Some theorems on absolute Cesaro summability
By J. M. Hysrop.
(Received 30th June, 1939. Read 3rd November, 1939.)

1. It is convenient to begin with a brief statement of the nota-
tion which will be used throughout this paper. '

Let k be any positive number and let
n !
S%) = Z A;lk-)—v av!
v=0

where A% is the coefficient of z"* in the formal expansion of
(1 — z)~*—1, and let

k) — k k k) — plk k
o = SP/AY, o = o — o,

Then the series X a, is said to be summable (C, k) if Za® is con-
vergent, that is, if ¢ tends to a limit, and absolutely summable
(C, k), or summable | C, k|, if ZaP is absolutely convergent.

The symbols S ¢® . a denote respectively the values of
S®, ¢® and a® for the series Znfa,. Whenever p and p occur it is

to be assumed that p is a positive integer and that 0 <p < 1.

2. This paper may be regarded from one point of view as a
continuation of a paper! of mine which appeared recently in these
Proceedings. In that paper it was shown that the two conditions

(1) P =s+o0(n?),
(2) T nf a, is summable (C, p),
were closely connected. When p =1 they are equivalent and when

0 <p<1 the first is slightly more general than the second. For
absolute summability we naturally expect the analogues of (1) and

(2) to be
(4) S|An{cP — s} < o,
(5) X nfa, is summable | C, p|.

1J. M. Hyslop, Proc. Edinburgh Math. Sgc. (2), 5 (1938), 182-201.
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I do not propose to discuss here whether or not the theorems of my
former paper carry over without material alteration to the absolute
summability case, but am concerned with another condition allied to
(4) and (5), namely

(6) Iw|aP| < oo,
It will be shown in fact that (5) and (6) are equivalent for 0 <p <1
and that modifications are necessary in the case p = 1.

Dr Bosanquet, to whom I communicated this result, has pointed
out that its analogue for ordinary summability, at any rate in the
case 0 <p<1, can be deduced from a theorem of Andersen!, the
analogue of (6) being of course

(3) Znw aP is convergent.
3. Several lemmas will be required for the proofs of the main
theorems.
Lemma 1. If k> 0 we have
8P =(k +n+1)8¥ — (k4 1)8E+D,
This result is well known and easy to prove.
Lemma 2. We have? formally, for k> 0,
§ n AP a® an = (1 — x)~k E na, x*.
n=1 n=0

Lemma 3. If ris any real number and p is a positive integer?

n

Y4
T AP, A2V = % (1’ AGFITD At
" koS 0 Q) i

n—p—q
v=p g=
where

Aq€u=€“_<? )€#+1+< 3)€M+2---- + (= 1) eutq

LeEMMA 4. If 0= o<k + 1 and if Zn”|al)| is convergent then so also
ts T n?|ak+d|, for every & > 0.

This lemma reduces simply to the theorem of consistency for
absolute Cesaro summability in the case when ¢ = 0.

1 A. F. Andersen, Proc. London Math. Soc. (2), 27 (1928), 39-71.
2 E. Kogbetlianbz, Bull. des Sciences Math. (2), 49 (1925), 234-256.

3See A. F. Andersen, Studier over Cesaro’s Summabilitetsmetode (Copenhagen, 1921),
42, and J. M. Hyslop, loc. cit., 187.
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We have, from Lemma 2,
n
nAE+ gk+8 - 21 AP=D 4B g®

whence?, taking & < 1, as we obviously may,

I M8

=24 n
T (n+ l)a—k—s—ll 3 AS:J)VAik)aSk)l
=1 v=1

n?laf*V < 4
1 n

n

<A 3 i+ [al®] 3 (4 1)e=k=3-1(np —yp 4 1)~}

1 n=y

0 @«
<4 X v"+1|a,(,")|j a7 k=81 (g — )1

v=1 v

<4 I v |af [ y Ty — 1)ty
=1 71

< 4.

4. We proceed now to obtain the equivalence theorem.

TrEOoREM 1. If the series Zw*|alP| is convergent then the series

Z nfa, is summable |C, p

From Lemma 2 we have

n
ndAPaP, = T AP wiq,
v=1
“ Doy 1
= 2 AP T A2 pgP @
v=1 p=1
- (p) ,( o 1)
- —p-1
—#21 pAP aP T e 470 40727
= vep
= K, + Ky,
where
n n
Ei= I pdPd? 3 0 AP0 g2
p=n—p-+1 v=g

n—p n
By= S pdAP P T v APV 42270,
u=1 v=p
Clearly £ n~?-1| E,|is convergent and we have to prove that the
same is true of E,.

