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ABSTRACT

We introduce and study the notion of a generalised Hecke orbit in a Shimura variety.
We define a height function on such an orbit and study its properties. We obtain lower
bounds for the sizes of Galois orbits of points in a generalised Hecke orbit in terms of this
height function, assuming the ‘weakly adelic Mumford—Tate hypothesis’ and prove the
generalised André-Pink—Zannier conjecture under this assumption, using Pila—Zannier

strategy.
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1. Introduction

In this paper, we study the generalised André—Pink—Zannier conjecture for all Shimura varieties,
whose statement is as follows.

CONJECTURE 1.1 (Generalised André-Pink-Zannier). Let S be a Shimura variety and ¥ a subset
of a generalised Hecke orbit in S. Then the irreducible components of the Zariski closure of 3
are weakly special subvarieties.

We refer to [Del71, Del79] for notions and notation concerning Shimura data and Shimura
varieties. We refer to [UY11, Definition 2.1] for definitions and properties of weakly special
subvarieties. We refer to Definition 2.1 or § 1.1 for the notion of generalised Hecke orbits.

1.1 Main result
Let (G,X) be a Shimura datum, let K < G(Af) be a compact open subgroup, and let S =
Shr (G, X) = G(Q)\X x G(Ay)/K be the associated Shimura variety. Let 2o € X and denote
by M < G its Mumford-Tate group. Let sg := [xg,1] € S.

The generalised Hecke orbit of xg in X (see §2.1) is the set H(x() of the ¢ o zp, where ¢ : M —
G ranges through the morphisms of (Q-algebraic groups such that ¢ o zg € X. The generalised
Hecke orbit of so in S is H(so) := G(Q)\H(zo) x G(A)/K C S. For a sufficiently large field £
of finite type over Q we have the following (see §3.1): S and sy are defined over E and there
exists a Galois representation py, : Gal(E/E) — M(Ay) N K such that

Vo € Gal(E/E), g€ Glhy), ollro,g)) = 10, ps(0) - 9]

The main result of this paper is the following.
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THEOREM 1.2. We consider the above situation. We assume the weakly adelic Mumford—Tate
hypothesis (see §6.3), which states that, with U := p,,(Gal(E/E)) C M(Ay) N K:

AC >0, Vp, [KNM(Q,): UNM(Q,)] <C. (1)
Then, for any subset ¥ C H(sy), every irreducible component of T i weakly special.

Our ‘weakly adelic Mumford-Tate hypothesis’ is weaker than the adelic form of the
Mumford-Tate conjecture [Ser94b, 11.47] stated by Serre. Here are some instances in which
above Theorem 1.2 implies Conjecture 1.1 unconditionally.

Combining Theorem 1.2 with Lemma 6.12, one recovers the following.

THEOREM 1.3 [EY03, KY14|. Conjecture 1.1 is true if ¥ contains a special point.

Combining Theorem 1.2 with with [CM20, Theorem A (i)] we have the following, which
strictly contains a 2005 result of Pink [Pin05, § 7] (and [CK16, Theorem B|).

THEOREM 1.4. Conjecture 1.1 is true if S is of abelian type, and ¥ contains a point s which
satisfies the Mumford—Tate conjecture (at some ¢, in the sense of [UY13]).

The assumptions of Theorem 1.4 are satisfied in the case where S = .4, and X contains a
point [A], where the abelian variety A satisfies the Mumford-Tate conjecture (at some prime /).
Examples of such abelian varieties are: when dim(A) < 3; or when dim(A) is odd and End(A) ~ Z.
More examples were given in [Pin98|, and many examples are mentioned in [Lom16, §2.4]|.

The assumptions of Theorem 1.4 are also satisfied for ‘most’ points in S(Q) (with S of abelian
type) in the following sense. The subset consisting of the s € S(Q) such that s does not satisfy the
Mumford-Tate conjecture is thin in the sense of [Ser97, §9.1]: this uses a combination of [Ser94a,
§1], [Ser97, §9] and [CM20, Theorem A (i)] and Theorem 6.18.

For arbitrary Shimura varieties, the hypotheses of Theorem 1.2 are satisfied in the situation
of Theorem 6.18. In a sense, our results apply unconditionally to ‘most’ nonalgebraic points of a

Shimura variety. The following are two special cases of Theorem 6.18.

THEOREM 1.5. Conjecture 1.1 is true if ¥ contains a Q-Zariski generic point s of a special
subvariety Z C S, namely: for every proper subvariety V' C Z defined over Q, we have s ¢ V(C).

THEOREM 1.6. Conjecture 1.1 is true if M?! is Q-simple and ¥ contains a point s in S(C) ~

S(@).

1.2 History of Conjecture 1.1
Conjecture 1.1 is a special case! of the Zilber-Pink conjecture, which has been and continues to
be a subject of active research.

Conjecture 1.1 was first formulated (in a special case) in 1989 by André in [And89, Chapter X,
§4.5] (Problem 3). Zannier has considered questions of this type in the context of abelian schemes
and tori in [Zanl2|. It was then stated in the introduction to the second author’s 2000 PhD
thesis [Yaf00, bottom of p. 12|, following discussions with Bas Edixhoven. Pink, in his 2005
paper [Pin05|, has formulated and studied this question.

These authors consider the classical Hecke® orbit as in Definition 2.14.

Pink proves the André-Pink-Zannier conjecture for ‘Galois generic’ points of A,. These points
are Hodge generic, by [CK16, Proposition 6.2.1]. Pink’s method uses equidistribution of Hecke

! We refer to [Orrl5], proof of Lemma 2.2, for the argument, which applies to our generalised setting.

2 The statement there uses the terminology ‘totally geodesic subvarieties’ instead of ‘weakly special’, but Moonen
had proved in [Mo098]| that the two notions are equivalent.

3 Where André uses G(Q), Pink uses Aut(G)(Q) instead of G(Q) in Definition 2.14.
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points (by Clozel, Oh, and Ullmo: [COUO1]; cf. also [EO06]). This was generalised to Galois
generic points in arbitrary Shimura varieties in 2016 [CK16]. This was also contained in the first
author’s 2009 thesis under a weaker assumption [Ric09, Ch. III § 7, p. 59, Corollary 7.1].

In the case of generalised* Hecke orbits of special points, the articles [EY03, KY14] use a
method of Edixhoven. This method is inapplicable in more general cases, for instance the case of
the Hecke orbit of a Hodge generic point.

A real breakthrough on this problem was the introduction of the Pila—Zannier strategy which
uses o-minimality and functional transcendence. It has now become the most powerful approach
to all problems of Zilber—Pink type. This method was applied by Orr in [Orrl5], who considered
the case of curves in 4,4, the moduli space of principally polarised abelian varieties. His approach
relies on Masser—Wiistholz isogeny estimates. Therefore, it is limited to Shimura varieties of
abelian type, and cannot be applied to generalised Hecke orbits. For Shimura varieties of abelian
type, Orr was able to prove the conjecture for ‘S-adic Hecke orbits™ for a finite set of primes S,
and for points which are Hodge generic (without the Galois generic assumption).

In the case of S-adic Hecke orbits, a stronger form of the conjecture, involving topological
closure and equidistribution, was proved, in the abelian case, in [RY19] using ergodic theory
approach relying on p-adic Ratner’s theorems.

1.3 Main technical results

After choosing bases of the Lie algebras m of M and g of G, we associate to ¢ € Hom(M, G)
its ‘finite height’ Hy(¢), defined as the lowest common multiple of the denominators of the
coefficients of the matrix of d¢. More generally, for g € G(Ay), we define Hf(g7!- ¢ - g) as the

smallest n € Z>; such that the matrix of g1 - d¢ - g has coefficients in (1/n) - Z.
1.3.1 A first crucial result is the following. We choose the bases of g and m constructed
in §4.3. Then the function
[60x0,9] — Hy(g™ - ¢ g)
is well defined on the generalised Hecke orbit, and Gal(E/E)-invariant.
1.3.2  Our most important technical result is an estimate on the size of Galois orbits in a

generalised Hecke orbit.
The following definition is used throughout this article.

DEFINITION 1.7. Let A be a set and f,g: A — R>o two functions.

(i) We say that f polynomially dominates g, and write g < f, if there exist a,b, ¢ € R such
that

Vz e A, g(z) < c+af(z)
(ii) We say that f and g are polynomially equivalent, and write f ~ g, if f < g and g <X f.
As functions on the generalised Hecke orbit H(sg), we have the polynomial equivalence

#Gal(E/E) - [poxo,g) ~ Hp(g™" - ¢ g).

4 They used a generalised notion of Hecke orbit, formulated using auxiliary linear representations; but using
Proposition 2.15 and Theorem 2.4, this leads to a statement equivalent to our Conjecture 1.1.

5 He considers Hecke correspondences whose level has only prime factors in S. This corresponds to isogenies of
abelian varieties whose degree has prime factors only from S.
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1.3.3  Another essential technical result, from § 5, is the following. See the introduction in § 5
for the importance of this result in our approach to Conjecture 1.1.

Denote by ¢g the inclusion monomorphism M <— G. Let W be the conjugacy class G - ¢y C
Hom(M, G), viewed as an algebraic variety over Q. The usual height of the matrix of d¢ defines
an affine Weil height function Hy on W(Q) (cf. (15) and (18)). Let & C G(R) be a finite union
of Siegel sets and & - ¢ be its image in W(R).

The main result 5.16 of §5 is that, as functions of ¢ € W(Q) N & - ¢p, we have

Hy(¢) =~ Hw(9).

We note that every point of the geometric Hecke orbit can be written as [¢ o xg, g] with g € G(Ay)
and ¢ € W(Q)N S - ¢, provided & C G(R) is a fundamental set.

1.4 Outline of the strategy
The proof of Theorem 1.2 is given in §7. The technical results of § 1.3 play a crucial role in our
approach. Let us outline our approach.

We reduce Conjecture 1.1 to the case where V := X = {sq;s1;...} is irreducible, G is adjoint
and V is Hodge generic in S. We rely on functoriality properties (§2.2) of geometric and gen-
eralised Hecke orbits.® Theorem 2.4 allows us to use geometric and generalised Hecke orbits
interchangeably. We also rely on the functoriality properties (see §6.3) of the assumption (1).

The final objective of the proof is to apply the geometric part of the André-Oort conjec-
ture [Ull14] (or [RU24]), and use induction on the number of simple factors of M?. For every n
large enough, we construct a weakly special subvariety Z,, C V of non-zero dimension such that
Sp € Zp. Then [Ull14, RU24| describes | Z,,, and we deduce Conjecture 1.1.

In order to construct the non-zero-dimensional Z,,, we use the Pila—Zannier strategy. By (3),
we identify H(so) with a subset of W(Q) where W = G - ¢9 ~ G/Zc (M) is the algebraic variety
of §1.3.3.

Let 7 : G(R) — X — S be the uniformisation map, and & C G(R) is a finite union of Siegel
sets such that S = 7(&). The goal is to apply the variant Theorem 7.1 of Pila-Wilkie theorem,
after constructing many rational points of small height in the set

V=(7(V)NS)/Zam(M) C W(R),

which is definable in the o-minimal structure Ry exp-
Let E be field of definition of V. Then V contains the Galois orbits Gal(E/E) - s;,.
We introduce

Qn:=1{0€6 -0ogNW(Q):[poxy:1] € Gal(E/E)-s,} C V.

Denote by p the map G(R) - ¢ — X, where G(R) - ¢9 € W(R). Each point s € Gal(E/E) - sy,
lifts to a rational point s’ € V N W (Q). We have surjections Q,, — p(Q,) — Gal(E/E) - s,,. Thus,
4Qu > #Gal(E/E) - sy,

By §1.3.1, the value of Hy is constant as ¢ ranges through @,. By §1.3.3, we also have
Hy(¢) ~ Hw(¢). By §1.3.2, we have #Qp, > #Gal(E/E) - sy, = Hy(sn) ~ Hw (sp).

Thus, V contains #Q,, ~ Hy (s,) points of height ~ Hyy(sy).

By Theorem 7.1, for sufficiently large n, there exist ¢, in Q, such that p(¢,) € Z*8, with
Z = p(V). By the AxLindemann-Weierstrass theorem [KUY16], it follows that s/, = [py,,1] €
Zy CV, for a non-zero-dimensional weakly special subvariety Z,. Using Galois action, we may
assume s, = Sy,

This concludes the proof of Theorem 1.2.

6 This avoids one difficulty in the approach [Orr15] of Orr.
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1.5 Summary of the sections

In §2, we introduce and study generalised and geometric Hecke orbits. In § 3, we recall prop-
erties of the representations p,, : Gal(E/E) — M(Ay), and we relate Galois orbits to orbits of
U = pso(Gal(E/E)). In §4, we make precise and prove §1.3.1. Section 5 deals with §1.3.2. In
§ 6, we introduce and study the weakly adelic Mumford—Tate hypothesis, and establish the esti-
mates from § 1.3.3. This relies on general estimates on adelic orbits, given in the appendices. The
content of § 7 was outlined in §1.4.

2. Generalised and geometric Hecke orbits

In this section we define the notions of generalised Hecke orbit and of geometric Hecke orbit, and
study their properties. The heart of this section is Theorem 2.4, which implies, in particular,
that generalised and geometric Hecke orbits can be used interchangeably in the statement of
Conjecture 1.1.

These notions are naturally compatible with various operations on Shimura data. In partic-
ular, we prove several statements which will be important in reducing Conjecture 1.1 to the case
where the Shimura variety is of adjoint type and X is Hodge generic in S.

Finally, § 2.5 compares our notions to different notions of generalised Hecke orbits found in
the literature.

2.1 Definitions
Let (G, X) be a Shimura datum. We always assume, as in [UY14], that our Shimura datum is
normalised so that G is the generic Mumford—Tate group of X.

Let ¢ be a point of X and let M < G be the Mumford—Tate group of xy. Recall that zg
is a morphism S := Res¢/r(GL(1)) — Gg and that M = 20(S)%%Q is the smallest Q-algebraic
subgroup of G containing zy(S). In the rest of the paper we denote the identity monomorphism
M — G by ¢g.

In the following definition Hom (M, G) denotes the set of algebraic group morphisms defined
over Q.

DEFINITION 2.1 (Generalised Hecke orbit). We define the Generalised Hecke orbit H(zo) of xo
in X as

H(zo) ==X N{poxp:¢ € Hom(M,G)}.

Let Xpr = M(R) - 29 C X. Then (M, X)) is a Shimura datum, and ¢ € Hom(M, G) such that
¢ oxy € X are precisely those giving rise to a morphism of Shimura data (M, X)) — (G, X). In
particular, ¢(Xps) C X.

Let K be a compact open subgroup of G(Af) and Shg(G,X) be the Shimura variety
associated to these data. There is a natural map

X x G(Ay) — Shg (G, X)
and we denote the image of a point (z, g) by [z, g].
DEFINITION 2.2. We define the generalised Hecke orbit H([xo, go]) of [xo, go] in Shx (G, X) by
H([zo, g0]) = {[z, 9] : ® € H(zo),9 € G(Af)}.

Let W = G - ¢9 be the conjugacy class of ¢g which we view as an algebraic variety defined
over Q. Denoting by Zg(M) the centraliser of M in G, we will identify G/Zq (M) ~ W. The
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set W(Q) is the G(Q)-conjugacy class of ¢g in Hom(Mg, Gg), and the points in W(Q) are the

Q-defined homomorphisms ¢ € Hom(M, G) which are conjugated to ¢¢ by elements of G(Q).
In Definition 2.1, if we replace Hom(M, G) by its subset W (Q), we obtain a more restrictive
definition: that of a geometric Hecke orbit.

DEFINITION 2.3. We define the geometric Hecke orbit H9(xp) of xg by
HI(xg) =X N{poxy:pecW(Q)} C H(xo)
and the geometric Hecke orbit of [xg, go] by
H ([0, g0]) = {[z, 9] : © € HI(w0),9 € G(Af)}-
The main result of this section is the following.

THEOREM 2.4. The generalised Hecke orbit H(xo) is a union of finitely many geometric Hecke

orbits.
LEMMA 2.5. Let ¢,¢' € Hom(M,G) (defined over Q) be such that ¢ o xg = ¢ o xy.
Then ¢ = ¢'.

