg £? 1 mod pN+ι. If e = 0 mod (p — 1),

we put β — 9(pθβo, (β0, p) = 1. If 1 ^ s ^ N/pv and pΓs = e/(p — 1), then

v ^ τ + 1. In this case s = e0 and τ = λ — 1, because of s ^ 0 mod p. If

v<Lτ = λ — l, then by Corollary 8 we have ήg = < 0 ^ 1 mod pN+ι. If

i; = r + 1 = i, then we observe by Corollary 8 that

ηfs = 3^ = 1 + (ojf - fioίf2-V+βl mod r + e i + 1 .

If μ = 0, then $£ ^ 1 modί) e + e i + 1, because of ωf - εωf ~x ^ 0 mod p (cf.

(*) of § 4). If μ :> 1, then by Theorem B we have

7]feo = 1 mod p e + e i + 1 , ^ =5= 1 mod pe+e^+ί for ί * 1 .

Suppose that (β + ei)/pv < s <̂  β + ex — N. If 0 < v ^ r, then by Corollary

8 we get ηζ = l m o d ^ + 1 . If p rs > e/(p - 1) and 0 ^ τ < v, then ήg

= 1 mod pN+1. If pΓs = β/(p - 1), theh s = e0 and τ = λ - 1. By the

inequality (β + ex)/pv < s — e0 — ejp*"1, it follows v > λ. Hence ηζ0

= 1 mod p*+ 1.

Let e + ex < N < 2e + ex and assume μ ^ 1. If 1 ^ s ^ (iV — e)/pv'\

then y <£ τ + 1, otherwise p 1 " ^ = p's-p1"7'1 ^ pe/(p — 1) = e + eλ > N — e.

If e/(p — 1) < pTs and s <* (N — e)/pv~\ then by Corollary 8 we have

ηg ^ 1 mod pN+1. If β/(p - 1) = p rs and v ^ τ, then jyg ^ 1 mod ^ + 1 . If

e/(p — 1) = 2̂ Ts and v = r + 1, then s = eQ and r = λ — 1. In this case

we see by Theorem B that ^ Ξ£ lmod p ^ 1 for i ^ 1. On the other

hand we have for i — 1

1 + ωfV0^ mod ^ y + 1 if v ^ ^ - 1 ,
l + ( ω f _ εωf " O P ^ V ^ 1 mod pc-^Dβ+βi+i ? if i; ^ ^ ,

where ωf - εωf'1 = 0 mod }). If p ^ ^ - 1, then ^;o ^ 1 mod pN+\ and

ô ^ (N - e)lpv~\ lί v> λ, then ηfeo = 1 mod p^+ 1 and e0 > (N - e)/pv~\

If v = ^, it may happen that ηfeQ = lmodpΛ Γ + 1, namely Λ ̂  y(ΛΓ: 1, β0).

Hence yfg ^ 1 mod pN+\ where l ^ i ^ / , l ^ s ^ ( i V — e)/pv~\ s^O mod p,
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but if v = λ and λ ;> v (N : 1, e0), then (i, s) ^ (1, e0). Finally, suppose

(Λf — e)\pv~x < s ^ e + ei9 where e + e1 < N < 2e + ex. It then follows

that v ;> τ + 1. If e/(p - 1) < pτs, then ^ = 1 mod pN+\ because spτ

+ {v - τ)e > e1 + 2e > N, if τ ^ v - 2 spτ + (v - τ)e = s^'"1 + e > N, if

r = v — 1. If β/(p — 1) = prs, then s = e0 and τ = ^ — 1. By the in-

equality (N — e)lpv~ι < s = e0 = ejp*'1 we have v > λ and then ηζ0

= 1 mod ^ v + 1 . If s > e/(?) - 1) and (N - e)lpv~ι < s, then ηfs = 1 mod p*+ 1.

Thus Lemma 9 is proved. q.e.d.

