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IMPROVEMENT ON THE BOUNDS OF PERMUTATION GROUPS
WITH BOUNDED MOVEMENT

MEHDI ALAEIYAN

Let G be a permutation group on a set {2 with no fixed points in Q and let m
be a positive integer. Then we define the movement of G as, m := move(G)
= supp{|[T9\T| | g € G}. Let p be a prime, p > 5. If G is not a 2-group and
p is the least odd prime dividing |G|, then we show that n := Q] < 4m —p + 3.

Moreover, if we suppose that the permutation group induced by G on each orbit
is not a 2-group then we improve the last bound of n and for an infinite family of
groups the bound is attained.

1. INTRODUCTION

Let G be a permutation group on a set Q2 with no fixed points in 2 and let m be

a positive integer. If for each subset I' of Q the size |['¥ \ I'| is bounded, for g € G, we

define the movement of I' as move(T") = max [T9\T|. If move(T') < mforallI' C Q, then
g

G is said to have bounded movement and the movement of G is defined as the maximum
of move(T") over all subsets I, that is,

m := move(G) :=sup{|l?\T| |T C Q,g € G}

This notion was introduced in [4]. By [4, Theorem 1], if G has movement m, then
is finite. Moreover both the number of G-orbits in 2 and the length of each G-orbit are
bounded above by linear functions of m. In particular, it was proved that each G-orbit
has length at most 3m and n := |Q| < 5m —2. In [1] it was shown that n = 5m — 2 if and
only if n = 3 and G is transitive. But in [3], this bound was refined further and it was
shown that n < (9m ~ 3)/2. Moreover, if n = (9m — 3)/2 then either n =3 and G = S
or G is an elementary Abelian 3-group and all its orbits have length 3. Now suppose that
G is not a 2- group, and let p (> 5) be the least odd prime dividing the |G|. Then by [4,
Lemma 2,2], n € (9m ~ 3)/2. In this paper we aim to improve the bound for any group
with above COIldlthIlS as follows:

THEOREM 1.1. Let p be a prime, p > 5, let m be a positive integer, and let G be
a permutation group on a set §) with movement m such that G has no fixed points in Q.
If G is not a 2-group and p is the least odd prime dividing |G|, then n := |Q| < 4m—p+3.
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We do not know whether the bound in Theorem 1.1 is attained. But according to
hypothesis in Theorem 1.1, and with the assumption that G is not a 2-group on each
orbit, then we have the following result such that the bound is attained for an infinite
family of groups. We denote by P x K a semi-direct product K.P with normal subgroup
K.

THEOREM 1.2. Let G be a permutation group on a set ! with movement m such
that G has no fixed points in ). If G is not a 2-group on any orbit, and p > 5 is the least
odd prime dividing |G|, then the following hold:

1. n:=1Q < (p/p— 1)('_(2mp/p— 1] - 1) (for z € R, |z] denotes the
integer part of z);

2. moreover, if | = (p/p— 1)(|_(2mp/p— 1)) - 1) then either n = p, m
= (p—1)/2, and G :< Zgso X Z, where ap = max{a | 2* divides p-—1},
that is, 2° is the 2-part of (p— 1), or for some positive integer d, G = Z;,‘,
m = p%1(p — 1)/2 and all its orbits have length p.

2. EXAMPLES AND PRELIMINARIES

Let 1 # g € G and suppose that g in its disjoint cycle representation has ¢ nontrivial
cycles of lengths I, ..., I say. We might represent g as

g= (alag...ah)(blbz...b[2)...(2122...,2[‘).

Let I'(g) denote a subset of Q consisting of |/;/2] points from the i** cycle, for
each Z, chosen in such a way that I'(g)9 NT'(g) = 0. For example, we could choose
I'(g) = {az,a4,...,b2,b4,...,22,24,...}. Note that I'{g) is not uniquely determined as it
depends on the way each cycle is written. For any set I'(g) of this kind we say that I'(g)
consists of every second point of every cycle of g. From the definition of I'(g) we see that

IT(9)°\I'(g)| = |T(9)| = le.-/2J-

The next lemma shows that this quantity is an upper bound for |I'\T'| for an arbi-
trary subset I" of Q.