Proof. One can check directly that
H :={m € M(C) : ¢(m) = ¢'(m)}

is a subgroup of M (C) (it is the ‘equaliser’ of ¢ and ¢’). It is algebraic and defined over Q because
¢ and ¢’ are. It contains the image xo(C) by hypothesis. But M is the Mumford-Tate group of
xo: there is no proper Q-algebraic subgroup of M containing xo(C). Therefore, H = M. Thus,

EN O
The algebraic variety W is our central object in this article. We will use the notation
W(R)" = G(R)/Za(M)(R)
— {6 € W(R): goxg € X} (2a)
and
W(@QT =WR)" N (Q)
={p e W(Q) : poxg € H(x0)}- (2b)

The subset W(R)™ C W(R) is a union of some connected components of W(R). With this
notation, Lemma 2.5 implies that we have a bijection

W(Q)" = H(x0)

3
¢ — ¢oxp. ¥

2.2 Functoriality of generalised and geometric Hecke orbits
2.2.1 Restriction to special subvarieties. The following is a set-theoretic tautology.

PROPOSITION 2.6. Let (G', X') be a Shimura datum with M < G' < G and X); C X' C X, and
define K' = G'(Af) N K.

(i) Let H'(zo) be the generalised Hecke orbit of zy viewed as a point of X'.
Then

Hl(x()) = H(xzo) N X'
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(i) Let H'([zo,1]) be the generalised Hecke orbit of [z, 1] viewed as a point of Shy/(G', X"),
and S’ the image of

f = Sh(L) . ShK/(G/,X/) — ShK(G, X)

where 1 : G' — G is the inclusion. Then

H([x0,1]) N S" = f(H' ([0, 1])) and H'([xo, 1]) = f (H([xo, 1])).

The following corollary can be deduced by combining Lemma 2.5 with Theorem 2.4 (it can
also be deduced from [Ric67]).

COROLLARY 2.7. We keep previous notation. Then
HI(z0) N X'

is a finite union of geometric Hecke orbits in X'.

~1
Accordingly, f (H9([xo,1])) is the image of finitely many geometric Hecke orbits in
Shy/(G', X").

2.2.2 Compatibility to products. A useful property of geometric Hecke orbits is the compati-
bility with respect to products of Shimura data.

LEMMA 2.8. Let (G, X) be an adjoint Shimura datum, and factor G = Gy x --- x Gy as a prod-
uct of its Q-defined simple normal subgroups, and assume K = Ky x --- X Ky for compact open
subgroups K; < G;(Ay). We use X = X1 x --- x Xy to denote the corresponding factorisation,
and choose xg = (x1,...,xf) € X1 x --- x Xy. We use H9(x;) to denote the geometric Hecke
orbit of x; with respect to the Shimura datum (G;, X;).

With respect to the corresponding factorisation of Shimura varieties

Shi (G, X) = Shg,(G1, X1) x -+ x Shg (G, Xy),
we have
HI(2o) = HI(21) X - -+ X HI(xy).
It follows from Lemma 2.8 that, at the level of Shimura varieties,
H ([0, 1]) = RO ([w1, 1)) x - - x HI([ary, 1]).
Proof. Since G is adjoint, we have a factorisation
X =Xy x-xXp.

Let M be the Mumford-Tate group of xg and let ¢g = (¢1,...,¢0¢) : M — G =Gy x --- x Gy be
the inclusion. As the conjugacy class in a product is the product of conjugacy classes, we have

G¢0:G1¢1XXGf¢f

The Mumford-Tate group of z; is M; := ¢;(M). Because z((S) is Zariski dense over Q in M so
is 2;(S) in M;. Let ¢ : M; — G; be the identity map. We can identify G; - ¢; ~ G; - ¢}, and have

HI(x;)={g - Piox;i:geGINX,={g -diox;:ge G}nX,.

The rest follows from the definition of geometric Hecke orbits. O
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2.2.3 Passing to the adjoint Shimura datum. The following property is used to reduce the
proof of Conjecture 1.1 and Theorem 1.2 to the case where G is adjoint.

LEMMA 2.9. Let ad : (G, X) — (G*, X2d) be the map of Shimura data’ induced by the natural
morphism ad : G — G and choose a compact open subgroup K < G*(Ay) containing ad(K).
Let ad : © — 2® := ad o x be the map X — X4 and

Sh(ad) : Shi (G, X) — Shyaa(G24, X24)

the corresponding morphism of Shimura varieties.

Let zo9 € X. Recall that H9(xo) and HI(x3d) denote the geometric Hecke orbit of zo and x3¢
with respect to G and G,

We have

ad(H9(z0)) C ad(X) NHI(x3Y). (4)
Lemma 2.9 implies the inclusion
ad(H9 (o)) x G(Af) C HI(x3%) x G (Ay).
Passing to the quotient, we obtain the following.
COROLLARY 2.10. We have Sh(ad)(H9([zo,1])) € HI([x3d, 1]).
We now prove Lemma 2.9.

Proof. Choose x € H9(xg). Clearly 2’ := ad(z) € ad(X) C X?4.

The Mumford-Tate group of x) := ad(xg) is M’ := ad(M). We denote by ¢f: M’ — G*¢
the natural injection. We can write = ¢ oxg with ¢ = gpgg~! and g € G(Q). Then ¢ :=
ad(g)¢had(g)~! is defined over Q because the map G - g9 — G4 - ¢} between conjugacy classes is
a morphism of varieties defined over Q. One computes ' = ad(gxrog~') = ad(g)ad(zo)ad(g)~! =

¢ oxf, where x| € X2 and ¢ is defined over Q and conjugated to ¢y over Q; that is,
x’ € HI(xp). O

Remarks. In (4), the reverse inclusion is also true, but it is not used in this paper, and its
proof is left to the interested reader. The inclusion (4) and the proof we have given also applies
to general morphisms of Shimura data (G, X) — (G’, X’) instead of just (G, X) — (G4, x2d),

2.3 Rational conjugacy of linear representations
The following notable fact will be used at several places in this article. We believe this property
is also of independent interest.

THEOREM 2.11 [BT65, §12.3, third paragraph|. For any algebraic group M over Q, any two
representations ¢, ¢' : M — GL(n) which are defined over Q and conjugated under GL(n, Q) are
actually conjugated under GL(n,Q).

It follows from the theory of linear representations for which references are for example
[Hum?75, Chapter XI] for Q and [BT65, §12] over Q. We will only need the case where M
is connected and reductive, and this case can be found, for instance, in [BT65, §12.3, third
paragraph|. They give a Galois cohomology argument, and the same Galois cohomology argument
works in general with a reference to [Kne69, 1.7 Example 1, p. 16] instead. For reductive groups,
it is also possible to reduce the result to Skolem—Noether theorem. For tori, it can be reduced to
the fact that any matrix is rationally conjugated to its canonical companion form.

" Where (G*¢, X?%) is as in [EY03, Proposition 2.2].
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2.4 Proof of the finiteness Theorem 2.4
The strategy will combine an argument for semisimple groups and another for algebraic tori.

PROPOSITION 2.12. Let M be a semisimple algebraic group over Q (respectively, Q).
(i) For all d € Z>q, the set of linear representations defined over Q (respectively, Q)
Hom(M,GL(d))

is a finite union of conjugacy classes under GL(d,Q) (respectively, under GL(d, Q).)
(ii) Let G be a reductive linear algebraic group over Q (respectively, Q). Then the set of
homomorphisms defined over Q (respectively, Q)

Hom(M, G)

is contained in (respectively, is equal to) a finite union of G(Q)-conjugacy classes.

For simplicity, we will only give an argument which assumes M is Zariski connected, which
is the case considered in the proof of Theorem 2.4.

Proof. We prove the first assertion. By virtue of Theorem 2.11, it is enough to treat the case
where everything is defined over Q.

Because M is connected it is enough to prove that there are finitely many conjugacy classes of
Lie algebra representations m — gl(d). Equivalently, there are finitely many isomorphisms classes
of linear representations of m of dimension d. For this,® we refer to [Hal03, § 7].

For the second assertion we treat the case where everything is defined over Q, which implies
the case where everything is defined over Q. It is deduced from the first part by using [Ric67,
Theorem 3.1]. O

We prove Theorem 2.4 combining [UY14, Lemma 2.6] with Proposition 2.13.

Proof. We identify G with its image by a faithful representation G — GL(d), and we let
Y ={¢ € Hom(M,G) : poxg € X}.

Thanks? to [UY14, Lemma 2.6], we may use Proposition 2.13, and deduce that ¥ = {¢ €
Hom(M,G) : ¢ oxy € X} is contained in finitely many G L(d)-conjugacy classes. Using [Ric67],

we conclude that 3 is contained in finitely many G(Q)-conjugacy classes, thus proving
Theorem 2.4. g

PROPOSITION 2.13 (Bounding conjugacy classes). Let M be a connected reductive Q-group,
Mder its derived subgroup and T = Zy;(M)° its connected centre.

A subset ¥ C Hom(M,GL(d)) is contained in finitely many GL(d)-conjugacy classes if and
only if: there is a finite set of characters F C X(T') such that for every p € X, all the weights of
the representation p [p: T — GL(d) belong to F'.

Proof. Because the set of characters is invariant under conjugation, the condition is necessary.
We prove that this condition is also sufficient.

We know that two representations of a torus T are conjugated if and only if they have the
same weights, with same multiplicities. As the weights belongs to F', and the dimension d is fixed,
there are only finitely many possibilities for these weights and multiplicities. Hence, {p [1: p € X}

8 These representations are sums of irreducible representations. By the theorem of the highest weight [Hal03,
§ 7.2, Theorem 7.15], the irreducible representations are parametrised by dominant weights. The dimension of
irreducible representations are given by Weyl dimension formula [Hal03, § 7.6.3, Theorem 7.43|, from which lower
bounds for dimensions are easily derived: there are finitely many isomorphism classes of irreducible representations
of bounded dimension.

9 This is where the property ¢ o o € X is used. This also needs that the image of zo is Q-Zariski dense in M.
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is contained in at most finitely many conjugacy classes GL(d) - p1 |1, ...,GL(d) - p. 7. Without
loss of generality we may assume that there is only one conjugacy class, say GL(d) - p1 |-
We want to prove that

there are finitely many p € X, up to GL(d)-conjugation. (5)

Possibly after conjugating, we may assume p [7= p1 [7. Because M is connected, one has M =
Mae . T Thus,

p is determined by p [jsder and p [7. (6)

As M9 and T commute with each other, p [jaer: M — GL(d) factors through G’ :=
Zara)(p1(T)). As T is reductive, so is G’

By Proposition 2.12, these p [jaer belong to finitely many conjugacy classes G’ - p11 [ pder

vy G" - pre [ppaer. Possibly after conjugating p by some g € G', which does not change p [, we
have

plr=p1 7 and p [ppaec€ {p1,1 [ppaers .5 p1,e [ppaer )
In light of (6), this proves (5) and the conclusion follows. O
2.5 Relation to other notions of Hecke orbits
The following is not used in the rest of this article, however it clarifies the relation between
different notions of Hecke orbits and we believe it to be of independent interest. We compare

our generalised and geometric Hecke orbits to the classical Hecke orbits and another notion of
‘generalised Hecke’ orbit found in the literature.

2.5.1 Relation to the classical definition of Hecke orbit. Let us recall the notion of the classical
Hecke orbit.
DEFINITION 2.14 (classical Hecke orbit). Define the classical Hecke orbit of xg as follows:
H(xzo) = {pomxo € X : ¢ € G(Q)/Za(M)(Q)} C H(xo)
and the classical Hecke orbit of [zg,1] as
He(wo) = {[z,9] : © € H*(x0),9 € G(Aj)}.
We have a chain of inclusions:

H(xo) C HI(x0) C H(xo) (7)

HE(s0) € H9(s0) C H(s0). (8)

In general, H9(x() is not a finite union of classical Hecke orbits, even when G is of adjoint type.

Hecke correspondences. Recall that the classical Hecke orbit can be described using Hecke
correspondences. For g € G(Q), the points sg = [zo, 1] and s4 = [g - o, 1] have a common inverse
image by the left, respectively, right, finite map in

Sh(Ady) Sh(Ad,)

ShK(GvX) ShKﬁgKg—l(GvX) ShK(GvX)a

where Sh(Ad,) the right map is the Shimura morphism associated to the map of Shimura data
AD, : (G, X) — (G,X) induced by the conjugation AD, : G — G and Sh(Ad,) is induced by
the identity map ADy : G — G.
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Likewise generalised Hecke orbits can be interpreted using finite correspondences between
Shimura varieties. For a point ¢ o xg € H(x(), the point sp and sy = [¢ o 2, 1] have a common
inverse image in

Sh(¢o)

Shi(@, X) ) gy Sh(9)

Kﬁ?ﬁl(K)(M’ Xy) —— Shg (G, X).

This time the correspondence is induced by a correspondence from the image of Sh(¢g) to that
of Sh(¢). These are also the smallest special subvarieties containing sg, respectively, s.

2.5.2 Relation to the usual definition of the generalised Hecke orbit. We compare our notion
of generalised Hecke to the ‘generalised Hecke orbits’ used in [KY14] and [EY03, Pin05, Orrl5,
UY13]. The latter is defined in terms of linear representations.

For any faithful representation p : G — GL(N) over Q, let the ‘p-Hecke orbit’ be

HP(z0) :={pozp € X :¢ € Hom(M,G)(Q),po¢p € GL(N,Q)-poepo}.
By Theorem 2.11, we also have
HP(x9) = {poxg € X : ¢ € Hom(M,G)(Q),pod € GL(N,Q) - po gy}

PROPOSITION 2.15. The p-Hecke orbit H”(xg) is contained in the generalised Hecke orbit H(zo).
The p-Hecke orbit HP(x¢) is a finite union of geometric Hecke orbits H9(xg) U - - - U HP(zy,).

The first statement is clear from the definition of H”(xg). The second statement follows from
the second definition of H”(zp) and [Ric67].

The number of geometric Hecke orbits is bounded independently from p thanks to
Theorem 2.4. It is unclear whether we can achieve H”(xg) = H(xo) for a sufficiently general
representation p.

3. Galois functoriality on the generalised Hecke orbit

In §§3.1 and 3.2 we state known definitions and properties for the convenience of the reader.
Details can be found, for instance, in [UY13]. In §3.3 we relate cardinality of Galois orbits and
cardinality of orbits in adelic groups. This is essential to our approach to the estimates of §1.3.2
through adelic methods.

3.1 Galois representations
Our statements will use the following terminology.

DEFINITION 3.1 (Galois representations). Let (M, Xjs) be a Shimura datum, let zp be a point
in Xy, and let E < C be a subfield containing the reflex field E(M, X /).
We say that a continuous homomorphism

p= pro : Cal(E/E) — M(Ay) (9)

is a Galois representation (defined over E) for xy (in Xj,r) if: for any compact open sub-
group K’ < M(Ay), denoting [zo,1]" the image of (xo,1) in Shg/(M, Xr), we have [xg,1]" €
Sh[{/(]\47 XM)(E) and
Vo € Gal(E/E),o([ro,1]) = [x0, pzy ()]’ (10)
In the important case of moduli spaces of abelian varieties, a representation p;, can be directly
constructed from the linear Galois action on the Tate module (see [UY13, CM20]).
Here we only need the existence of a py,.
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PROPOSITION 3.2 (Existence of Galois representations). Let [zo,1] € Shk,,(M, X )(E') be a
point defined over a field E' < C in a Shimura variety.

Then there exist a finite extension E/E’ and a Galois representation defined over E for x
in X,y.

The main ingredient in this proposition is the following, which is part of the definition of
canonical models: for any [xg, mg], any m € M(Ay) and o € Aut(C/E(M, X)),
if o([xo, mo]) = [2',m] then o([xg, mo - m]) = [2/,m’ - m]. (11)
The continuity of pg, is used in the following lemma.

LEMMA 3.3. Let K be an open subgroup of M (Ay). Then, after possibly replacing E by a finite
extension, we have

pro(Gal(E/E)) < K. (12)
Proof. Such an extension corresponds to the open subgroup p_fclo (K) < Gal(E/E). O

Comments. If K is sufficiently small so that K N Zg(Mp)(Q) = {1}, for instance if K is neat
then (see [KY14, §4.1.4|) for any field E < C, there is at most one Galois representation py,
satisfying (12).

3.2 Functoriality of the Galois representation
In the next statement we denote by E(G, X) the reflex field of a Shimura datum (G, X). It is a
number field over which Sh(G, X)) (and, hence, all the Shix (G, X)) admits a canonical model.

PROPOSITION 3.4 (Functoriality). Let ¢ : (M, X)) — (G, X) be a morphism of Shimura data,
and xg a point in Xyy.
If py, is a Galois representation defined over a field E' for xg, then

¢ © pag |Gaz(E/E~E(G,X))
is a Galois representation defined over E - E(G, X) for ¢(zg) in X.
This follows from the definition and the identity

o([pox,é(g)]) =[doa,d(g)] for [2',4] = o([x,g]),

which holds when o € Aut(C/E(M,Xn)E(G,X)). Equivalently, the Shimura morphisms
induced by ¢ are defined over E(M, Xy/)E(G, X). (See [Del71, 1.14, 5.1].)