COROLLARY 10. Suppose μ ^ 1. Let ηίs and -η^ be principal units

of Theorem B. Let ae + ex <Ξ N < (a + l)e 4- ex and 1 <^ a <^ μ. Then

we have

7j% ^ 1 mod pN+1 , rjζ ^ 1 mod pN+1 for v £ a - 1 ,

ηζ =£ 1 m o d ^ + 1 , < = 1 m o d ^ + 1 f o r v ^ a ,

if and only if indices i and s satisfy the folloiving conditions:

For v ^ a — 1, 1 <; s ^ e + elβ

For i ^ ^ α , l ^ s ^ ( Λ Γ - ( α + ^ - l)e)/pυ-α-δ+1,

£m£ i/ y (N: 1, e0) ^ y ^ ΐl + α — 1, ίfeβn (i, s) ^F (1, e0),

where

if N = ae + ex ,

+ βj < ΛΓ < (a + T)e +

Proof. Let JV = ae + βj. It is obvious by Proposition 6 that

ϊCΛi = HN+1. Since we have ηis ^ 1 mod pe+ei+1 (1 ^ s ^ e + ex) and ^^

^ 1 mod pe+ei+1, ηfs ^ 1 mod ^ + 1 and ηζ ^ 1 mod ^ + 1 for v ^ a - 1. Let

(ί, s) ^ (1, e0) and v ^ α. By Lemma 9 we find that ή?8 ̂  1 mod p e + e i + 1 for

1 ^ s ^ (e + βi)/pυ. Hence it follows that ^ + β " 1 ^ l m o d ^ + 1 for 1 ^ 5

^ (β + β1)/pv. Moreover, since Hξ^+1 ^ i?^^, we see that -ηfs ̂  1 mod pN+ι

for 1 ^ s ^ (e + edlPv-a+ι. Let (i,s) = (l,e0). Then e0 = βi/^- 1

^ (e + βi)/pυ~α+1 = βi/pυ"α if and only if i; ^ * + α — 1. By Corollary 8

we have η£0 = lmodp e + e i + 1 and hence ^ Ξ l m o d j ) ^ 1 , that is, ^

^ v(iV: 1, β0) ^ ^ + a - 1.

Since 9* = 1 mod ^ e + e i, ^ ^ 1 mod pe+ei+\ we have ^ v = 1 mod ;p<»+1>e+%

^ υ ^ 1 mod t)<"+»«+«i+i f or y = 0,1, .

Let ae + eλ < N < (a + l)e + elβ It then follows from Proposition 6

that £f^(α-De+i = HN+1. Hence by the same arguments as above we have
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the latter half of Corollary 10. We note that λ ̂  v (N: 1, e0) ^ λ + α.

q.e.d.

From Lemma 9 and Corollary 10, the numbers gN(v), exponents

v (N: i, s) and v (IV: *) defined in § 2 are given as follows:

If 1 <^ N < e + el9 or if μ = 0 and N = e + e19 then

α»

and

(14)

where 1 <; i

If μ ;> 1 and ae + eγ <̂  IV < (α + l)e + ex (1 ^ α ̂  //), then

= 0 , f or v <: a — 1 ,

v (IV: i f a) = p for ΛΓ/p1' < s ^

, 1 <^ s <L N and s ^ 0 mod 2?.

(15)

where

and

(16)

Vυ

2, if v(IV:l,60)

1 , otherwise ,

[N:*) = a, λ^v(N:l9e0)

\v(N: i, s) = v for (IV - (α +

^ i; ̂  λ + a - 1 ,

+ α - 1 + 5,

where l < ^ i ^ / , 1 ̂  s ^ e + ex, s ^ O mod p, (ί9 s) ̂  (1, e0) and ^ is given

by Corollary 10. We note t h a t if λ = μ9 or N — e + el9 then ^ (N: 1, e0)

= λ.