LEMMA 2.1 ([2, Lemma 2.1).) Let G be a permutation group on a set Q and
t

suppose that ' C Q. Then for each g € G, |I'9\I'| < _|l:/2] where l; is the length
=1

of the i** cycle of g and t is the number of nontrivial cycles of g in its disjoint cycle
representation. This upper bound is attained for I’ = I'(g) defined above.

Now we shall show that there certainly is an infinite family of groups for which
equality in Theorem 1.2(1) holds, for any prime p.
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EXAMPLE 2.2. Let d be a positive integer, let G := Z3, let t := (p? — 1)/(p-1),
and let Hy,..., H; be an enumeration of the subgroups of index p in G. Define ; to
be the coset space of H; in G and = Q, U...UQ,. If ¢ € G — {1}, then g lies
in (p?~! — 1)/(p ~ 1) of the groups H; and therefore acts on € as a permutation with
(p/p — 1)(p*~! — 1) fixed points and p?~! orbits of length p. It follows from Lemma 2.1
that move(G) = m = p?~!(p — 1)/2. Thus |(2mp/p — 1)| = p and

Ol e P a i __P 2mp |
n= Q| p.t—p—_l(p 1)—p————_1<lp—_1J 1).

Now we have the following lemma which is a classification of all transitive permuta-
tion groups G of degree p where p is the least odd prime dividing |G]|.

LEMMA 2.3. Let G be a transitive permutation group on a set 2 of size p, where
p = 5 is the least odd prime dividing |G|. Then G = Z % Z,, where a > 0, and
22| (p—1).

PROOF: Let G be a transitive permutation group on a set  of size p. Then G is
isomorphic to a transitive subgroup of S, and so p is the largest prime divisor of |G|.
Since p is also the least odd prime dividing |G|, we have |G| = p.2® for some a > 0. By
Burnside’s “pq theorem” (see [6, Theorem 2, 10, 17]) G is soluble, and hence by a theorem
of Galois [6, Theorem 3.6.1], G is isomorphic to a subgroup of the group AGL(1,p) of
affine transformations of a finite field consisting of p elements. Thus G = Zy x Z, as
asserted. 0

COROLLARY 2.4. Let G be a permutation group on a set §Q, and suppose that
A is a G-orbit of length p in Q where p is the least odd prime dividing |G|. Then the
induced permutation group G2 is G = Zye X Z, where 0 < a < ao, and 2% is the 2-part
of (p—1).

3. THE MAXIMUM DEGREE OF BOUNDED MOVEMENT GROUPS

Suppose that G < Sym(€) and that G is not a 2-group and move(G) = m, and
such that p > 5 is the least odd prime dividing the |G|. In this section we find an upper
bound for || that is a linear function of m.

To prove the main theorems, we introduce the following notation.

rp := number of G-orbits of length p on which G acts as Z,;
7p(a) := number of G-orbits of length p on which G acts as G = Z. x Z,

20}
with 1 < a < ap; and set r, := er;,(a);
a=

® := union of G-orbits of lengths 2%, where 1 < b < log, p; and wu is the
number of orbits in &.

s := number of G-orbits of length > p.
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The orbits are labelled accordingly. Thus €, ..., €}, are those of length p on which
G acts as Zp; Qr 41, .., Q,4r;, are those of length p on which G acts as G = Zz x Z,, for
some a 2 1; Q,,,+,;+1, <oy S 4ry 4 are those of length 2> where 1 < b < log, p; et cetera.
Define t :=r, +7, +u+ s, ty ;=71 + 1, +u, and tg =7, + rp- So t is the total number
of G-orbits.