The compositum field E - E(G, X) < C is a finite extension of E which does not depend on
the morphism ¢. With our definition, it also does not depend on the compact open subgroups.
As a consequence, Galois representations for points in the same generalised Hecke orbit can be
deduced from each other, after passing to the same finite extension E - E(G, X)/E.

For future reference we summarise the above statements as follows.

PROPOSITION 3.5. We keep the same notation. For any o € Gal(E/E - E(G, X)), any g € G(Ay),
and any v € G(Q), we have

o([v - é(x0), 9]) = [v- d(x0), p'(0) - gl,

where

pli=Ady 00 pay 0=y $0 pay(0) 7

is a Galois representation defined over E - E(G, X) for v - ¢(xg) in X.
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Proof. We may assume g = 1 by (11). This follows then from Proposition 3.4 applied to Ad, o ¢y :
M- G—G. O

3.3 Galois orbits versus Adelic orbits
Let U = pu,(Gal(E/E)). By definition, we have

Gal(E/E) - [¢ om0, g] = [¢ 0 w0, ¢ © pay (Gal(E/E)) - g
=G(Q\G(Q) - ({poz0} x ¢(U) - g) - K - /K.

The next proposition reduces the estimation of the size of the Galois orbit to that of the
o(U)-orbit ¢(U)-g- K - /K.

PROPOSITION 3.6. There is a real number C € R+ such that

1 |Gal(E/E) - [z, 9]

V(qﬁoxg,g) S H(xo) X G(Af), c = [¢(U) : ¢(U) ﬂK] =~

After possibly passing to a finite extension of F, we may choose C' = 1.

Proof. We want to bound the cardinality of the fibres of the map

oU)-g-K/K = GQ\GQ) - ({dpoxo} xo(U)-9) K- /K. (13)

We first describe the fibres. Let Zy := Zg(¢(M)). The classical description of Hecke orbits
gives an identity

GQNG(Q) - {goao} x G(Ay) = Zs(Q\{d o zo} x G(Ay)
~ {poxo} x Zy(Q)\G(Ay).

(This follows from G(Q) N Stabgw) (¢ © To) = Z4(Q) in G(R). We have embedded Z4(Q) in G(A)
in the first line, and in G(Ay) in the second line.)
Define

I'=Z4(@Q) N o(U).

The map (13) can be written as a quotient map
o(U)-g-K/K —T\(¢(U)-g-K/K).

It will suffice to bound the order |T'|.

The group Z4(Q) is discrete in G(Af) because Z4(R) is compact modulo Z(G)(R) and
Z(G)(Q) is discrete in G(Ay) (see [UY13, Appendix Lemma 5.13|), where Z(G) is the centre
of G. As usual, we assume that G is the generic Mumford—Tate group on X. Therefore, T is
compact and discrete, and thus is finite.

We will realise I as a finite arithmetic group. We choose a faithful representation G — GL(N)
defined over Q, and identify M and G with their images in GL(N).

We let K[m] = ker(GL(N,Z) — GL(N,Z/(m)) for m € Z.

There is a maximal compact subgroup K’ of GL(N,Ay) which contains K. In GL(N,Ay)
all maximal compact subgroups are conjugated: K’ is of the form h- GL(N, 2) -h~! with h €
GL(N,Ayf). We may even choose h € GL(N,Q) (this is a consequence of the fact that the class
number of GL(N)/Q is one).
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Conjugating the representation by h~! we may assume h = 1: we have
U< K < GL(N, 7).
If m = 3 we pass to the finite extension of E corresponding to the subgroup p;lo (U N K[m]) of
Gal(E/FE). In any case we may assume
U< KnK[m] < K[m)].
From Proposition 3.5, we know that ¢ = ¢y ~! for some v € GL(N, Q). It follows that
¢(U) < ~vKlmy™,
and, thus,
I = Z,(Q) N 6(U) < GL(N, Q) NyK[mly ",
Conjugating by v~ yields
v 1Ty <y 'GL(N,Q)y N K[m]
= GL(N,Q) N K[m)|
B {GL(N, 7) if m =1,
ker(GL(N,Z) — GL(N,Z/(3))) if m =3.

Recall that |T'| = |y~ 'T'y|. We may thus conclude by applying the following lemma to =% - T - .
It follows that for m = 1, |T'| is bounded independently of ¢ and for m = 3, |T'| = 1. O

LEMMA 3.7. For every N, there is a real number C(N) such that, for every finite subgroup
I' < GL(N,Z) we have

| < C(N),
and if I' < ker(GL(N,Z) — GL(N,Z/(3))), then T = 1.

Proof. From [PR94, Lemma 4.19.(Minkowski), p. 232] the kernel has no nontrivial torsion. This
implies the second assertion.

This also implies that the reduction map GL(N,Z) — GL(N,Z/(3)) is injective on T, thus
inducing an embedding of I in GL(N,Z/(3)). The first conclusion follows with

N-1
C(N) =|GL(N,Z/(3))| = [ 3" - 3). .
=0

4. Invariant heights on Hecke orbits

4.1 Height functions
4.1.1 Local affine height functions over R or Q,. Let W be an affine variety over K = R or
K = Q,. For every affine embedding defined over K

v W o— AR
there is an associated affine local Weil height function H,, : W(K) — R given by
Hype (w) = max{1; |wi|k;. . .; wn[k} (14)

where |—|x is the standard absolute value on K.
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4.1.2 Affine height functions over Q. When W and ¢ := 1 are defined over Q, we can define,

for w € W(Q),
H,(w) = Hgr(w) - H,f(w), (15)
with H, j(w) = [ [ Hisg, (w). (16)
P
We define more generally, for w = (wp), € W(Ay),
H, p(w) = H H,eq, (wp). (17)
P

When W and the embedding (g, respectively, 1q,, respectively, ¢ are clear from the context,
we will simply write

Hg = H,

LR

H,=H,

1y Hyw =H,and Hf = H, 5. (18)
Then (15) becomes

Hw = Hg - Hy. (19)
4.2 Polynomial equivalence and functoriality of heights
We recall the functoriality properties of heights. See [Ser97| or [BGO6| for corresponding
statements about projective Weil heights. See Definition 1.7 for the symbols < and ~.

THEOREM 4.1 (Functoriality of heights). Let ¢ : V' — V' be a morphism of affine varieties over
R, respectively, Q,, respectively, Q, and let

RV = A%, respectively, vg, : V — Agp, respectively, v : V — Ag

be an affine embedding of V, and let 1 : V' — Aﬁ{y/, respectively, L(/@P V= Ag;, respectively,
VI — Ag, be an affine embedding of V'.
Then, as functions on V(R), respectively, V(Qp), respectively, V(Q) and V(Ay),

Hbﬁg o ¢ < H,,, respectively, HL{@p 0= Hb@p:

respectively, Hyo ¢ < H, and Hy o ¢ < H, ;.

COROLLARY 4.2. Let V' be an affine algebraic variety over R, respectively, Q,, respectively, Q.
Let

iV — AY andeR:V%AfRY/,
respectively, vg, : V — Agp and Lf@p V- Ag;,
respectively, v : V — Ag and 1 : V' — AQI

be affine embeddings of V'.
Then, as functions on V(R), respectively, V(Qp), respectively, V(Q) and V(Ay),

HLﬁ% [ HL

R’

respectively, HL(/@ ~ H,
P

)

respectively, H, ~ H, and H, y ~ H, .
4.3 Galois invariant height on the Hecke orbit
Let S = Shg(G,X) and zo be as in §1.1 and p,, : Gal(E/E) — M(Ayf) be as in (9). Let

W =G - ¢p C Hom(M,G) be the algebraic variety defined in §2.1. We have W ~ G/Zq(M).
Let Hom(m, g) be affine algebraic variety of linear maps m — g. As M is connected, we have an
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embedding
¢ dp: W — Hom(m,g).

As M is reductive, the image is closed, by [Ric67].
We choose a lattice gz < g such that

GZ®2§9®A]€

is stable under the action of K < G/(Ay). We define mz = gz N'm. We choose a basis of g which
generates gz and a basis of m which generates mz. This choice induces an isomorphism

IR Hom(m,g) o~ Qdim(M)dim(G).

This induces an affine embedding

t:=jod: W =G "¢y — Hom(m,g) — Agm(M)'dim(G)

by first mapping ¢ to d¢ and then to its matrix with respect to the bases we have chosen.
We denote by Hy : W(Af) — Z>1 and H} : Hom(ma ., ga,) — Z>1 the functions given by (17)
with respect to the embeddings ¢ and j.

PROPOSITION 4.3 (Galois invariance). Let ¢1,¢s € W(Q) be such that s; = [¢1 o x9,¢1] and

52 = [¢2 0 T, g2 define points in HY(so), where g1,g2 € G(Ay), and assume that there exists a
o € Gal(E/E) such that

o(s1) = s2. (20)
Then
Hy(gr " o191) = Hp(g2™ d2g2).-

We first remark, from the formula

Vi € Hom(my,, ga,), H}(w) =min{n € Z>1 : n-p(ms) C g5}, (21)
that for every Z-module automorphism u : my; — my and k : g5 — g5, we have
H(kotou) = Hp(1)). (22)

When ¢ = d¢, and k = ady : g — g with ¥’ € K and v =ad,y : m — m with «' € KN M(Ay),
this gives, with ADy o ¢ o AD,ys : m +— K'¢(u/'mu' =)k~

Proof of Proposition 4.3. We define u = p,,(0) € M(Ay) N K. From (20) and the functoriality
of Galois action Propositions 3.4 and 3.5, we have

(91 020, d1(u) - 1] = [d2 © 20, g2]-
Hence, there exists v € G(Q) and k € K such that

(v @1 00,7 d1(u)g1k) = (d2 © 0, g2).
By Lemma 2.5, we also have 7 - ¢y - v~ ! = ¢5. Thus,
92 202 = (kg on(w) ) (v g1y - (- du(u)gnk)
=k da(uh) - 61 d(u)gik.
We have
Vm e M(Ag),¢1(u) ™" - ¢1(m) - ¢1(u) = ¢1(u”'mu) = ¢1 0 AD, -1 (m)
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and, hence,

ki ()™ - g1 - di(u)gik = ADg1 0 (g1 " 1 g1) 0 ADy 1.
We finally have, using (23),

Hp(ga 'paga) = Hy(ADj-10 (g1 - ¢1-g1) o ADy1) = Hp(g1 ' uan). a

4.3.1 Height function on the generalised Hecke orbit H([zo,1]). The function H} on
Hom(my,, ga,) induces, at the level of the Shy (G, X), a function Hs, on the generalised Hecke

orbit H(sp) of sg := [zo, 1], given as follows. For ¢ € Hom(mg, gg) such that ¢ ozp € X and
g € G(Ay), we define

Hyy([p oo, 9]) = Hy(d(g™ " ¢9))-

The function Hg, depends on the choices we have made, but different choices will produce the
same function, up to a bounded factor.

The case o = 1 of Proposition 4.3 implies that H,, is well defined. Proposition 4.3 can then
be rephrased as follows.

LEMMA 4.4. For every o € Gal(E/E) and s € H(sg) we have
Hyy(0(s)) = Hs, (s)- (24)

5. Height comparison on Siegel sets

The main result of this section, Theorem 5.16, compares, for rational points of W = G/Zg(M)
contained in a given Siegel set (as in Definition 5.11), the global height Hy of (4.1.2), with its
factor Hy in (19) (coming from the finite places). The height Hyy is that appearing in our variant
(Theorem 7.1) of the theorem of Pila-Wilkie, and H is the height appearing in our Galois bounds
(see Theorem 6.4).

Our Theorem 5.16 extends a result of Orr, in [Orrl8|, which is only applicable to elements
in G(Q). We work with elements of W (Q) instead. This is crucial to us as, in our strategy § 1.4,
we are working with geometric Hecke orbits.!”

This section develops different arguments than those of [Orr18|. They are more flexible, which
allows us to obtain a more general result.

5.1 Polynomial equivalence and archimedean height
We use Definition 1.7.

LEMMA 5.1. Let A C R" be a semialgebraic subset, and let f,g: A — R>o be semialgebraic
and continuous functions. Assume that f is a proper map.
Then

g=f
Proof. We claim that the following function
e Jing(£). 50] = o

t — sup{g(a):a € A, f(a) <t}

10 In general, when Zg(M) # {1}, the height of an element g € G(Q) is not bounded by the height of its image
gdog~! in W(Q) and not every element of W(Q) is the image of an element of G(Q).
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is well defined. Fix an arbitrary ¢ be in |inf4(f),00[. The set {a € A: f(a) <t} is compact
since f is proper. It is nonempty since ¢ > inf 4(f). As g is continuous, {g(a) : a € A, f(a) <t}
is compact and nonempty, and its maximum belongs to R>(, which proves the claim.

The function h is also semialgebraic (see [BCR98, Proposition 2.2.4.]). By [vdDri98, §4.1
‘Notes and comments’ and references therein|, h is polynomially bounded. The conclusion
follows. O

The following uses Lemma 5.1 for f and g, and again after swapping f and g.

COROLLARY 5.2. On a semialgebraic subset A C R", two proper semialgebraic continuous
functions f,g: A — R are polynomially equivalent.

We will also encounter the following situation.

LEMMA 5.3. Let A C R" and B C R™ be semialgebraic subsets, and f: A — R>¢ and g: B —
R>0 be two proper semialgebraic continuous functions, and p: A — B be a proper and continuous
semialgebraic function. Then gop = f.

Proof. We note that gop is proper and continuous because g and p are. We can apply the
Corollary 5.2 to f and g o p. g

LEMMA 5.4. Let V be an affine algebraic variety over R. Let ¢ : V. — AN, and ¢/ : V. — AM be
two closed embeddings, and let Hy and Hy be defined as in (14).
Then Hy and Hy are semialgebraic continuous proper functions, and

H¢ ~ H, @
Proof. The real algebraic map V(R) — R induced by the Zariski-closed embedding ¢ is a closed
embedding for the real topology. The functions || [|oo : RY — Rsg and ¢ — max{1;t} : R>g — Rxg

are semialgebraic continuous proper maps. The composite map Hy, and likewise Hy , are thus
semialgebraic continuous and proper on V(R). We conclude with Corollary 5.2. O

LEMMA 5.5. Letp: U — V be a morphism of affine algebraic varieties over R, and ¢y : U — Aﬁ
and ¢y : V — AM be closed embeddings. Let Hy,, and Hg, be defined as in (14).

Let A C U(R) be a semialgebraic subset such that p|a: A — V(R) is proper. Then, as
functions A — R>y,

H¢U|A ~ Hg, opla.
Proof. We know that Hg, and Hg, are proper continuous and semialgebraic. As p|4 is proper,

t: A — U(R) is closed. It follows that Hy, |4 = Hg, o ¢ is continuous, proper and semialgebraic.
We apply Lemma 5.3 with A = U(R), B =V (R), and p|4 as p, and f = Hy,|a and g = Hy,,. O

5.2 Comparison of archimedean and finite height
LEMMA 5.6. Let v : V — AM be a closed embedding with V = G,,,. Then H,r < H, s on Q*N,
where Hg and Hy are as in §4.1.2 (see (18)).

Proof. Thanks to Corollary 4.2, we may substitute ¢« with the closed embedding

N (trentn)—=nt 7 Nty )
oy Gy,

We start with the case N = 1. We write an element ¢ € Q* as a reduced fraction n/m. We
can compute

AN, (25)

H, gr(t) = max{|t|;|1/t|} and H,, ¢(t) = |n-m)|.
It follows H, gr(t) < H,, #(t).
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For general £ = (t1,...,ty) € QXN there is some 1 < ¢ < N such that
H,yer(t) = max{[t:[;[1/t1];. .5 [tn]; [1/tn ]} = max{|ti; [1/8:]}.
By the previous computation we have
H,yor(t) = Hyor(ti) < Hi (t).
We conclude by observing that
Hblyf(ti) < HLN:f(ﬂu

as can be seen prime by prime. O

LEMMA 5.7. For V. =G c W = AN, and affine embeddings vy : V — AM | respectively, iy :
W — AM' we have H, ;< H,, on QXN.

‘w

Proof. By Corollary 4.2, we may assume that ¢y is ¢y of (25), and that ¢y is the identity map.
We can again reduce the problem to the case N = 1. We write ¢; = n/m as an irreducible fraction
and then we have

H,, f(n/m) = |n-m| <max{|n|,|m[}* = H,, (n/m)*. O
COROLLARY 5.8. Let C' € Ryy. We have
H,, y < H,, s on (Q*NI[-C; C])N-

Proof. In Lemma 5.7, we decompose H,,,, = H,, «r - H,,, r. By hypothesis, H,,,gr < C, hence
H,, < H,, ron (Q*N[-C;C])" which allows us to conclude. O

We establish the following.