1 Here as elsewhere A is independent of the variables under consideration and has
not necessarily the same value each time it occurs.
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By Lemma 3 we may write

n—p P
Ey= % pd? o 20( . )A‘”_,}’ A9

w=1 g=

P\p
q=0<9> v

F — E #A(p) (p)A(q

M

where

P
n—p=— qu“‘

Now Fy = 0 since Aﬁf_ﬁf = 0. Using the inequality
Ay < Apr—1
we obtain, forqg =1, 2, .. .., p,

Z n—P— I'FI<A E n—pP- lzp_p+1+p q(n_#_q+ 1)~ 1la(p)|

n=p+1 n=p+1 p=

<A %X prtite—aq®) ) =Pl (n —p—q 4 1)2-?

w=1 n=p+p
L ]
<A X pptlte=q P B p-pte-2
r=1 n=p+p
5 ()
<4 Z K lay, I
n=1
< A,

The theorem is therefore proved and we turn now to the
converse,

TaEOREM 2. If the series Znfa, 18 summable |C, p| then the series
Znf|a®?| is convergent.
As in the proof of the previous theorem we may write
nA(p) (zz) E + E,,
where
n n
E,= X pA(”) a® 3 A("zz_—yl) A(:p—l)v—p’
R, » n,py=u v—p
n—p n
Bo= 'S pdP ol £ 4D Ay
H= v=
Clearly Zn*~?-1| E,| is convergent and we must prove that this
is also true of ..
By Lemma 3 we may write

=z< )F,,,
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where

n—p
® () -1) -
F, = leAf af, 48D AT e,

= =
Now Fy=0and, forg=1,2, ...., p,

@0 -] N
T w Pl F, <A T pptir=a/g® T pe-r-l(p_pu—g 4 1)1
n=p+1 n=1 n=p+p

20 N
1—-p— () —p—2

<A Z ,Lp+ P Qla#’P Z neta—p

=1 n=p+p

- (p)
<A % |a”

u=1
< 4.

The theorem is therefore proved and the equivalence of (5) and
(6) is established.

5. We now consider the case p = 1 of the preceding theorems.
THEOREM 3. If the sertes Zn|alP| is convergent then the series
Z na, is summable |C, p|.

This may be obtained simply by putting p == 1 in the proof of
Theorem 1. The theorem, however, is true not merely when p is a
positive integer but also when p is any positive number, as the
following simple argument shows.

We have

n
ly,A;f’) aff’) S vAPSD Af,—_':ﬂ_l)
v=p

I Mas

nAg?) a:;f)l =
m

I

I M=

n
-1 ~-p-1
l;aAif” a®P T {n—(n—v)} AP 4270
v=j4

n=

n n—1 n—1
- (») —p—1
=73 pdPaP AT —p T pdP a® T 4P, 427D
m=1 1 v=pu
n—1 ) ©
=n2 AP a¥ —p 21 pdAPa® 4D,
o=
n—1
— n2 Aﬁf” aﬁf” —p ZIIJ'A:?) aip)_
o=
Hence
a0 a0 PO ) 0
S |aP <4 = n|laP|4+4 2 pdD |  n-rt
2 n=2 u=2 n=p

n=

< A.
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THEOREM 4. If the series Z na, is summable | C, p| then

S tmg@ _ P

T |nad — = P
n= n

18 convergent.

As in the proof of Theorem 2 we have

n n
nA;p) an) — ¥ “Ailp) ag:)l N A(np_—vl) AS,__’:“I) v

p= ﬂ—p+1 V=M~

( >F + 2 #A(p) (an) A(Z’:#UpAp’u—

where
qu._ 21 #A(m (p) A(q_[}\ qu w-
Now
E A_f’) z p.A“’)a(p) 2 A(p—l) A( 7» 1)V—x\<A Z Ia(p)
n=p+l Ap’ p=n—-p+1 =p
<A.