For 1 < i < ¢y define K; to be the kernel of the action of G on ; and for g € G
define k(g) to be the number of ¢ in that range for which g is not in K;. For g € G and
a G-invariant set A we denote by fixa(g9) = {a € A |0 = a} and suppa(9) = {a € A |
ad # a} the set of fixed points of g in A and the support of g in A, respectively (so that
[fixa(g)| + |suppa(g)| = |Al), and define odda(g) := the number non-trivial cycles of g
in A that have odd length.

LEMMA 3.1. With the above notation, let A := LtJ Q; and let g € G. Then

i=t;+1

l’_—_lk

5 Isupm(g |+ 5 (IsuppA(g )| - odda(y))

PROOF: For each i such that 1 € 7 < ¢y and g is not in Kj, since |[€;| = p then g% is
a p-cycle or a 2-element with one fixed point and we may choose a subset I'; of (p — 1)/2
points of ; such that I'f NT'; = 0. Let I’y be the set of chosen points from all the I'; for
1 € 7 < tp, and so by definition I'§ Ny = 0.

For each of the non-trivial cycles (b;...by) and (a;a;...ax) of g in ® and A respectively,
adjoin the points by, bs, ..., bo—; and also ay, a3, ..., ap to I'y, where k' isodd and k—2 < ¥
< k—-1. Let T be the resulting set. It has been constructed so that 'YNT = @. Therefore
|T'| € m. Since

-1 1
Tl = E=k(9) + 5[suppe(9)] + 5 (|suppa(9)] - odda(s)),
we have the stated inequality. 1|
To prove Theorem 1.1 we first prove the following lemma.
LEMMA 3.2:
p- | —uv p-1
(GZO ( ) p(a) 2 + W(IAl S)) < m,

where for a = 0 the number rp(a) is rp.
PROOF: Suppose that 1 < i < to. Then the group induced by Gon §2;is G = Zx Z,
for some a > 0, such that 2% | (p — 1), and since |G : K;| = 2°p, there are

|G| — |Ki| = (2°p — 1)| Ki]
elements g which act nontrivially on €2;. It follows that

Zgg_lk = 2 Z( );'(a)

9eG a=0
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where 7,,(0) := rp

For ¢ty + 1 < ¢ < t;, the group induced by G on §; is a 2-group. The union of these
sets €); is P, and since by Burnside’s Lemma [5, Theorem 3.26] the average number of
fixed points of elements of G in ® is the number u of G-orbits in &, we have

G
Y slsurpea)] = 5 3 (121 - [fx(o)]) = 3lel el - S
9€G 9€G
Similarly,
1 G
3" 5lsuppa(s)| = Hiaticl - 42
9€G
and since odda(g) < (l/p)lsuppA(g)|, we have
1 -1
> 5 ([suppal9)| - 0dda(9) > Z—(1a1IGI - slG).
geG P

Thus adding the inequality of lemma 3.1 over all g € G, we obtain
aQ
p=lyg 1y, = |@-u p-1
m|G| > |G| (; —( 2ap)r,,(a) + g+ (1A1-9)),

where the strict inequality recognises the fact the inequality of Lemma 3.1 is strict for

the identity element of |G|. This completes the proof of Lemma 3.2. 0
Now
n-(Zr )p+|<I>|+|A|
a=0
Also we have |®| > 2u, and so
2l-u o]
2 4

Thus the inequality in Lemma 3.2 implies that

0 -1 -1 -1 1 -1
m> 7+ 2@ (G - - D) g -2 -

ag
Since G is not a 2-group, so we have either ) r,(a) > 0 or s > 0. If some 7,,(a) > 0,
a=0
n p—2 p-1
m > Z + T - m.
But we note that since p > 5, for each a 2> 0,
p—2 p-1 >p—2 p—1

- > - 0.
4 27 g »

then
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Hence, )
n p—2 p-1 n p—4p+2
> —_— =

m>3t Ty w 17 4

On the other hand if s > 0, then |A| 2 (p+1)s > p+ 1. Thus,
p-2y p-1
+|A|( ) T
s(<p+1>(p—2)_p—1)
4p 2p
p’—3p
4

+

>

AI:#:-&

So in either case we must have,

pP>—4p+2 p2—3p}_2+p2—4p+2
4 ’ T4 '

n .
m>Z+mm

4p 4p
Hence, )
—dp+2
n<dm-PZ®* 4 a2
4p 4

That is, n < 4m — p+ 4 and so n € 4m ~ p + 3. Hence the proof of Theorem 1.1 is

complete. 0

4. THE PROOF OF THEOREM 1.2

In this section with the notation defined in Section 3 we refine the upper bound
4m — p + 3 for n and obtain an upper bound that is attained for an infinite family of
groups. For this purpose suppose that G is not a 2-group on any orbit, that is u = 0.
Then we have the following lemma.