PROPOSITION 5.9. Let W be an affine variety over Q and let p: W — A" be an algebraic map
and & C W(R) be a semialgebraic closed subset such that:

(i) we have p(S) C (R*)";
(ii) the restriction p|g: & — R*" is a proper map;
(iii) the image p(&) is bounded in R".

We fix an affine embedding « of W and use notation (18). Then

Hg|enw @) = Hilenw ()-
In particular,
Hwlerw (@) =~ Hflerw (@)

Proof. We denote by G,,” C A" the affine open subset on which every coordinate is invertible.
We fix affine embeddings cyy of W, and tg,,» of G,,,” and tpr of A”.
Because p|g is continuous real algebraic, and (as a function to R") is proper, by Lemma 5.5
we have

HLw@R‘G ~ HLGmT®Rop|6' (26)
By functoriality of heights, Theorem 4.1, we have, on W(Q),
H, fop=<H,, ;. (27)

As p(6) is bounded in R”, we have, by Lemma 5.6,

HLGm'r@R < Hl, (28)

Gm"‘vf'
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By hypothesis (iii) we can use Corollary 5.8 and get

HLGmT7f|p(6)ﬂ@XT < HLAT,f|p(6)ﬂQ><T' (29)
Combining these we get, using (26), (28), (29), and then (27),

H,orlenw @) ~ Hi, raR © Plenw (@)

LGy

< Hy, ripoplenw@ < Hurf o Plenw(@ < Huw flenw(@)- O

5.3 Construction of Siegel sets
We start by recalling some facts about parabolic subgroups and Siegel sets. A general reference
is [BJOG].

Let Gg be a semisimple Q-algebraic group of adjoint type. We fix a minimal Q-defined
parabolic'! subgroup Py. Let Gg and Pg be the corresponding R-algebraic groups.

Let X be the associated symmetric space,!? and choose z € X and let © : G — Ggr be
the Cartan involution associated with x. The orbit map g +— ¢ -z induces the identification
G(R)/K ~ X where K is the maximal compact subgroup {g € G(R): g = ©(g)}. We denote
by K = K™ the neutral component.

We let Ng be the unipotent radical of Py: thus Pgp/Ng is the maximal reductive quotient of
Pg. The R-algebraic group

L:=PFPnN @(PR)

is a maximal R-algebraic reductive subgroup of Pg (cf. [BJ06, §II1.1.9]), not necessarily defined
over Q, and the map L — Pr — (Pg/Ng)r is an isomorphism. We denote by Ay the maximal
central Q-split torus of Py/Ng, and define A < L as the inverse image of Ag in L. We denote by
AT = A(R)™ the neutral component as a real Lie group.

We denote by ® the set of non-zero weights of the adjoint action of A on g ® R (the ‘(relative)
roots’), and ®* the subset of weights of the action on n ® R (the ‘positive’ ones). The eigenspaces
are not necessarily defined over Q. There exists a unique subset A = {a1;...;a,} C T such
that aq,...,q, is a basis of X(A) = Hom(A, G,g) and & C oy - Z>o+ -+ + @, - Z>o. The o
are known as the (relative) simple roots, and r is equal to the Q-rank of Gg.

The positive Weyl chamber in AT is

AL ={ae AT :V1<i<r, a;(a)>1}. (30)
We define
Hp:= [ ker(x®). (31)
x€X(Pg)
We note that, for every one-dimensional representation Q - n of Hp, we have
Vhe Hp(R), h-ne{+n;-n} (32)

We first define Siegel sets in Gg(R).

DEFINITION 5.10 (Siegel set). A Q-Siegel set & in Gg(R) with respect to Py and x is a subset
S C G(R) of the following form.

1 Non-necessarily proper: we have Py = Gg when Gy is of Q-rank zero.

12 The space X in this section is of the form G(R)/K with K a non-necessarily connected maximal compact
subgroup. This G(R)/K is connected and is a quotient of the space X = G(R)/K from other sections of this
article: when z is the image of zo € G(R)/Ks, we have Ko, = KT, where for simplicity we assume G is of
adjoint type. The point g determines and is determined by a Hodge cocharacter h : S — GRr, and the image point
z € G(R)/K determines and is determined by the corresponding Cartan involution © = Adp ).
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There is a nonempty open and relatively compact subset Q C Pp(R) and an element a € A™
such that

6=0-A% a-Ku.
We will always assume that @ C Hg(R) and that (2 is semialgebraic.

Usually Siegel sets are defined in Gg(R) or in X = Gg(R)/K. Working with geomet-
ric Hecke orbits as defined in Definition 2.3, we use the variety W(R)* = G(R)/Zg(M)(R).
We can view W(R)" as an intermediary space in the sequence of maps G(R) — W =
GR)/Zg(M)(R) — X. The following definition allows us to work with Siegel sets in a greater
generality.

DEFINITION 5.11. Let Z be a compact subgroup of K, and W = Gr/Z. We define a Q-Siegel
set Gy with respect to Py and z in W7 := Gr(R)/Z(R) to be the image of Q-Siegel set & in
Go(R) with respect to Py and x.

We note that if Z is defined over Q then so is W and we can consider the subset W (Q) N Sy .

5.4 Divergence in Siegel sets
In the rest of this section we use the notation G' = Gg.

5.4.1 We say that an infinite sequence, in an appropriate topological space, is divergent if
it does not contain an infinite convergent subsequence. A continuous map is proper if it maps
divergent sequences to divergent sequences.

5.4.2 We will use the closure of a Siegel set.

PROPOSITION 5.12. Consider & = () - A;O -a - K4 as in Definition 5.10.
Then its closure in G(R) is given by

6=0-4%, a K. (33)
and & is contained in a Q-Siegel set &' in G(R) with respect to P and .

Proof. The set & is obviously dense in the right-hand side of (33). It is the image of the proper
map in Lemma 5.13, and thus it is a closed subset in G(R). This proves the first assertion.
Let U be a nonempty relatively compact semialgebraic open neighbourhood of 1 in H(R), for
instance a small euclidean open ball in a faithful representation H — GL(N). Then Q' =U - Q
is an open relatively compact semialgebraic open neighbourhood of € in H(R), and the Siegel
set - AL, - a- K contains &. O

We used the following.
LEMMA 5.13. The map
(w,a,k)'—>w-a~k::§><A'£O'a><K—>G(R)
is proper.

Proof. It suffices to prove that the image of every divergent sequence in the left-hand side is not
a convergent sequence in the right-hand side. We prove the contrapositive.

Let (wn, Gn, kn)nez-, be a sequence in the left-hand side such that (wy, - ay, - kn)nez., is a con-
vergent sequence in G(R). Because Q and K are compact, after possibly extracting a subsequence
we may assume that (wy)nez., and (kp)nez., are convergent sequences. It follows that (an)nez.,

2552

https://doi.org/10.1112/S0010437X2400722X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X2400722X

HEIGHTS AND GENERALISED THE ANDRE—PINK—ZANNIER CONJECTURE

is a convergent subsequence. We recall that (aq,...,q;) : AT — Rs" is an isomorphism. It fol-
lows that A%, is closed in A*. Because A(R) is a closed subgroup of G(R), that AT is a closed
subgroup of A(R), this AL, is closed in G(R). One deduces that A%, - a is closed in G(R) and
that the limit of (an)nez., in G(R) belongs to AL, - a.

We proved that the original sequence (wy,ap, kn)nez., contains a convergent infinite
subsequence. Thus, it is not a divergent sequence. - O

These results have the following consequence.

COROLLARY 5.14. A sequence (wy, + ay, - kn)ngzzl is divergent in & if and only if a,, is divergent
in A‘;O.

Proof. Because & is closed, (wy - ay, - kn)n6221 is also divergent in G(R). It follows that the

sequence (wy, Gn, kn)nez-, contains no convergent subsequence. Because {2 and K are compact,
the projection map

ﬁxA;O-axKﬁAgo-a

is proper. It follows that the image sequence (an)n6221 is divergent in AJ;O - a. O

5.4.3 Let Py,..., P, be the maximal Q-defined proper'® parabolic subgroups of G containing
P. We denote by N; their unipotent radicals, and n; the (Q-linear) Lie algebra of ;. The adjoint
representation of G induces an action of G on the Q-vector space V; = /\dlm(Ni) g. Then the

Q-vector subspace /\dim(Ni) n; < V; is of dimension 1, and we choose a generator 7; of this Q-line.
Then the R-line R - 7; is an eigenspace of A acting on V; ® R, and this eigenspace is defined

over Q. Let x; be the corresponding eigencharacters of A: we have

Vae AR), VI <i<r Va-n = xi(a)- n. (34)

For 1 <i <r the x; are positive multiples ki -w1,...,k, - w, of the (relative) fundamental
weights'* wi,...,w, € X(A) ® Q. In particular,

Vae AL vi<i<r, xi(a)™' <L (35)

One knows that the fundamental weights are positive Q-linear combinations of a; and that
they form a basis of X(A) ® Q. The same holds for x;. We deduce the following.

LEMMA 5.15. Let (an)nezs, be a sequence in A;O - a. Then the sequence is divergent (no infinite
subsequence is convergent) if and only if
li in y;(a,) "t =0. 36
Jn, min, xi(on) %
Proof. If (an)nezzo contains a convergent infinite subsequence, then the sequence
(minj<;<, Xi(an)_l)nezzo contains a convergent infinite subsequence in Ryy and we cannot
have (36).
This proves one implication and we now prove the other.
Assume that (36) fails. Equivalently,

L := limsup min x;(a,)"' > 0.
n—oo 1<i<r

13 There are none if r = 0.
14 The ‘weights lattice’ w1 - Z + -+ 4+ w;, - Z D X(A) can be identified with X (A) where A is the torus in a simply
connected cover Gg — Gr which maps onto A.
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After possibly extracting a subsequence, we have

lim min x;(a,)"' =L #0. (37)

n—oo 1<i<r

Because the a, belong to A;FO -a we have SUP,ez. ai(an)_l < ozi(a)_1 for every 1 <1 <r.
Because the y; are positive linear combination of the o;i, the XZ-(an)_1 are bounded above. Accord-
ing to (37) they are bounded below in Rs. Because the y; form a basis of X(A4) ® Q, the «; are
linear combination of the x;. Hence, the «;(a,) are bounded above and below in R . Equivalently
(an)nezs, is bounded in A™. Hence (ay,)nez., is not divergent.

This proves the other implication. - ]

5.5 Height on Siegel sets
The following statement is the main objective of § 5.

THEOREM 5.16. Let Sy as in Definition 5.11 with Z defined over Q, let v : G/Z — Ag be an

affine embedding and let Hy = Hg - Hy be as in (19). Then, as functions Sy N W (Q) — Rxg
we have

This will be deduced from Proposition 5.9. We first construct the map p to which we apply
the proposition, and then verify the assumptions of the proposition.

5.5.1 Construction of the morphism p. Let n; € V; = /\dimn" g and x; be as in §5.4.3.

For each 1 <1 < r, we choose a positive-definite quadratic form
Qi Vi — Q.
We denote by dz the Haar probability measure on Z(RR) we define the real quadratic form

Qi(v):/ Qi(z-v)dz:V;®@R — R. (38)
Z(R)

The following is central in our argument.

LEMMA 5.17. The quadratic form Q; is invariant under Z(R), is positive definite, and is defined
over Q.

Proof. The two first properties are immediate from (38). We prove that @Q; is defined over Q. Let
V be the Q-vector space of quadratic forms, as a representation of Z, and VZ be the subspace
of elements fixed by Z. As Z(R) is compact, the Q-group Z is reductive, and there is a Z-stable
Q-subspace W such that we can decompose

V=VieW.
Let us write correspondingly
Qi = Q7 + Qw
with Q% in VZ and Qj, in W.
Because @)z is invariant under Z(R) and W ® R is stable under Z(R),

/ z-Qzdz=Qz and / z-Qwdz e WeR.
Z(R) Z(R)
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By construction, fZ(R) z - Qw dz is fixed by Z(R) and, thus, it belongs to W @ RN VZ @ R = {0}.

We compute
Q= [ Q=] sQudit [ s Quii=Qz+o
Z(R) Z(R) Z(R)

Because @)z is defined over Q, so is @);. O
We can now define p : W — Ag by

p(9Z) = (Q1(g™" - m)s-- -, Qg™ - 1r)). (39)
As the @); are defined over Q so is p, and as the Q; are Z-invariant, p is well defined.

5.5.2 Properties of the morphism p. Our next task is to verify the assumptions of
Proposition 5.9.
(i) We have p(&y) C (R*)".
(ii) As a map Sy — (R*)", p\ﬁ is proper with respect to the real topologies.

(iii) The image p(&) is bounded in R".

Proof of assumption (i). Every point of Sy is of the form gZ with g € G(R). The vector g - n; is
thusin V; ® R. As7; # 0 and g is invertible, g~ - n; # 0. As Q; is positive definite by Lemma 5.17,

we have p;(9) == Qi(97'n;) € Rxo. g
We will use that there exists C' € Ry such that for every 1 <i <r,
V(h,a k) € Hp x ALy x Koo, 0<pi(h-a-a-k)<C-xi(a)™2 (40)

Proof of (40). We write 0 = h-a - - k. By (32), we have h=! - n; = £n;. Thus,
o b=+ ot a o = 2K (@)

Because K is compact there exists a K-invariant euclidean norm ||—|| on V; ® R. The two norms
VQ; and ||—|| on V; ® R are comparable: there is C; € R+ such that for any v € V; @ R,

Qi(v) < C; - |lv]|?.
We deduce (40) with C' = max;e(y, 3 Ci - la™" - n;|* from
pi(0) =Qi(c™" - m)
<Ci- £k xi(@) ™t am P
=Ci- |l £xi(a) ™ - at P
=C;- X,-(a)*2 . Hail -mH2 > 0. O

Proof of assumption (ii). For a divergent sequence o, = wpa - ank, in Gy, Corollary 5.14 and
Lemma 5.15 imply that min;<;<, xi(an) — 0. Using (40), we deduce that

in p; k 0 41
1?112sz(wnana n) = (41)
and, thus, p(wnank,) is divergent in R*". This proves the properness. O

Proof of assumption (iii). For c =h-a-a-k € &, we have 0 < x1(a),...,x-(a) <1 by (35),
and deduce from (40) that

- k)< C. O
max Ipi(wnanaky)| <

We now use Proposition 5.9 with & = Gy. This concludes the proof of Theorem 5.16.
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6. Weak adelic Mumford—Tate hypothesis and lower bounds on Galois orbits

This section is central to the proof of the André-—Pink—Zannier conjecture under our assump-
tions (Theorem 1.2). In this section, we state a precise form of the ‘weak adelic Mumford—Tate
hypothesis’.

We then translate lower and upper bounds on adelic orbits of Appendices B and C into esti-
mates for sizes of the Galois orbits in terms of the height functions of § 4 (when the Mumford—Tate
hypothesis holds).

For simplicity in the following we refer to the ‘Mumford-Tate hypothesis’ or simply ‘MT
hypothesis’.

Finally, we provide some natural functoriality properties of the Mumford—Tate hypothesis,
which will be needed for the reduction steps in the proof of our main theorem.

6.1 The Mumford—Tate hypothesis
We start with a property applicable in more general situations.

DEFINITION 6.1. Let M be a linear algebraic group over Q, let Ky < M(Ay) be a compact open
subgroup, and let U < M(Ay) be a compact subgroup.
We say that U is MT in M if the indices

[Kp " M(Qp) : UN Ky N M(Qy)] (42)

are finite and uniformly bounded as p ranges through primes, where M(Q,) < M(Ay) is
understood as a factor subgroup of M (Ay).

Note that the definition does not depend on the choice of K, as any two compact open
subgroups are commensurable. We may always enlarge K; so that it takes the product form
Ky =], Kp in which case the indices become

(K, :UNK,).

Likewise if U’ < M(Ay) is a compact subgroup commensurable to U, then U is MT in M if and
only if U" is MT in M. Note (and this is very important) that the condition that U is MT in M
does not imply that U is open in M(Ay).

The following observation is an immediate consequence of the definition.

LEMMA 6.2. In the Definition 6.1, let

Up:=UNKyNMQ) andU' = [[U, < [[ M(Q,). (43)
p p

Then U is MT in M if and only if U’ is MT in M.
We specialise the above definition to the context of images of Galois representations.