It then follows from (13) and (15) that

+ Σ Kflr̂ ω - ^^(^ - 1))
2

(17) fW, if l^N^e + e19

= |iV/ + y (IV: 1, e0) - ^ , if αβ + βi ̂  IV < (α + l)e + ex

and 1 <̂  α ίg μ .
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Thus (2) or (80 is a basis of HJHN+1 and (82) is a basis of H1/HN+1 if

and only if v(N: 1, eQ) = λ.

Now we establish a basis of ίf^+i-

PROPOSITION 11. (A). Suppose that μ = 0. /£ ί/ιe% follows that

for each t >̂ 0 and 1 <: 2V <̂  e + βi

ffι.+*+i - Π Π « ( * : V ) + ί > X Π Π <V&> (direct) ,
l^i</ l^s^ V l£igf N<s^pe/(p-l)

sφOmodp s^Omodp

where ηis are principal units of Theorem A and v(N:i,s) are given by

(14).

(B). Suppose μ^tl. Let ae + ex ̂  N < (a + ΐ)e + eγ and 1 ̂  a ̂  μ.

Then it folloiυs that for each t ;> 0

Hte+N+1 = <?Γ+ί> X Π « ( " : V ) + ί > Wtrecί),
(i,«)6S

where η*,ηis are principal units of Theorem B, v(N:ifs) are given by

(16) and S is the set defined by (5).

Proof. We first notice that by Theorem A or (7) multiplicative

expressions described as above are surely direct products.

(A). Suppose that μ = 0 and 1 ̂  2V ^ e + ex. Put

# * + i = Π Π « ( " ! ' ">X Π Π < W (direct).
l^i^/ l^s^N l£i£f N<s^pe/(p-l)

s^0moύ\p s^Omoάp

Then H'N+1 is a subgroup of HN+1. It is proved that H'N+1 = iί^+i-

Indeed,

H - N + I ) — 1 1 1 1 V y

s $ 0 mod p

from (13) and (17) we have

Σ

Hence we have (Hί: H'N+J = p*^ = ( ^ r HN+ι), as was to be shown.

If ex^N ^ e + eu then we observe by Proposition 6 that H%+1

= Hte+N+ι for ̂ each ί ^ 0. Therefore, we have the direct decomposition

of Hte+N+1.

(B). Suppose μ^l. Let αβ + e1 ̂  iV < (α + l)e + eλ and 1 <: α ̂  ̂ .
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Put

# ; + 1 = <?Γ>X Π « ( " : V > > (direct).
(ί,s)es

Then H'N+1 is a subgroup of H^+ 1 and ffw. We contend H'N+1=. HN+ι.

Indeed, since we have (Hi: Hoι) = p* by [2, p. 231],

( ΐ , β ) €

it follows from (15), (16) and (17) that

Σ
w ( i V : l , β o ) l

a(gN(a) - 1) + Σ * { ( £ » - 1) - (</> - 1) - 1)}

+ v (ΛΓ: 1, e,){(flrwWN: 1, e,)) - 2) - ( # > ( # : 1, e0) - 1) - 1)}

NV) - 2) - (gN(» - 1) - 2)}Σ
w=ι>(2V:l,eo)

~ 9N(» - D) - α - r̂ (iV: 1, e0)Σ

Hence we get ( ί ^ : H^+1) = pNf = (fl^: ίί^+i), as desired.

Finally it is clear that Hte+N+ι ^ ί ί ^ i for each t ;> 0 by Proposition

6. Thus we have the direct decomposition of Hte+N+ι. q.e.d.

§ 6 . Proof of Theorem 2 and Theorem 3

From Theorem A, Proposition 11, (4) and (13) we have Theorem 2.

Now we shall prove Theorem 3. Suppose that kv contains ζ̂  (μ ;> 1),

but does not contain ζμ+ι.

( I ). In the case where 1 <: N < e + eλ, it is verified by (17) that

(8χ) is a basis of HJHN+1. Hence the direct decomposition of G(pN+ί)

is obtained by (4), (13) and (14).