LEMMA 4.1. With the above notation,

2p*m 1 p
(p—l Z 2“ rp(a p-llAl—p—ls]'

PROOF: Since G is not a 2-group on any orbit, u = 0 and so |®| = 0 the inequality
of Lemma 3.2, yields

m > (ZP—I ( _—p)r;,(a)+p2;p1(|A|—s)).

a=0

Since n = pr, + pry, + |A|, we have

2p’m P 2°p-1, p
PR O P T R (G R

' p -1, 1 p
= —_ A —|Al - s.
pr,,+prx,+p_1%l 5 rp(a) + | |+p__1| I p—
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Hence,

p 2% —1 1

2p’m P
p_l 23 Tp(a’)+p_1|A|_p_ls]’

(p~1)?

and we have the stated inequality.

>n+{

Now define 1 := 2p*m — (p — 1)?n. Clearly 7 is an integer and from Lemma 3.3 we
have that

—1)2 20 a)+(@-1)]Al - (p-1p.s<n.

If n > p(p—1), then part 1 of Theorem 1.2 follows. To prove the theorem we suppose
that 7 < p(p — 1) and seek to discover what configurations may occur.
From the inequality

p(p—lz 2a rp(a) + (p—D]A| = (p— Dps <n < p(p—1)

we obtain,

2¢ -1
0<p) “o—rp(a) + (1Al = (o~ Dps) <p.

First we show that s = 0. Since if s # 0, then by [4, Lemma 2]

Hence,

and then we have

mp P (2mp
<o Iy 2 (2mp )
TSP —1\p—1
which contradicts our assumption. Hence s = 0, and so |A| =0 and
2 - 1

a)<n/(p-1)<p

This inequality implies that r;, < 1. Ifr, =0and r, #0, then n = p = 2mp/(p-1).
Following {2] and Lemma 2.3, the last equality holds if and only if m = (p — 1)/2 and
G = Zp % Zp, wherea 2> 1, and 2° | (p — 1).

Moreover, suppose that rp = 0. Then n = p.r, and by Example 2.2 G is an elemen-
tary Abelian p-group.

Now we consider the case that r, > 0, and r, > 0, that is r, = 1. Define I,
= [j ;, the union of the orbits of length p on which G acts as Z,, and X, the unique

of the orbit of length p on which G acts as G = Za X Z,,, where a > 1 and 2° | (p - 1).
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Let m; := move(G®!), and m, := move(GT?) = (p — 1)/2. By Example 2.2 each
non-identity element of G=! have the same movement m,, so by considering of the each
p-element of G* it follows easily that m = m, + m,. Defining n;, := ||, and ny
= |X2] = p=2mp/(p — 1). We have from Example 2.2 that

w2 (1228 1),

and so

P 2mip J 2map J p \.2m1p J p | 2mgp
= < 4 -1 < 1)+ ===
n=mt p—l(l.p—l >+lp—1 p—1i\lp—1 +p—1|4)—1J

Hence,
p lzmpJ
— | —=1-1).
"<p—1(p—1 )

What this has shown is that, if 7 := 2p>m — (p — 1)n, that is, n > (|_(2mp/p -1)]

- 1) /(p — 1), then either r, = 0 or r,, = 0 and we have the situation posed in above. In

this cases omp ’ 2mp
n= [p—lJ =p—1(lp—1J _1>'

Thus the result now follows and the proof of Theorem 1.2 is complete. 1]
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