DEFINITION 6.3. Let (G, X) be a Shimura datum, let o € X and let M be the Mumford-Tate
group of zg, let p,, be a Galois representation for xy defined over a field E in the sense of
Definition 3.1, and let U = p,,(Gal(E/E)) < M(Ay) be the image of py,.

(i) We say that xg satisfies the MT hypothesis, if U is MT in M.
(ii) Let K < G(Af) be a compact open subgroup, and sg = [29, 1] € Shg (G, X). We say that sg
satisfies the MT hypothesis if U is MT in M.
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6.2 Lower bounds for Galois orbits in terms of finite heights under the

MT hypothesis

The following statement is an essential ingredient in the proof of the main theorem (see §7). We
also believe it to be of independent interest.

THEOREM 6.4. Let M be a connected reductive group over Q and U < M(Ay) be a compact
subgroup which is MT in M in the sense of Definition 6.1. We use the notation of Definition 1.7.

(i) Let ¢o: M — GL(N) be a representation over Q, and let W be the GL(N)-conjugacy
class of ¢g. We consider an affine embedding v : W — Ag and the corresponding function
Hy : W(Qy¢) — Z>1 defined by (17). Then, as ¢ ranges through W (Ay), we have

[6(U) : $(U) NGL(N,Z)] ~ Hy(¢). (44)

(ii) Let ¢o : M — G be a morphism of algebraic groups over Q and let W be the G-conjugacy
class of ¢g. We consider an affine embedding v: W — Ag and the corresponding func-
tion Hy: W(Qy) — Z>1 defined by (17). We also consider an open compact subgroup
K < G(Ay). Then, as ¢ ranges through W(Ay), we have

[6(U) : o(U) N K] = Hy(¢). (45)
First, let us reduce the second assertion to the first.

Proof. We identify G with its image by a faithful representation G — GL(N). We may replace
K by a commensurable group, and assume K is a maximal compact subgroup of G(Ay). For any
maximal compact subgroup K’ of GL(N,Ay) such that K < K’ < GL(N,Ay), we then have

K =K'nG(Ay). (46)
We choose such a K ', and, possibly conjugating by an element of GL(N,Q), we may assume
K'=GL(N,Z).
Consider ¢ : M — G in (45). From ¢(U) < G(Ay) and (46), we deduce
[G(U) : 9(U) N K] = [¢(U) : (U) N K] = [¢(U) : ¢(U) N GL(N, Z)). (47)

We have identified the left-hand side of (47) with the left-hand side of (45).

It will be enough to identify the right-hand sides. We will show that a height function Hy on
the GL(N)-conjugacy class of ¢, when restricted to the G-conjugacy class, is a height function
on this G-conjugacy class.

If Hf : GL(N,Af) - ¢ — Z>1 is associated to ¢: GL(N)-¢ — Ag, then its restriction to
GL(N,Ay) - ¢ is associated to v/ : G- ¢ — GL(N) - ¢ — Ag, provided ' is a closed embedding.

It is equivalent to proving that G - ¢ C GL(N,Ay) - ¢ is Zariski closed.

To do this, we choose the map

L GL(N) - ¢ L7 Hom(m, gI(N)).
By assumption, M is Zariski connected. This map is thus injective. As M is reductive, accord-
ing to [Ric88, Theorem 3.6], the image of G - ¢ is closed in Hom(m, gl(/V)), and thus G- ¢ C
GL(N,Ay) - ¢ is Zariski closed. O
We now reduce the first assertion to Corollary B.2, Theorems B.1 and B.4.
Proof. Writing K = GL(N, 2) for short, we may rewrite the left-hand side of (44) as

b (K).
< BU) : HU) N ).

[6(U) s 6(U) N K] = [6(U) - K/K| = U] & (K)| = [U
Theorem C.1 implies [¢p(U) : ¢(U) N K| < Hy(¢). We now prove H(¢)
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It is enough to obtain a lower bound after replacing U by the smaller group U’ < U as in
Lemma 6.2: without loss of generality we may assume U = U’. We thus assume that U = Hp U,
as in (43).

The left-hand side is the product of K, = GL(N,Z,), hence we have

(@) : 6(U) N K] = [[[6(Up) : (Up) N K.

p

We apply Definition 6.1 for Ky = M(Z) = M(Af)N GL(d,Z): the upper bound C =
sup,[M(Zy) : Up] is finite. Using (B.6) we have

H,(d
(6(M(Uy) : (M (1)) 0 GL(N, Z,)] > 7290, (43)
As in the proof of (B.1) of Theorem B.1, we can deduce
= 1

[¢(U) : 9(U) N GL(N,Z)| = W - Hy(dg). (49)

Arguing as in the proof of (B.2) and (B.3) of Corollary B.2, we obtain
Hyyp(9) ~ Hy(do) < [6(U) : 6(U) NGL(N, Z)]. (50)
]

6.3 Functoriality properties of the MT hypothesis
The following uses general properties of adelic topologies on algebraic groups. A good reference
is [PR94].

LEMMA 6.5. Let ¢ : M — G be a morphism of connected linear algebraic groups over QQ, and let

U < M(Ay) be a compact subgroup.

(i) IfU is MT in M, then ¢(U) is MT in ¢(M).

(ii) If ¢ is an isogeny onto its image (i.e. ker(¢) is finite), then U is MT in M if ¢(U) is MT in
P(M).

(iii) We assume M is reductive. Let ady; : M — M? = M/Zy (M) be the adjoint map, and
abyr : M — M® = M/[M, M] be the abelianisation map. Then U is MT in M if and only
if adp(U) is MT in M? and aby;(U) is MT in M#?P.

The proof of Lemma 6.5 will rely on the following.

THEOREM 6.6. Let ¢ : H — G be an epimorphism of Q-algebraic groups and C be the number
of components of ker(¢) for the Zariski topology.

(i) Let K < H(Ay) and K’ < G(Ay) be compact open subgroups of the form [ ], K}, and [, K.
Then
Vp > 0,6(K,) < K, and [K, : ¢(K,)] < C.
(ii) IfC =1, then the map p : H(Ay) — G(Ay) is open: for any open subgroup K < H(Ay), the
image ¢(K) is open in G(Ay).

The second assertion, which is [PR94, p. 296, § 6.2, Proposition 6.5], is a corollary of the first
assertion. The first assertion follows from [PR94, p. 296, § 6.2, Proposition 6.4] and [PR94, p. 296,
§ 6.2, Proposition 6.5] (using their exact sequence (6.9) under conditions of their Lemma 6.6).

Let us prove Lemma 6.5(i).
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Proof. We choose a maximal compact subgroup Kp; < M(Ay), and a maximal compact subgroup
K’ < ¢(M)(Ay) containing ¢ (/). By maximality, they have a product form Ky =[], K and
K = Hp K. According to Definition 6.1, there exists ¢ € R~ such that for all primes p, we have
¢ > [K,:U,N Kp|. Applying ¢ we deduce

¢ > [p(Kp) : o(Up N Kp)] = [¢(Kp) = ¢(Up) N d(Kp)]-
Let C' € R be given by Theorem 6.6. Using natural inclusions ¢(U,) € ¢(U), and ¢(K,) C K,

we have
(K}, ¢(U)p N K < (K, ¢(Up) N (Kp)]
= [Kg,v : ¢(Kp)] : [¢(Kp) : ¢(Up) N ¢(Kp)} <C-: [¢(Kp) : ¢(Up) N ¢(Kp)] (51)
Thus, for every prime p, we have [K}, : ¢(U), N K] <c-C. O

We now prove Lemma 6.5(ii).

Proof. We write Ky = [[ K, and K’ = [] K,, as before.
We choose a set of generators ¢(uq),...,¢(u) for ¢(U), and let U’ < U be the compact
subgroup topologically generated by u;. Let us prove that k can be chosen independently of p. [J

Proof. For a fixed p we use assertion (i) of Lemma 6.8 with V' = ¢(U),,. For large p, the group
V' :=exp(pp(mz,)) and the reduction map M(Z,) — M(F,) are well defined and, by asser-
tion (iii) of Lemma 6.8, we have V' <V < M(Z,). Applying the remark from the proof of
Proposition 6.7 to the exact sequence 1 — V' — V — M(F),), it follows from Proposition 6.7
for the image of V' and assertion (ii) of Lemma 6.8 for V. O

Let F' be the kernel of ¢. This is a finite algebraic group by hypothesis. We define UI’) =
U'N M(Qp). Then Uy, is also the kernel of the map

U =6 (6(M(B)) =4 (6(M(Q)))

Lo (S(M(Q))/M(Qy) < F(Ag)/(F 1 M)Qy). (52)

The last group is a commutative group isomorphic to a subgroup of (Z/(C))* where C = |F(Q)|.
Because U’ is generated by k elements, the size of the image of U’ is bounded by C*.
We deduce

[B(0)p = (Up)] < [6(U) : $(Up)] < [6(U') = 6(U)] < [U": U] < CF. (53)
O

PROPOSITION 6.7. For all N € Z> there exists k = k(N) such that for every prime p and every
subgroup U < GL(N,T,), there exist u,...,u in U which generate U.

Proof. We fix N. There exists p(N) € Z>( such that p > p(N), so that Nori applies [Nor87].

For p < p(N) we have #U < #GL(N,F,) < p(N)N* and we take k(N) = p(N)N".

We assume that p > p(N) and apply Nori theory [Nor87].

According to Jordan theorem [Nor87, Theorem C] there exist normal subgroups Ut < U’ < U
with U™ generated by the unipotent elements of U, and U’/U™ abelian of order prime to p, and
[U:U'] <d(N), where d(N) is as in [Nor87, Theorem C|. According to [Nor87|, there exists
U < GL(N)p, such that U(F,)* = U*. Define U” = U(F,) N U. Moreover, one knows'® that
there exists an injective morphism U’/U” < GL(N',F,), where N’ is bounded in terms of N.

15 See [Ser98, no. 134, p. 25 and no. 137, p. 38-39, bottom of p. 44].
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We will use the following remark. For every exact sequence 1 - K — G — @ — 1, if K and
@ are generated by ky and kg elements, then G is generated by kg + kg elements. Thus, in
order to bound the size of a generating subset of G, it suffices to do it for K and for Q.

Using the remark, it will be enough to prove that U/U’, U'/U”, U"/U*t and U™ can be
generated by ki (N), ko(N), ks(N), ks(IN) elements. Then the proposition will be satisfied with
k(N) = max{ky(N) + ko (N) + ks(N) + kg(N); p(N)N}.

As #U/U’' < d(N), we can take ki (N) = d(N).

As U is generated by unipotent subgroups, we can write U=S-N where S is
semisimple and N is the unipotent radical. According to [Nor87, Remark 3.6, 3.6(v)],
we have S(F,)/S(F,)* < 2N. We deduce that #U" /Ut < #U(F,)/U(F,)t = #S(F,)/S(F,)*
< 2N,

We can thus take k3(N) = 2V.

The factor U’/U"” is isomorphic to an abelian subgroup of GL(N',F)) of order prime to p. It
is thus diagonalisable over some extension F,. Because F,* is cyclic, every subgroup of (FqX)N '
is generated by at most N’ elements.

We can thus take ko(N) = N'.

Let U < GL(N ), be the algebraic group associated to U and let it < gl(N,F,) be its Lie alge-
bra. By [Nor87], it < gl(N, F,) is linearly generated by nilpotents. Let X1, ..., Xg, with d < N2 be
a linear basis of nilpotent elements. Denote by U’ = (exp(X7), ..., exp(Xy)) the group generated
by their exponentials, and consider the associated ' < it and U’ < U. We have X1,..., X, € il'.
Thus, i’ = i and U’ = U. From [Nor87, Theorem B|, we get U = Ut = U(F,)" = U'(F,)* =
U't = U'. Thus, U is generated by at most N? elements exp(X1),...,exp(Xy).

We can thus take ky(N) = N2 O

We used the following.

LEMMA 6.8. Let M < GL(N) be an algebraic subgroup defined over Q, and let m < gl(N,Q,)
be its Lie algebra.

(i) Let V< GL(N,Z,) a compact subgroup. Then V' is topologically finitely generated.
(ii) Then V' := exp(mn 2pgl(N,Z,)) is topologically generated by at most N elements if p is
large enough.
(ili) Let M(Zp):= M(Qp) NGL(N,Z,) and V < M(Z,) an open subgroup such that C :=
[M(Zy) : V] € Z>1. Then for p > C, we have
V' <V.
Proof. The first assertion is [Ser64, Proposition 2].
Let G = exp(2pgl(N,Zy)) = 1+ 2pgl(N,Zy) and H =V’ < G. According to [DSMS99,
Theorem 5.2] the pro-p group is powerful and d(G) = N?, where d(G) is the minimal cardinality
of a set of generators for G as in [DSMS99, p. 41]. We can, thus, apply [DSMS99, Theorem 2.9].

This proves the second assertion.
As G is a pro-p group, by [PR94, Lemma 4.8, p. 138], V' is a pro-p group. We also have

V' V' NV <[M(Z,): V] =C.

Assume p > C and assume, by contradiction, that there exists w € V/ ~ V. We denote by w? the
subgroup generated by w. Then ¢ := [w? : w? N V] # 1 and ¢ < C. But ¢ is a power of p because
V' is a pro-p group: thus, ¢ > p. We deduce that C > ¢ > p. This contradicts our assumptions. [J

We prove assertion (iii) of Lemma 6.5. We will make use of Goursat’s lemma.
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Proof. As M is reductive, the map (adys,aby) : M — M’ := M?* x M?" is an isogeny. From
assertion (ii) of Lemma 6.5 it follows that it is enough to prove that the image V of U in M’(Ay)
is MT in M’. We may thus assume M = M2 x Mab,

Using Lemma 6.2 we may assume U = Hp Up. Let

Ky =[] Kup =] Knseap x Kppar , < M(Ay)
p

be a maximal compact subgroup containing U.

By assumption, there is an upper bound C' € Z>1 for [K b, : aby(Up)] and [Kppaa,
adpr(Up)], independent of p.

Let Hy = adpy(Up) and Hy = aby(Up) and I' = (adps, abas)(Up) < Hy x Ha. Let Ny =T'nN
H; and Ny =T'N Hy. By Goursat’s lemma, Ny and Ny are normal subgroups in H; and Hy and
there is an isomorphism (whose graph is I'/(N; x N3))

Hi/Ny = Hs/Ns. (54)

Because Hs is abelian, Ny contains the derived subgroup [Hy, Hi].

By the first part of Lemma 6.9, [H; : Np] is finite for every prime p, and by the second part
of Lemma 6.9, [H; : Nq] is bounded by C(M?2d) for almost every prime p.

As a result there exists C” € Z>1 such that [H; : N;] < C’ for every prime p. Using (54), we
also have [Hy : Ny] < C' for every prime p.

Recall that N7 x Ny <T'. It follows

[Hy x Hy :T) < [Hy : Ny| - [Hy : No] = C™2.
By the definition of C,
[Karp : Hi x Hp) < C%
We deduce
[Karp : (adar, abag)(Up)] = [Kp : Hy x Hy) - [Hy x Hy : T] < C2C™.
The bound is independent of p, which concludes. ]

LEMMA 6.9. Let G be a semisimple algebraic group over Q, and for every prime p, let U,, K, <
G(Qp) be compact open subgroups such that K = Hp K, < G(Ay) is open. Let [Uy,U,| be the
subgroup generated by commutators.

(i) For every prime p, the quotient Uy/[Uy, U] is finite.
(ii) There exists C(G) € Z>1 such that, for almost all p, if [K, : U, N K,,| < p then Up/[Up, Up] <
C(Q).

Proof. The first assertion follows from the fact that [U,, Up] is open, because G is semisimple.

We prove the second assertion. We may replace U, by K, NU, and assume U, = K, N U, <
K,. Thus, [K,: K, NUy| = [K, : Up] < p.

Let us identify G with its image by a faithful linear representation G — GL(N). For p large
enough, we have K, = G(Z,) := G(Q,) N GL(N,Zy).

Let G(Z,)* and G(F,)" be as in Lemma 6.10 below.

Then U, N G(Z,)" is an open subgroup of G(Z,)" and,

(G(Z,)t : U, N G(Zy) 1] < [G(Zyp) : Up) < p.
(Recall the assumption [K), : U,] < p.)
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As G(Z,)* is generated by pro-p-groups, we have, for every subgroup L < G(Z,)*,
G(Z)t L] >1=[G(Z,)" : L] > p.

Therefore, with L = U,
G(Zy)" - U, NG(Zy)"] = 1.

At the level of derived subgroups, we have
[G(Zy)", G(Zy)"] C [Up, Upl.