( I I ) . In the case where e + ex <: N < (μ + l)e + eι and v(N: 1, eQ)

= λ, we know by (17) that (82) is a basis of ίZΊ/ίf^+i Hence the direct

decomposition of G(pN+ί) is obtained by (4), (15) and (16).

(III). In the case where e + ex < N < {μ + l)e + ex and v{N: 1, e0)

> λ, we see by Proposition 11 and (7) that η*fηis((i,s) eS) are inde-

pendent modulo pN+1, th^t is, η%*- f] $ ? ΞΞ lmod ^ + 1 if and only if
; (i,»)6S

x* = 0mod2>α and ίcίs = Omodpv(N:Us) for all ( i , s)eS.

From the relation (6) we have a congruence
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(18) ?£<P»<»:i. >-i-i> pj ^ ?" = 1 mod r v + 1

«,ί)6S
v(iV:i,*)£/» + l

Since (Hι: Hoι) = p* and ίf v+i is a subgroup of Hoι,p
λ is the least posi-

tive integer such that ηfeQ = ̂ Omod pN+1 for some ηQeH01. Hence the

structure of HJHN+ι having a system of canonical generators (82) is

determined by (18) only. We put

j ^ P " - β.pαί , (β'u, p) = 1 for (ί, s ) e S .

It is then clear t h a t instead of (82)

ί%o nN + i> V* nN + ι> Vis nN+ιhί,s)es

is also a system of canonical generators for HJHN+1.

Let M, a free Z-module, and ψ: ilf —> H1/HN+1 be as defined in §2.

Put

α ί s — min {v(N :i,s), a'ίs) for (i, s) e S .

Then from Proposition 11 and by (18) a system of canonical generators

for Ker ψ is given by

\P V*> P ΊU0> P Vis> P Vle0 * 2-x P Vis ( >
L a,s)es )

where {%, s) e S. Then the rank of Ker ψ is equal to (ef + 1) because

the rank of HλIHN+ι is equal to {ef + 1) from Theorem 1. The direct

decomposition of HJHN+ί = M/Ker ψ is determined by elementary divi-

sors of the matrix (9) of Theorem 3. Thus (III) of Theorem 3 is

proved.

Finally, (IV) of Theorem 3 is trivially obtained from Lemma 7.

Thus Theorem 3 is completely proved.

§7. Proof of Corollary 4

Let p be an unramified prime ideal of k, lying above a rational

prime p. Assume that p is odd. Then by Theorem 2 we observe that

6,(1) = / and bfy) = 0 for v ̂  2. Let p = 2. Then e = e1 = 1 and

χ = μ = 1. Therefore, we have by (I) and (II) of Theorem 3

6^1) - / , bλ(v) = 0 for v ̂  2 ,

62(1) - 2 , 62(2) - / - 1 , b2iv) = 0 for * ̂  3 .
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Thus Corollary 4 is obtained from Theorem 2 and Theorem 3.

§8. Supplement to Theorem 3

We assume that k9 contains ζμ (μ :> 1) but does not contain ζμ+1.

Suppose that λ > μ ^ 1 and ae + ex ̂  N < (a + l)e + eι (1 ̂  a <̂  μ). In

this section we shall prove that if one of exponents v (N:i, s) satisfies

a certain condition, then the direct decomposition of HJHN+1 is induced

by that of H1/HN_e+ι.

If λ > μ ^ 1, then a Zp-basis of Hx is given as follows (cf. [2, p. 232-

233]). Let #oi be the free Zp-group of Hx defined by (7). By (6) we

observe that r}fe~
μζrμ

λ does not belong to Hξx = {ήξ\η0eH01}. There exists

βίoSo such that βioSo is prime to p. If β* is prime to p, we may take

jSίo o — β* Hence ηio8o can be written in the form

K±yj Vίoso — <*μ 11 Vis Vleo >
(ί,ϊ)es'

(i,s)^(ίo,so)

where S ; = S U {*}, ^ is a rational integer, prime to p (l<^aμ< pμ), aίs

are p-adic integers and aleo is a p-adic integer, prime to p (cf. [2, II in

p. 209]). We then have a Z^-free part Hoι of Hί} expressed as direct

product:

#oi = Π <Vis> X <?ieo> (direct) .
(ΐ,β)es'

(i,s)^(io,so)

From Proposition 6 we find that H^_e+1 = ίί^+i, where αe + βx ̂  ΛΓ

< (α + l)e + ex and 1 ^ α <5 ̂ . Therefore by Proposition 11 we have

#*-e + 1 = « - * > X Π <ηKiNit't)-1> (direct).
(i,s)G-S

It then follows from (19) that HN_e+ι is a subgroup of iΐ01 if and only

if v(N:iQ,sQ) - l ^ μ . We note that v(N: *) = aζμ + 1 (see (16)). If

y(2V: i0, s0) ^ /̂  + 1, one see also that

HJHN.e+1 ^ <C> x H0JHN_e+1 (direct) .

The direct decomposition of G ^ " ^ 1 ) is obtained from (I) — (III) of

Theorem 3 and by Lemma 7, say of type (pf — l,pμ,pcί, ,p c ^). Then

G(pN+ι) is of type (p' - l,pμ,peί+1, . .,pc«/+1) by Lemma 7.
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§ 9. Examples

( i ) . Let p be an odd prime and ζx be a primitive p-th root of

unity. Put k = Q(Ci) and j> = (1 — d). Then we have an expression of

G(pN+1) as direct product for each t >̂ 0:

- 1) X Z(p) X X Z(p) , if 1 ^ 2V < ?;> ,
v _/v_ t i me s J

Z(p - 1) X Z(p) x Z(p1+ί) x X Z(p1+t) ,
v p-1 i me s '

if IV = (p - l)ί + p ,

X Z(p1+t) x x Z(p1+ί) x
(p —1) -times '

if N = (p — 1

X Z(p) x Z(p1+t) x x Zip1*1) x Z(j)2+t) X
v (p-2)-t imes '

if N = (p - l)ί + p + 2 ,

Z{p - l)Tχ Z(p) X ^(p1 + ί) X ^(?>2+ί) X X
11 (p-2)-times

if N = (p - ΐ)t + 2p - 2 .

(ii). Let d be a square free rational integer such that d = 2 mod 4.

Put fc — Q(Vd) and let p be a prime ideal of k, lying above 2. Then

e = β! = 2, Λ — 2 and ^ = 1. By (I) of Theorem 3 we have

x Z(22) .

By [4] we see that for N = β + ex = 4, v(4: 1,1) = 2 = λ > μ. Hence for

each ί ^ O w e obtain by (II) and (IV) of Theorem 3

G(p2t+δ) ^ Z(2) X Z(2ι+t) x Z(22+t) .

Furthermore, it is shown in [4] that —η\λ = ^1 3modp4. It then follows

that for N = 5(β + βi < N < 2e + ex), v (5: 1,1) = 3 > λ and v (5: 1, 3)

— 2 = λ> μ. Hence from the arguments of § 8 we see that Hi is a

subgroup of the free part of Hγ. From the result of § 8 and by Theo-

rem 1 the direct decomposition of G(p6) is induced by that of G(p4), that

is, expressed as follows:

^ Z(2) x Z(2) x Z(23) .

Therefore, we see by (IV) of Theorem 3 that for each t ^ 0
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«) ^ Z(2) X Z(21+t) x Z(23+t) .

For N = 5 the matrix (9) of Theorem 3 is equal to

clear

1
- 1

0

2

0
0

0

1

that

0
0

1

1

0'
1

0

- 2

("2

lo .
0 I

2 :

2
0

0

2

0
22

0

2

0
22

0

2

0 '
0

23

22

0
0

23

22

fl

1°
lo

1

1
j
•

0 OΛ

1 - 2
0 1.

2
0

0

0

0
2

0

0

0
0

23

0

which shows the direct decomposition of HJHQ, too.
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