Also F0=0and forg=1,2,....,p—1,

z A(m | 7, |<4 Z ey L nP(n—p— g+ 1)
n=pH n=u+p

a
<A S @] 3 ge-r,

n=1 n=p+p
<4 2 [a””)
<A.
It follows that
- w_ ST ey ) A
i §+1 nay — —my T AT, a0 pdP AT} < o,
- (S
and, since
pAP AP p=1 = 1,
we obtain
o | (D) 1 =D ) '
”E‘ Mo = AW EIA nepou @1 < 0.
Now

5 LS 400 qo-0 »)
{47 — A5, ) a)f
n=p+1 A;p) |F=1 n—p u}

o n—p
<A 3T n-r EZ (n—p+1)P-2pu|a? ]

7B
n=p

<4 z pia®| £ ar(n—p 4 1)-

= n=p+p

<A T 1dP) <4,
o1

8
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and it therefore follows that

@ AP-D n-p :

S |na® — 2B 5 o) <o,
- A®@ s, 1,

n=p n u=1

that is,

n Ms

nalP — “’ () &, — 5 ‘P)]' )
+0 J n= n-p+1 'II =

Since ¢, tends to a finite limit as n — o it is clear that the
series

n

< @ | = 5 @)
- -2
S a2l ], $nv2 5 o)
n=p n=p w=n—-p+1
are convergent. Moreover
<] n
Ta"l I e < E lalP | Z n-l< A.
n=p p=n—p+1 =1 n=p

The theorem is therefore proved.

The theorem shows that, when the series X na, is summable
|C,p| to a non-zero sum, the series Ln|a| is always divergent.
When the sum of the series X na, is zero the convergence or divergence
of Zn|a?| depends on the convergence or divergence of the series
Zn~t|cfP|. That either alternative may occur is easily seen by

considering the example
ag=a, =0,

n
a,=n"1Z A2 AP (logv)—, (n= 2).
v=2
For this series

e = (logn)™*, (n= 2).
When a = 1,
a;’y = O {n=" (logn)~3,

so that the series X na, is summable |C, p| to the sum zero and
Sn~1cP | is divergent. When a =2,
a®; = 0 {n=" (logn)~3},

so that the series X na, is again summable |C, p| to the sum zero but
Zn~1|cP, | is convergent.

6. We conclude by proving a theorem which is rather more
precise than Theorem 4. For the proof we require two lemmas.
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LeMma 5. If the series X na, is summable |C,p! then
s | na?+» — ptA PN < o,
n=1 n "‘

where X is zero or any positive integer.
This is an immediate corollary from Theorem 4 and the consistency

theorem for absolute Cesaro summability.
LevmMa 6. If k> 0 we have
ad _ cgt.)l
E+n (k+n)k+n+1)
From Lemma 1 we have

k k+1
= qP — b+,

k (k)
S,‘,_)l — Sn L— (k4 1) {a® — g+
E+1 k+1 n n
A;+ ) An—l)
whence

((3) k)
(k+1D _ Cn, 1 _tn-11

k) __
n n k+n+1 k+n

= %1 (k) { 1 _1__} .
E+n k+n+1 k+n
which yields the required result.
TEEOREM 5. Suppose that the series T na, ts summable |C, p|.
If the series Tn~1|cP,| is convergent then Zn|a®| is convergent for
k=p. If the series Sn='{cP\| is divergent then T n|a® | is divergent
for every value of k. :
The first part of the theorem has already been proved. We
proceed to prove the second part.
Suppose that Zn-![c® |=ow. Then, from Lemma 5, with
A =0, we have Zn|a®|=». From Lemma 6, we may write

@+ _ »n_ P (p)] {Q n ] (® _narf’)l
na,’ «{na,1  Cn 1 + po +(p+n)(p+n+1)f e prare

Now

, |

s m(p)_ﬁc(m (<, T a® | < oo

S T IR ARLS
while

(2 n ]IC(P)llzw-
1n pFmp+nt1f'™
1t follows that
Zn|a®P*tV| = o,
and from Lemma 5, with A = 1, we obtain

-1 1!___
Zn~ Pl = o,
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Repetition of the above argument then yields
Znafpt?| =,
and so on,

The theorem is therefore proved for any integral value of £ = p
and the proof for general k > 0 follows at once from this and Lemma 4.

7. It will be observed that in this paper no attempt has been
made to deal exhaustively with all the relations connecting condi-
tions (4), (5) and (6). Indeed (4) has merely been mentioned since
it seems to be the natural analogue of (1). I hope to discuss condi-
tion (4) in & later communication and also to obtain a complete set
of relations between the conditions in each of the two groups. It
has already been shown! that the groups themselves are to some
extent inter-related.

1J. M. Hyslop, Pyoc. Edinburgh Math. Soc. (2), 6 (1939), 51-56.
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