We deduce

(G(Zyp) - [Up, Upl] < [G(Zyp) : G(Zp)ﬂ ) [G(Zp)+ : [G(Zp)+’G(Zp)+]]-

We note that G(Z,)* < G(Z,) is an open subgroup of index prime to p. It follows that the image
of G(Z,)* in G(Fp) contains G(F,)*. Thus,

(G(Zp) - G(Zp)"] < [G(Fp) : G(Fp)T].
We have, by [Nor87, p. 270],
[G(Fy) : G(Fp)*] < 2V (55)
For p large enough we have:

~ G(F,) = G(F,) for a connected semisimple F,-algebraic subgroup G' < GL(N )F,;
~ [G(F)*, G(F,)*] = [G,G](F,)t = G(F,)", using Lemma 6.11.

Thus, [G(Z,)*, G(Z,) "] maps surjectively onto
[G(F,) ", G(Ep) "] = G(F) "
We apply Lemma 6.10 to H = [G(Z,)", G(Z,)"]. We deduce
[G(Zp)+7 G(Zp)+] = G(Zp)+-
This implies
[G(Zp) " [G(Zp) ", G(Zy) "] = 1. (56)
The second assertion of Lemma 6.9 follows from (55) and (56). O

LEMMA 6.10 |[CK16, Fact 2.4 and its proof]. Let G < GL(N)qg be a connected semisimple alge-
braic subgroup. For every prime p, define G(Zj,) := G(Qp) N GL(N, Z,) and denote by G(FF,) the
image of G(Z,) in GL(N,F,). We denote by G(F,)" < G(Fp) and G(Z,)* < G(Z,,) the subgroups
generated by p-Sylow subgroups, respectively, pro-p-Sylow.

Then, for p large enough: if H < G(Z,)* maps surjectively onto G(Fp)", then H = G(Zy).

We used the following in the proof of Lemma 6.9.

LEMMA 6.11. For every n € Z>q, there exists ¢(n) such that the following holds. Let p > ¢(n)
be a prime, and let G < GL(n) be a semisimple algebraic group over F,,.
Then [G(Fp) ", G(Fy)*] = G(Fp)*.

Proof. Let m: G* — G be the simply connected cover. According to [MT11, 24.15], we have
G(F,)* = G(F,).

It follows that 7(G*(Fp)) < G(F,)™". Since G(F,)™ is generated by elements of order a power
of p, we have the following alternative:
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— either 7(G*(F,)) = G(F,)™;
— or #G(F,)t/m(G*(F,)) > p.

Let Z = ker(m : G*(F,) — G(F,)).

By [MT11, 24.21], we have #G(F,)"/7(G*(F,)) < #Z.

On the other hand, there exists an integer ¢(n) (depending only on n) such that we have
#7 < ¢(n). Thus, for p > ¢(n), the second case of the alternative does not happen.

By [MT11, 24.17], for p >4, the group G*(F,) is perfect. It implies that its quotient
7(G*(F,)) = G(F,)* is perfect, namely, that [G(F,)", G(F,)*] = G(F,)™". O

6.4 MT hypothesis for Images of Galois representations
We use the notation of Definition 6.3. We assume furthermore that E is of finite type over Q.
In this case, we have the following.

LEMMA 6.12. If xq is a special point (i.e. M = M?®"), then xq satisfies the MT hypothesis.

The Galois representation Gal(E/E) — M®(Ayf) is prescribed by Deligne-Shimura reci-
procity law, which is part of the definition of a canonical model [Del79, 2.2.5]. In this case, we
know that M = M?P is the Zariski closure of the image of zg. It follows that the morphism [Del79,
2.2.2.1] is an epimorphism, and we can apply Theorem 6.6.16

Using Lemmas 6.12 and of 6.5(iii) we have the following.

LEMMA 6.13. The point x satisfies the MT hypothesis if and only if adys(x¢) satisfies the MT
hypothesis.

The following is not needed but can help relate our M'T hypothesis to other notions found in
literature.

THEOREM 6.14. Assume M is a semisimple and simply connected algebraic group over Q. Then
a compact subgroup U < M(Ay) is MT in M if and only if it is an open subgroup.

Theorem 6.14 is a consequence of the following.

LEMMA 6.15. Let M < GL(n)g be a simply connected semisimple Q-algebraic subgroup, and,
for every prime p, define M(Z,) := M(Q,) N GL(n,Zy).
There exists C' such that for every prime p > C, every U < M(Z,,) satisfies

U= M(Z,) or [M(Zy) : U] > p.

Proof. This is a consequence of the following claim: for p > 0, the group M (Z,) is generated by
topologically p-nilpotent elements.

Let us prove the claim. For every prime p, every element in the kernel of the morphisms
redy : M(Z,) — GL(n,F,) belongs to 1+ pgl(n,Zy) and is topologically p-nilpotent. It will be
enough to prove that red,(M(Zy)) is generated by elements of order power of p. For p > 0, the
group M (Zy) is hyperspecial and the model of M induced by GL(n)z is smooth over Z, with
semisimple fibre Mp,. This implies that the map M(Z,) — Mg, (F,) is surjective. For p > 0 the
algebraic group My, is semisimple and simply connected.!” By [MT11, 24.15] we have M (F,) =
M (F,)*. This proves the claim. O

16 1f the kernel of u : GL(1)g — T is connected, then the Galois image is actually open for the topology induced
by the adelic topology on T'(Ay). This is also the H-maximality condition. See [CM20].

17 This is [MVW84, §6.5] and here is an argument. Passing to a finite extension of Q we may assume that M
is simply connected and hyperspecial at p. Applying [Tit79, §3.5.4], we deduce that the special fibre is simply
connected. The case C' — BC,, of [Tit79, p. 61] is excluded in the hyperspecial case.
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This relies on strong approximation, Hasse principle, and Kneser—Tits properties for M.
See |Del71]| for related discussions.

6.4.1 For moduli spaces of abelian varieties or, more generally, for Shimura varieties of
abelian type, a Galois representation associated to a point xg € X can be deduced from the
Galois representation on the Tate module of an abelian variety.

We have the following.

THEOREM 6.16 [CM20, Theorem A(i)|] and [HR16, Theorem 10.1]. Let S be a Shimura variety
of Hodge type, let s € S be a point.

If the abelian variety A associated to s satisfies the classical Mumford—Tate conjecture at
some prime £, then s satisfies the weakly adelic Mumford—Tate hypothesis.

Using Lemma 6.13 we can deduce the following.

THEOREM 6.17. Let S be a Shimura variety of abelian type, let s € S be a point.
If s satisfies the Mumford-Tate conjecture at some prime ¢ in the sense of [UY13], then s
satisfies the weakly adelic Mumford—Tate hypothesis.

6.4.2 As observed in [Bal20], the combination of a theorem of Deligne and André and with
a theorem of Weisfeiler [MVW84| and Nori [Nor87| produces, in any Shimura variety, many
examples of (non-algebraic) points for which the MT hypothesis is satisfied. With our terminology
it is stated as follows.

THEOREM 6.18 [Bal20, Theorem 1.2|. Let M be the Mumford-Tate group of a point g € X
for a Shimura datum (G, X). We decompose the adjoint datum (M?®3, X ,.a) of (M, Xy) :=
(M, M(R) - xg) as a product

(p17 R 7pf) : (MadaXMad) = (Mth) X X (MfaXf)
with respect to the Q-simple factors M; of M?.
Assume that for some compact open subgroups K; < M;(Ay)

Vie{l;...;5 f} [pioady(wo)] € Shi,(M;, X;)(C) \ Shy, (M;, X;)(Q).

Then xq satisfies the MT hypothesis.

7. Proof of the main result

In this section we prove the Theorem 1.2, following the strategy outlined in §1.4. We then give
in §7.3 a variant of the Pila—Wilkie theorem.

7.1 Reduction steps
We put ourselves in the situation of Theorem 1.2 and Conjecture 1.1.

Let Z be an irreducible component of D The aim is to prove that Z is weakly special. We
may replace ¥ by H(zo) N Z.

7.1.1 Reduction to the Hodge generic case. We will reduce the theorem to the case where Z
is Hodge generic in Shi (G, X). For convenience, we will assume that so = [xg, 1] € Z. We choose
a Hodge generic point z in Z. One knows that one can choose a lift Z of z in X such that the
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Mumford-Tate group G’ of Z contains M. We write X’ = G'(R) - 2. We have a Shimura morphism
v . ShKﬁG’(Af)(G,a X,) — ShK(G, X)

(The smallest special subvariety of Shi (G, X) containing Z is the image of one component of
Shinaas) (G, X").) Let Z' be the inverse image of Z by . It is known that Z is weakly special
if and only if any component of Z’ is weakly special.

In the notation of Proposition 2.6, we have

Y = v (%) = H ([0, 1)) N 7.

Because Shinar(a,) (G X') — Y(Shgnoa,)(G', X)) is flat, and because Z is in the image of
¥, we deduce that Y’ is dense in Z’ and, hence, dense in every component of Z’.

Thus, in proving the conclusion of the theorem we may replace Z by a component of Z’, and
(G, X) by (G, X'), and K by KNG'(Ay).

On the other hand, the Mumford—Tate hypothesis depends only on M, and thus is insensitive
to such substitutions.

In other words, we can, and will, assume that Z is Hodge generic in Shi (G, X).

7.1.2 Reduction to the adjoint datum. We will reduce the theorem to the case where G = G4
is of adjoint type. Here we use geometric Hecke orbits.
Using Theorem 2.4, we write our generalised Hecke orbit

H([zo,1]) = HI([x0,1]) U -+ UHI([zg, 1])
as a finite union of geometric Hecke orbits. We define accordingly
Yi=27N Hg([xi, 1])

As Z is irreducible there at least one ¢ € {0;...;k} such that ¥; is Zariski dense in Z.

Because the Galois representations pg,,. .., pg, of z1,...,z, can be deduced from p;, using
§ 3, the Mumford—Tate hypothesis will still be valid even if we replace zg by x;. We assume, for
simplicity, that z; = xg.

We choose an open compact subgroup K’ < Gad(Af) so that we can consider the Shimura
morphism

U : Shi (G, X) — Shg (G2, x24).,
Let Z' be the image of Z. One knows that Z is weakly special in Shi (G, X) if and only if Z’ is
weakly special in Shy (G2, X2d),
Then ¥(%) is dense in Z’. Denote 23 the image of 7o in X4, and define
5 = HO ([, 1)),
Using §2.2.3, we get
V(%) cy cz
and, thus, ¥/ is Zariski dense in Z’.
Let M’ be the image of M by adg : G — G?1. Then M2 ~ M3 because ker(adg) is com-
mutative and central in G. In view of §6, the Mumford-Tate hypothesis will still hold for
ad ad
gt € X2,
Thus, we can, and will, assume G = G2,

7.1.3 Induction argument for factorisable subvarieties. The following reduction will be useful
at the very end of the whole proof.
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We recall that G is a direct product G1 x - -+ x G of its Q-simple subgroups.

It can be easily proved that in the Theorem 1.2 we can replace K by any other compact open
subgroup. After possibly replacing K by the open subgroup Hzle K, := Hzle K NG;i(Ay), there
are factorisations X = Hlle X; and

f

Sh(G, X) = [[ Shx,(Gi, X5). (57)
=1

The factorisation (57) is defined over the reflex field E(G, X), hence over E. Consider a nontrivial
partition {1;...; f} = I U J and the corresponding nontrivial factorisation of Shimura data

(@, X) PP (G X)) < (G, X)
with
(Gr,X1) =[G, X)) and (G, X;) =]](G) Xy).

icl i€l
By functoriality (§3.2) for ¢ = py o ¢ (respectively, ¢ = ps o ¢g), we will have

ppl(xo) = PI © Pz and ppJ(zo) = PJ © Pxq-

As explained in §6, the Mumford-Tate hypothesis will hold for p;(xg) and for ps(xg).
Suppose that Z factors as a Cartesian product

Z1 x Zj € Shi,(Gr, X1) x Shi, (G, Xy) (58)
in the corresponding factorisation of Shimura varieties. From §2.2.2, we have

HI(x0) = HI (pr(z0)) x HI(ps(x0))
and

H ([0, 1]) = HI ([pr (w0, 1)]) x H([ps(20), 1))-

Recall that the partition {1;...; f} =T U J is not trivial. Arguing by induction on f, we can
assume that Theorem 1.2 is proven for Z; and Z;. Then Z; x Z; is also a weakly special
subvariety and we are done.

Henceforth, we assume that for every nontrivial partition {1;...;f} =11 J, the variety Z
is not a product of the form (58).

7.2 Central arguments
Let us recollect some of the notation and notions we will be using.

We have an irreducible subvariety Z of Shx (G, X) containing a Zariski-dense subset ¥ con-
tained in the generalised Hecke orbit H([zg, 1]) of the point [z, 1]. Let E be a field of finite type
over Q such that Z and [z, 1] are defined over E, and passing to a finite extension we have a
Galois representation p : Gal(E/E) — M(Af) N K as in Definition 3.1 and our main hypothesis
is that its image U := p(Gal(E/E)) satisfies Definition 6.3. Passing to a finite extension we also
assume that F is a field of definition for every geometric component of Shx (G, X).

We reduce Theorem 1.2 to the case where X is contained in a single geometric Hecke orbit.
According to Theorem 2.4 the generalised Hecke orbit is a finite union of geometric orbit, with
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¢o : M — G the identity map,
H([zo,1]) = H([wo, 1]) UHI([¢1 0 20, 1]) U - - - U HI([¢ © wo, 1]). (59)

As Z is irreducible, at least one of the intersections Z N HI([¢; o wp,1]) is Zariski dense in Z.
From §3.2, we obtain pg,oz, = ¢i © pz, and the MT hypothesis is still valid for ¢(U) in ¢p(M) =
M, 000 Without loss of generality, we may assume ¢; = ¢g, that is ¢; o g = 0.

We may also assume that [z, 1] € Z and, thus, that Z is contained in the image of X x {1}
in Shi(G, X).

7.2.1 Covering by Siegel sets. We choose a minimal Q-parabolic subgroup P of G and a
maximal compact subgroup Ko of G(R)™", for instance Ky, = Zgr)(20). We define

XT=GR)" - zpC X

and denote by
ST C Shi(G, X)

the geometric component of Shi (G, X) which is the image of X+ x {1}.

See Definition 5.10 for the definition of a Siegel set associated to P and K. It is
known that there is a finite set {g1;...;9.} € G(Q) and Siegel sets S1,..., 8, associated to
g1Pgi7', ..., gc.Pg.~" and K such that ST is the image of & := &, U---UG&,.

For each &;, it is assumed that €2 from Definition 5.10 is a bounded semialgebraic subset.

Let Sy = 6/ Zgw)(M) be the image of & in W (R).

The maps

9—9Zacw) (M) a 9Zgr)(M)—gKoo
-

G(R) (R)/Zgw) (M)

are real algebraic and, thus, semialgebraic. It follows that Gy, is semialgebraic, that its image
Gx in X is semialgebraic and that the map

X =GR)/Ke

pw,x : Gw — Gx (60)

is semialgebraic.

7.2.2 o-minimality. We use the theory of o-minimal structures and recall that the map
TS, X - S X — SJr

is definable in the o-minimal structure Ry, exp by [KUY16]. As (60) is semialgebraic, it is definable
in R exp, and the following is definable in Ry, exp as well

W@}W = pVV,X OWG,X . 6W — GX — S+.
The algebraic variety Z is definable in Rgy, exp and its inverse image
~ -1
ZW :7T(57W (Z)
is definable in Ry, exp as well.

Because F is a field of definition for Z, for every o € Gal(E/E) and z € Z(E) we have
o(z) € Z and, finally,

Gal(E/E) -z C Z.
Assume now that z also belongs to H9(x¢). For every

Y € Gal(E/E) - 2
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we have 2/ € Z C ST and we can find ¢,, € W(Q) such that
2 = [y 0w, 1].
Because G x maps onto ST we may assume that ¢, o 79 € Sx. Equivalently, we have
P, € Gy.
The set
Q(z) = W(Q)N rew (Gal(E/E) - 2)
maps onto Gal(E/FE) - z and we deduce
Q)| = |Gal(E/E) - z|. (61)
7.2.3 Height bounds. We consider the affine embedding ¢ : W — AdmM)-dim(G) of 4.3 Let

Hyy and Hy be as in (18).
We can, of course, assume that Z is infinite, and because

XY= ZﬂHg(xo)

is Zariski dense, it is infinite as well, and we can choose an infinite sequence (2p)nez. , of pairwise
distinct z, € X. We also assume that this sequence is Zariski generic in Z. -

By hypothesis, Definitions 6.1 and 6.3 apply, and thus we invoke Theorem 6.4 and, by
Proposition 3.6, use it for Galois orbits. We have

Hy(¢) < |Gal(E/E) - [ 0 zo,1]] on W(Q).
Thanks to the height comparison Theorem 5.16, we have
Hyw (¢) < Hy(¢) on W(Q) N Sw. (62)
It follows
Hw(¢) < |Gal(E/E) - [$poxo,1]] on W(Q)N&w.
More precisely, there are a,b € R+ such that
VoeW(Q) NGy, a+ Hw(¢)’ <|Gal(E/E)- ¢ o xo,1]|.
Using (61) we deduce
a+ Hw(42,)" < 1Q(zn)]- (63)
From Proposition 4.3 we have
V' € Gal(E/E) - zn, Hy(bx) = Hy(¢z,)
and because H¢(¢) only depends on [¢ o xg, 1] we have
Vo € Qzn), Hy(d) = Hf(hz,)-
We make (62) precise by choosing a’, b such that
Vo € W(Q) N Gw, Hiw(¢) < d + Hy ()" (64)
For ¢ € Q(z,) C W(Q) N Gy we get
Hy (¢) < d + Hp(¢)" =d' + Hp(¢2,)""

Writing k(n) = Hy(¢., ), we deduce from the above that the subset Q(2,) € Z N W (Q) contains
at least a + k(n)® points of Hy-height at most a’ + k(n)?.
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Because the z, are distinct, so are the inverse images ¢, , and by the Northcott theorem we
deduce that Hy (¢, ) — +oo and, thus, k(n) — +oo.
We are ready to use the Pila—Wilkie theorem.

7.2.4 Pila—Wilkie theorem. We use the form Theorem 7.1 of the Pila-Wilkie theorem.
We denote KR the real algebraic group corresponding to K., and Xg the algebraic variety
Gr/KE over R (we have X C Xg(R)). We apply Theorem 7.1 to the morphism
p: W =Gr/Zgy, (M) — Xg = Gg/K% and the definable subset

Zx =rex (Z) C X C Xg(R).
We deduce for every n that
(QUzn) 0(Zx  Z5%)] = (@ + Hy(02,)")) = 0(|Q(zn)))-
Thus, for n > 0, we have
Qzn) N Z3E £ 0.

In other terms, for almost every n, there exist ¢ € Q(z,), and a non-zero-dimensional semialge-
braic subset A,, C Zx, such that ¢ oxg € A,.
We will now use the hyperbolic Ax—Lindemann—Weierstrass theorem.

7.2.5 Functional transcendence. According to  Ax-Lindemann—Weierstrass theorem
(see [KUY16]), that for n > 0, there exists a weakly special subvariety S/, of ST such that

Z;L S ngx(An) C Sq/m C Z.

One can check that a weakly special subvariety containing a E-valued point is defined over E.
It follows that this S/, is defined over E, and applying o € Gal(E/FE) such that o(2],) = z,, the
conjugated subvariety S, = o(S],) will be: weakly special, contained in Z and containing z,.

Because the sequence z, is generic in Z, the family (Sy,),>0 is Zariski dense in Z.

Because A, has non-zero semialgebraic dimension, and 7 x has finite fibers, the image
7, x (An) has non-zero semialgebraic dimension, and S, has non-zero dimension as a variety,
and S, also.

We are ready to use the so-called geometric part of André—QOort conjecture.

7.2.6 Geometric André—QOort. We reuse the notation of §7.1.3
From the geometric part of the André—Oort conjecture from [Ull14, RU24|, there exists a
partition {1;...;¢} = I U J, with I # (), but possibly J = (), such that we have a factorisation

J = Sl X ZJ C ShKI(G[,X[) X ShKJ(GJ,XJ),

where 5] is a geometric component of Shg, (G, X), and Z; is a subvariety of Shi,(G s, X ).
Because we assumed that Z has no nontrivial factorisation, the partition {1;...;¢} =T U J
is trivial. We must have J =), I = {1;...;c}. Equivalently, Z = S;. In other words, Z is special
and, in particular, is weakly special.
This finishes the proof of Theorem 1.2.

7.3 Refined Pila—Wilkie theorem

The following is a variant of Pila-Wilkie Theorem, which replaces the ‘block version’ of the
Pila—Wilkie theorem used by Orr. We believe this variant is easier to understand and use, and
will be of independent interest.
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We deduce the following from [Pil09, Theorem 1.7].

THEOREM 7.1. Let W be an affine algebraic variety defined over Q, let X be an affine algebraic
variety over R and let p : Wr — X be a morphism of algebraic varieties defined over R.

Let Z C X (R) be a definable subset, and denote Z*'# be the union of the semialgebraic subsets
of X(R) which are contained in Z and of non-zero dimension.

We consider a height function Hyy on W (Q) associated to some affine embedding. Then

(2 ~ Z9%) A p({w € W(Q) : Hy (w) < T})] = 70,
Explicitly, for every € € R, there exists C(e, Z) € R, such that
VT >0, [(Z~ Z4) np({w e W(Q) : Hy(w) <TY)| < Cl(e, Z) - TC.
Comment. The theorem still holds with a semialgebraic map p: W(R) — X (R) instead of
the real algebraic p : Wg — X. This slight generalisation will not be needed.
The height function we use here is denoted by HP™ by Pila, and is not the height function

he uses in his statements. As mentioned in the introduction of [Pil09], it is possible to invoke his
statements with HP™) instead.

Proof. We choose affine embeddings
WCA™ and X CA™
defined over Q and R. We can then write the morphism
p(wiy ..., wy) = (Pr(wi,...,wpn), ..., Bup(wy, ... wy))

with polynomials Py, ..., P, € R[T},...,T,]. Let E be the finite-dimensional Q-vector subspace
of R generated by the coefficients of these polynomials.
We have

p(W(Q)) € E™.
We choose an isomorphism ¢ : E — Q% of Q vector spaces. For every P;, the map
Lo P : W(Q) —FE—Q¢

is polynomial with coefficients in Q. This can be checked for every monomial of F;. The height
on E™ considered in [Pil09, Theorem 1.7] can be written, with our notation,

HE:HO(L,...,L)

where H is the usual height on Q%™. It follows from the general ‘functoriality’ properties of
heights of §4.2 that

Hrpop< Hy on W(Q).
Explicitly, for some a,b € Rsg we have
p{W e W(Q) : Hw(w) <T}) C{e€ E™: Hg(e) <a+T"}.
We apply [Pil09, Theorem 1.7] and obtain
(Z~ Z*%8) np({w € W(Q) : Hw(w) < T})|
<|(Z~Z™)n{ee E™: Hp(e) < a+ T} =1°W, O
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Appendix A. Exponentials of p-adic matrices

In this appendix we fix a prime p, an integer d € Z>1, and denote by My(Q)) the space of square
matrices of size d with entries in Q,. For Z € M4(Q)) we denote by xz(T") = det(T'Z — 1) € Q,[T]
its characteristic polynomial. Let | | be the normalised absolute value on Q,, extended to @: we
have |p| = 1/p and |1/d| < d for d € Z>;. We denote the norm of Z, and the local height of Z by

1Z]| = max |Z;;| and Hp(Z) =max{1;||Z|[} = Hp(1+ 2).
1<ij<d

We define, whenever the corresponding series converges in My(Q)),

exp(Z) = Z %-Z” and log(l1+2)=— Z (_:L)H.Z".

nGZZO ) nEZZl

It is well known (see [Rob00, Ch. 5. §4.1]) that, on C,, the series exp(T") has radius of convergence
Ip|"/®=1) and the series log(1 + 7T has radius of convergence 1. It is also true that exp(Z),
respectively, log(1 + Z) converges if and only if the eigenvalues of Z are in the open disc of
convergence of exp(T') respectively, log(1 4+ T'). (For the archimedean case, see [Hig08, §1|. The
relevant arguments carry over to ultrametric fields.)

PROPOSITION A.1. Let Y € M4(Q),) be such that log(1 +Y') converges. Then

xv (T) € T + pZ,[T). (A.1)
Let Y € My(Q,) be such that

xy (T) € T + pZ,[T). (A.2)
Then log(1 +Y') converges and we have:
— in general,

log(1 +Y)|| < d- Hy(Y)"; (A-3)

— and for p > d, the sharper estimate

Nog(1 + )| < Hp(Y)* . (A.4)

We deal with the first conclusion (A.1).

Proof. Let A1,...,Aq be the eigenvalues of Y, with repetitions. As can be seen on a Jordan
form after passing to C,, the series log(1 4+ Y") converges if and only if every log(A1),...,log(Aq)
converges. As the radius of convergence of log(1 + T) is 1, this means
Vie{l;...;d}, [N <1 (A.5)
Let K =Qp(A1,...,Aq), let O be its ring of integers, and mg be the maximal ideal of Og.
Then (A.5) means
{Mies A} Cme

We deduce that the non-leading coefficients of

d
v (T) =]@-N)
i=1
are in mg. We recall that Q, Nmg = pZ, and xy (1) € Q,[T]. We conclude that
xv(T) € QpTTN (T + mg - O[T]) =T+ p - Z,[T). O
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We have proved (A.1) and before proving the rest of Proposition A.1, we prove an estimate
on ||Y"| for n € Z>o.

Proof. We consider
A=y +2p- Y+ +7, YL
By hypothesis, we have xy (T) = co + - + cq—1T9 1 + T¢ with cg,...,cq_1 € pZp. Let us first
check that
YACA (A.6)

on a generating family: for 0 <i < d — 1 we have Y - Y? € A by construction; for i = d — 1 the
identity xy (Y) = 0 can be rearranged into

Y= —co+-—cq 1Y € pA. (A7)
Repeated use of (A.6) implies that, for i € Z>0, we have Y?A C A. We deduce YipA C pA. But
Ye e pAby (A7), hence Y- Y =Y?.Y9c pA. Appliedtoi =0,...,d — 1 it implies Y?A C pA
and by induction (Y4)*A C p*A. We deduce again that Y- (Y4)* € p*A. Writing n =k -d +1
with k = [n/d], we get the formula
Y™ e pi/d 4
and the bound
Y™ < [p["/ - | Al where [|A]| := max|al]. (A.8)
Using the ultrametric inequality || X + Z|| < max{||X||; [|Z|} and submultiplicativity || X x Z|| <
| X|| - [|Z]| of the norm, we get
Al < max{[YO;. s (Y} < max{Ls. . [V )97 = Hy (V)T (A.9)
O
We apply our estimate to the series log(1 4+ 7T') and finish the proof of Proposition A.1.

Proof. For the series log(1 +Y") the above (A.8) and (A.9) imply the bound

< |5l g

We note that lim,_..|1/n| - ]p|["/d] = 0 which implies that log(1 +Y’) converges, and that

1 1
il n/dl | _ = | |pllld=1)/d] _ | _~ |
nrél%fl Il d—l‘ Pl ’d—l
By the ultrametric inequality and previous estimates,
_1)n
log(14+Y) < sup =t Y| < ” - H, (V)41 (A.10)
neZZl n d - 1

As we used the normalised p-adic norm, we have |1/(d—1)| <d—1<d in general, and
|1/(d—1)] =1if p > d. This gives (A.3) and (A.4), respectively. O

The main statement of this appendix will require the following observation.

LEMMA A.2. Let Z € My(Q,) be such that exp(Z) converges and let us write exp(Z) =1+Y.
Then log(1 +Y') converges and

log(1+Y)=Z.
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Proof. For d =1, it is [Rob00, § 5, Proposition 3].
For d > 1, it is [Rob00, §6.1.1] applied to (9/9Y)*log(1 +Y) o exp. O
The following statement is one of our main tools for proving lower bounds for Galois orbits.

THEOREM A.3 (Lemma of the exponentials). Let X € My(Q,) be such that exp(X) converges
and denote by exp(X)Z the subgroup generated by exp(X) in GLq(Q)).
Then:

— in general, we have
exp(X)? : exp(X)® N GLu(Z,)] > Hy(X)/d: (A.11)
— if p > d, we have more sharply
lexp(X)? : exp(X)? N GL4(Zp)] > Hy(X). (A.12)

Proof. For every i € Z, we know that if exp(X) converge, then exp(iX) converges as well, and
we have

exp(iX) = exp(X)".
By Lemma A.2, with Y; = exp(i - X) — 1, we have convergence and identity
log(1+Y;) =1i-X.
Proposition A.1 gives
i - X || = [llog(1 + Yi)|| < d- Hp(1 +Y;)* (A.13)
and, if d < p,
i - X || = [llog(1 + Y3)|| < Hy(1 +Y;)*. (A.14)
Assume that
i = [exp(X)Z : exp(X)% N GL4(Zy)] < +o0.
Then H,(1+Y;) = Hy(exp(X)!) = 1, and (A.13), respectively, (A.14), specialises to
li| - || X|| <d, respectively, |i] -|X] < 1.

Recall that |i] < 1/i as we use the normalised p-adic absolute value. The conclusions (A.11),
respectively, (A.12), follow. O

We finish with a sufficient criterion for exp(X) to converge.
THEOREM A.4. Let X be a matrix in My(Q,) and b € Z>1 be such that
xx(T) € T+ p*Z,[T] and d < k(p—1).
Then exp(X) converges.

Proof. By the usual criterion, it is sufficient to prove that every eigenvalue A of X is in the open
disc of convergence for exp(T). This amounts to proving the inequality |A| < |p|/®=1).

For any eigenvalue A of X, we have yx(\) = 0, hence ¢ € p*Z,[\] by assumption. It follows
IN? < |p|¥, that is [A| < [p|*/¢. Using the inequality d < k(p — 1), it implies [\ < |p|¥/®=D. O

Appendix B. Heights bounds for adelic orbits of linear groups

Our bound on p-adic exponentials is combined with structure theory of linear algebraic groups
to obtain the following general lower bound. It is applied to Galois orbits in §6.
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THEOREM B.1. Let M < GL(N) be a linear algebraic subgroup defined over Q, denote by ¢y :
M — GL(N) the identity morphism and W the G L(N)-conjugacy class of ¢y. We define
M(Z) = M(Af)NGL(N,Z) and my;=m®A;Ngl(N,Z).
We consider the standard Weil A ¢-height function, see (17),
Hy: Hom(m® Ays,gl(N) ® Ay) — Z>q

given by Hy(®) = min{n € Z>; : n®(mz) C gl(N, Z)}.
There exists ¢ = c(¢o) € Rsq such that, as ¢ ranges through W (Ay), we have

(BOID) 5 §(OI(2) N CLNZ)) = —r s - Hydo), (B.1)

where w(n) counts the number of prime factors of n.

The proof of Theorem B.1 will start in Appendix B.1. We deduce from Theorem B.1 the
following.

COROLLARY B.2. We have
[6(M(Z)) : ¢(M(Z)) N GL(N,Z)] > Hy(dp)' W, (B.2)

and, if M is reductive and connected and v : W — A? is an affine embedding, then, as ¢ ranges
through W(Ay),

H,;(¢) ~ Hy(dg) < [6(M(Z)) : $(M(Z)) N GL(N, Z)]. (B.3)
Furthermore, for every ® € Hom(m ® Ay, gl(N) ® Ay), we have
Vm e M(Z), g € G(Z),Hf(go ®om) = Hy(®). (B.4)

Proof of Corollary B.2. One passes from (B.1) to (B.2) by recalling the known estimate
(see [HWT9, 22.10])
) < pllog(e2)]-(1+o(1))/(loglogn)) _ 1yo(1)

As for (B.3), we know that W is affine as M is reductive, and ¢ — d¢ is an affine embedding
because M is connected. Lastly, two heights functions on W are polynomially equivalent, so we
may replace Hyy, ¢(¢) by Hy(d¢$) and this follows from (B.2).

The identity in (B.4) follows from the observations

m-ms; =ms, and ¢! gl(N,Z) = gl(N,Z)
and the defining property we provided: we have n - g - ®(mms) C gl(N, Z) if and only if
n®(ms) = nd(mms) C g~ 'gl(N,Z) = gl(N, Z). O
The combination of Theorem C.1 (C.1) with (B.3) gives the following.

THEOREM B.3. Let M < GL(N) be a connected reductive linear algebraic subgroup defined
over Q, denote ¢y : M — GL(N) the identity morphism and W the GL(N)-conjugacy class of
¢0, and let v : W — A% be an affine embedding. Then, as ¢ ranges through W(Ay),

H,5(¢) ~ Hy(do) ~ [¢(M(Z)) : (M(Z)) N GL(N, Z)). (B.5)

B.1 Proof of Theorem B.1
The global theorem B.1 will follow directly from (B.6) in the analogous local theorem below.
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THEOREM B.4. We keep M, ¢o, W, and Hy as in Theorem B.1.

For every prime p, let H, : Hom(m ® A, gl(N) ® Ay) — Z>1 be given by Hp(®) = min{p* €
pP=1: pF®(myg,) C gl(N, Zy)}.

There exists ¢ = c¢(¢o) € R such that, for every prime p, and every ¢ € W(Q,),

60 (Z,)) : 6(M(Z,) NGL(N, 2,) > 2107) (B.)

and if mz,, is generated over Z;, by nilpotent elements and p > N,
[0(M(Zp)) : p(M(Zp)) N GL(N, Zp)] > Hp(dp). (B.7)
Here is how to deduce Theorem B.1 from Theorem B.4.

Proof. Let us multiply the inequalities (B.6) for the w(Hf(d¢)) primes dividing H¢(d¢) with the
trivial inequalities

[(¢(M(Zp)) : ¢(M(Zp)) N GL(N, Zy)] = 1
for all the other primes. Then one can identify the product on both sides with the corresponding
sides of (B.1). O

Theorem B.4 will follow from different cases gathered in Theorem B.5.

THEOREM B.5. We keep the notation from Theorem B.4. For every prime p, let K, := GL(N, Zy)
and, for any U < G(Qy), let [U], := [U : U N K,]. We write N* = lem(1,..., N) so that |1/N*|, =
pleeeM™l and |N*|, =1 if p > N.

(i) For every prime p we have exp(2pmgz,) < M(Z,) and

(B(exp(2pmz, Dy > 2Nl Hyldd) = 5 (o). (B3)

(ii) Assume that M is unipotent or more generally that mz, is generated over Z, by nilpotent
elements, then

[¢(M(Zp))]p = |N|p - Hp(d). (B.9)
(iii) Assume that M is an algebraic torus. There is co = ca(¢o) € R such that for every prime
p, and every ¢ € W(Qp),
(M (Zyp)) p

if Hy(de) 7 1 then | Bom, ) - (M T N Ky | = 2 (B.10)

We deduce Theorem B.4 from Theorem B.5.

Proof. The bound (B.7) follows from (B.9), and the observation that |[N*|, = pllo&»(V)] = 30 — 1
for p > N.

Let U be the unipotent radical of M? and L be a reductive Levi subgroup of M so that
we have the Levi decomposition m = u + [. By the principle of Appendix B.1.1 we may assume
M=UorM=0L.

In the first case M = U, one deduces (B.6), with ¢ = N* > |1/N*|,, from (B.9).

In the second case, M = L is reductive, and thus generated by algebraic tori. By the principle
of Appendix B.1.1 we may assume that M is a torus.

Let us mention a simpler argument giving the following weaker conclusion, which is sufficient
for the purpose of this article:

Hy(dg)'/?

[#(M(Zy)) : H(M(Zp)) N GL(N, Z,)] 2 ==

(B.11)
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Proof. We know that H,(d¢) is a power p* of p. For k =0, we may take ¢ =1. For k =1 we
deduce from conclusion (iii) of Theorem B.5 that!®

[6(M(Zyp))]p = p/c2 = Hp(dp)/ca. (B.12)
For k > 2, we have Hy,(d¢)/p > /Hp(d¢p) and we take co = 2N and use (B.8). O

We now explain how to improve upon the exponent 1/2.

We suppose that p is large enough, that p # 2, and that the reduction Tf, of the torus T' = M
is a torus over F,. Then T, (F) is diagonalisable over F, and its elements have order prime to
p and, thus, the order |T§,(Fp)| is prime to p.

From the exact sequence

exp

0—p-tz, — T(Zp) — TF, (Fp)

we deduce that U, := exp(ptz,) < T(Z,) is a topological p-group and T'(Z,)/U, — T(FF,) has
order prime to p.
For any open subgroup H < T(Z,), we have

T(Z,) : Hl = [T(Zy) : U, - H) - [U,H : U, N HJ. (B.13)
We now choose H defined by ¢(H) = K, N ¢(T(Z,)). We have
[T(Zy) - H] = [T(Zp)lp, [Up: UpNH] = [Up]p (B.14)
and
U H — ¢(T(Zy))
kit nra (1

Substituting (B.14) and (B.15) in (B.13) yields

_ . ¢(T(Zyp))
T = | s | 10
We now use (B.13) and (B.8) and (B.10) from Theorem B.5 and conclude
1@y > g Holdd) - = S (d0). 0

We now prove Theorem B.5.

Proof of conclusion (i). Assume for now the claim that exp converges on 2pmz, and U :=
exp(2pmz,) < M(Zyp). Let X1,..., X be generators of mz,, then

Hy,(d¢) = max{Hp(d¢X1);...; Hy(dpXy)}. (B.17)
As U; := exp(2pX;)%? < U for every i € {1;...;k} we have
[2(U)]p = |0(U) - Kp/Kp| = |9(Us) - Kp/Kyp| = [¢(Ui)]p,
and, thus,
[(#(U)] > max [exp(2p - d(Xi))"]p. (B.18)

EARA)

According to Theorem A.3 for X = 2p - d¢(X;) we have
[exp(2pde (X:) )y > [N*|p - Hy(2p - db(X)). (B.19)

'8 The bound (B.12) is from [EY03, Proposition 4.3.9].
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We remark
Hy(2p - d¢(X;)) = max{1; [|2p - dp(X;)||}
> |2plp - max{1; [|do(X:)||} = [2plp - [|do(Xa) |- (B.20)
Substituting (B.20) into (B.19) and (B.19) into (B.18), we get
[6(Up)lp 2 [2pN7|, - max Hy(dp(Xi)) = 2PN, - Hy(do).
We now recall why, for 2pX € 2pmgz,, the series exp(2pX) converges and exp(2pX) € M (Z,) for
2pX € mezp.

Proof. We remark that exp(2pT) € Z,)[[T]] and recall that the p-adic radius of convergence
of exp(2pT) is 2-p/p/®=D > 1. For 2pX € 2pmz,, we have || X|| <1 and so exp(2pX) con-
verges. We have exp(2pX) € M(d,Z,) because exp(2pT’) € Z,[[X]] has Z, entries. Likewise, and
exp(2pX) ! = exp(—2pX) € M(d,Z,) and we conclude exp(2pX) € GL(N,Z,). O

Conclusion (i) has been proved. O

Proof of conclusion (ii). Let X1,..., X}, be anilpotent basis of mz,. Then the d¢(X1), ..., dp(Xy)
generate d¢(mgz,) and there exists an i € {1;...;k} such that H,(d¢) = H,(dp(X;)). Because X;
is nilpotent, we have

1

eXp(N*'Xi):1+N*‘Xi+"'+m

and, thus, exp(N* - X;) € M(Z,).
Thus,

[6(M(Zp))]p = [dexp(N* - X;))7]p-
Finally, by (A.11), we have
[p(exp(N™ - Xy - Zy))]p 2 Hp(dd(N™ - X;))/N.
Because H,(dp(N* - X;)) and [p(exp(N* - X; - Z,))], are powers of p, we actually have
[p(exp(N™ - Xi - Zyp))lp = |N1p - Hp(dp(d” - Xi)) = [N*|,, - Hp(do). O

Conclusion (iii) is due to [EY03] and we detail how their formulation [EY03, Proposition 4.3.9]
relates to ours.

Proof of conclusion (iii). We can discard finitely many primes and assume p is big enough so
that [EY03, Proposition 4.3.9] and its proof applies.
We first note that, in the matrix algebra M (N, Q), the subalgebra Q[T'(Q)] contains t.

Proof. The inclusion of vector spaces can be checked after passing to R/Q. We know that
R[T(Q)] = R[T'(R)]

because, by weak approximation, 7'(Q) is dense in T'(R). Let ¢ be a sufficiently small element in
t® R, so that log(exp(t)) converges and log(exp(t)) =t¢. Then t € Rlexp(t)], as is seen using
Jordan forms, and exp(t) € T(R). Because t ® R admits a basis of such elements, we can conclude.

O
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We can choose t1,...,t; in Q[T(Q)] so that
tCt-Q4---+1t-Q

and, thus, ¢1 -Z + --- 4+t - Z contains a lattice of t. It will hence contain n - (tNgl(NV,Z)) for
some commensurability index n € Zx>1.

As we discard finitely many primes p, we may assume that p do not divide the denominators
of the ¢; and do not divide n. We will then have

t1,...,lk € T(Z(p))
and
tz, =tN g[(N,Z(p)) Ct -Z(p) + ety Z(p), (B.21)

and, applying Rz, Zyp, we may replace Z, by Zy.
Let ¢ € W(Qy). Using Theorem 2.11, we can write

¢ = gpog "

for some g € GL(N,Q,). We assume Hp(d¢) # 1, that is

gtz,97 " ¢ 9l(N, Zy),
and, by (B.21), there is at least one i € {1;...;k} such that

gtig™" ¢ gl(N, Zyp).
Equivalently, gt;g~! ¢ GL(N,Z,), which also means

ti - gZ% # g7,
As t; € T(Zyp), this implies, in the sense of [EY03, Proposition 4.3.9] (for Wz, = gZ2),
‘Tz, does not fix {Wz,}".

Looking into the proof of [EY03, Proposition 4.3.9] we note that their lower bound is given by
a lower bound of some orbit of T'(F,), thus, in (B.12), there exists n € Z>1 such that n divides
|T(Fp)| and

[9(T(Zp))lp = n = p/e.

In the factorisation (B.16) the first factor in the right-hand side is a power of p and prime to
n. Thus the inequality [¢(T'(Zp))], > n comes from the second factor, i.e. we have inequality of
conclusion (iii). O

B.1.1 Subgroup principle. The following elementary lemmas were useful in passing to
subgroups in the proofs of Theorems B.1, B.4 and B.5. Proofs are left to the reader.

LEMMA B.6 (Global subgroup principle). Let My, ..., My < M < GL(N) be algebraic groups
over Q such that my +---+ my = m.

(i) Then
A:=mNgl(N,Z)+---+mpNgl(N,Z) <mnNgl(N,Z) (B.22a)
and the index
c=[mnNgl(N,Z) : Al (B.22D)
is finite. For every prime p, we have

ARZy=m @Q,Ngl(N,Zp) +---+my ®Q,Ngl(N,Zp,) <m®Q,Ngl(N,Z,) (B.22c)
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and

[m @ QpNal(N,Zp) : A®Zy] = [1/c|p (B.22d)

with |1/¢c|, < ¢ and |1/¢|, =1 if ged(c,p) = 1.
(ii) Assume, moreover, that for some morphism ¢ : M — GL(d) defined over Q, we have

BOGE) s 6(M(E) NG, ) > ZL2. (B.220
Then we have, with ¢ = n - max{cy;...;cx},
6O (E) - (0 (3)) N GL(d, D)) > 710, (B.221)

LEMMA B.7 (Local subgroup principle). Let p be a prime and My, ..., My < M < GL(N) be
algebraic groups over Q.

(i) Then

[(M(Zp)]p > ie?llﬁfk}[Mi(Zp)}p- (B.23a)

(ii) Assume that my + --- 4 my = m, then the index
mz, : Al =n (B.23b)
is a finite power of p.

(iii) With n as above, for any Q) linear map ® : m — gl(d, Q,), we have

1
ng(CI)) < ie?llﬁ)jk} Hp(Pm,) < Hy(P). (B.23¢c)

(iv) Assume, moreover, for some morphism ¢ : M — GL(N) defined over Q, that we
have (B.23¢) for ® = d¢ and that

1
Vie{l;...;k}, [Mi(Zy)], > o H,(d¢). (B.23d)
Then we have, with ¢ = n - max{ci;...;ck},
1
[M(Zyp)p] = P Hy(do). (B.23e)

Appendix C. Upper bound on Adelic orbits

In this appendix, we prove upper bounds on adelic orbits. Combined with Proposition 3.6 this
implies corresponding upper bounds on Galois orbits. This is not used in the proof of our main
result but we believe can be useful in other contexts.

THEOREM C.1. Let M < G be reductive groups over Q, K < G(Af) be a compact open
subgroup, and Ky < K N M(Ay) be a compact subgroup.

Let ¢y : M — G be the inclusion monomorphism, and W = G - ¢y be the conjugacy class of
¢o, as an algebraic variety.

Let v : W < AN be an affine embedding, and let Hy¢ be as defined in (17). Then we have, as
¢ describes W (Ay),

[¢(Knr) : ¢(Kn) N K] < H, 5 (). (C.1)
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We prove a more precise version. Let p : G <— GL(d) be a faithful representation and let us
identify G with p(G). In the associative algebra End(Q?), we denote the subalgebras linearly
generated by M (Q) and G(Q) by

By:= » Q-m and Bg:= » Qg

meM(Q) 9€G(Q)

Let @y : Byy — Bg denote the inclusion. We have M (Q) C By, G(Q) C Bg, and ¢ : M(Q) —
G(Q) is the restriction of ®.
For every field extension L/Q, and ¢ = g-¢o - g~ € W(L), with g € G(L), the map

By=g - ® g ':Bu®L—Bs®L

is a L-linear extension of ¢ to Bj; ® L, and is the unique L-linear extension.

We choose linear bases of By and Bg generating By N End(Z9) and Bg N End(Z?), respec-
tively, and we consider the corresponding isomorphism Hom(B);, Bg) ~ Qdim(Bm)-dim(Ba)  Then
¢ — By induces an affine embedding ¢, : W — Hom(By, Bg) ~ QIm(Ba)-dim(Be),

THEOREM C.2. Define G(Z) := G(As) NGL(d,Z) and M(Z) := M(A;) N GL(d,Z). Then, for
every ¢ € W(Ay), we have

[D(M(Z)) : ¢(M(Z)) N G(Z)] < H,, 1(¢)*".

We note that if G is of adjoint type, we can use the adjoint representation and pick
d = dim(Q).
Let us prove Theorem C.2.

Proof. We endow Hom(By; ® Qp, B¢ ® Qp) with the norm
|®[| = min{p" € p” : Vm € By ® QN End(ZY), p* - ®(m) € Be ® Q, NEnd(ZY)}.  (C.2)

We note that H,, ,(¢) = max{1; || Bgl}.
It suffices to prove that, for every prime p, and ¢ € W(Q)), we have

($(M(Zy)) : 6(M(Z,)) N G(Z,)] < || By 5. (C3)
Let us write || By||, = p*. Then, in the notation of Lemma C.3, we have
$(M(Zp)) C S(d, p,p").
Thus, (C.3) follows from (C.4). O
We deduce Theorem C.1 from Theorem C.2.
Proof. The assumptions imply the finiteness of
Cor = (K« Koy 0 M(Z)) = [¢(Kur) = ¢(Kar) N $(M(Z))]

and
Cq = [G(Z) : KN G(Z)).

We have
[6(Knr) : 9(Kar) VK] < Car - Ca - [p(M(Z)) : $(M(Z)) N G(Z)).

By Proposition 4.1, we have Hy ~ H,, ;. Using (C.2), we conclude
2
[G(Kn) : ¢(Kar) N K] < O - Ca - H,, (07 ~ Hy(9). O
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LEMMA C.3. Let p be a prime, d be in Z>q, and k be in Z>q.
Define S(d,p,p*) = {b € End(Q%) : ||b]| < p*,det(b) € ZX}.
Then S(d,p,p*) = S(d,p,p"*) - GL(d, Zp) and

#5(d,p,p*)/GL(d, Zp) < (p*)*F. (C.4)

Proof. We endow End((@g) with the additive Haar measure p normalised by wu(B(1)) =1,
where B(p*), for k € Z>1 is the ball of radius p*. One knows that the Haar measure satisfies
(g - A) = |det(g)] - p(A).

For A= B(1) and g = p” - Id this yields

2

u(S(d,p,p")) < u(BEY) = ()"
For b € GL(N,Qp) such that det(b) € Z; this yields

u(b- GL(4,Z,)) = p(GL(d, Z,)) (©5)
One can also check
d
#GL d F
1
>1[1- - >025>1/p% .
_H 5 2 0.25>1/p (C.6)
The norm multiplicativity ||b- g|| = ||b]| - ||g|| implies the right invariance
S(d,p,p") = S(d,p,p") - GL(d, Z,). (C.7)

Equivalently, we can write
S(d,p,p*) = b1 - GL(d,Z,) U+ Ub. - GL(d, Zy),

with ¢ = #S(d, p,p*)/GL(d, Zy).
Using (C.5), we deduce

#5(d, p,p")/GL(d, Zy) = p(S(d, p, "))/ n(GL(d, Zp)).
Assume k = 0. Then (C.4) follows from
S(d,p,p*) = GL(d, Z,) and #S(d, p,p*)/GL(d, Z,) = 1 < 1+©.
We may now assume k > 1. Then (C.4) follows from

#8(d, p,p") /GL(d, Z,) < p* - (P)F) < (pF)2H . O
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