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Cyclic Vectors in Some Weighted L?
Spaces of Entire Functions

Kou Hei Izuchi

Abstract. In this paper, we generalize a result recently obtained by the author. We characterize the
cydlic vectors in LE(C, ¢). Let f € LE(C,¢) and fC be contained in the space. We show that f is
non-vanishing if and only if f is cyclic.

1 Introduction

Let D be the open unit disk of the complex plane C and T be the unit circle. We
denote the polynomial ring by C, and the space of all entire functions by Hol(C).
Let X be a complete semi-normed space of holomorphic functions on a domain {2
in C. For a subset E of X, let E be the closure of E in X. A function f is said to be
cyclic in X if f@ € X and fC = X. In the Hardy spaces H?(ID), it is well known
that a function is cyclic if and only if it is H? (ID)-outer [Gar]. Also in the Bergman
spaces LF(D) (0 < p < 00), it is known that a function is cyclic if and only if it
is LI (ID)-outer [HKZ]. The classical Fock space L%(C) is the space of all p-square
integrable entire functions on C, where

du(z) = e*#dA(z)/ZW

is the Gaussian measure on € and dA is the ordinary Lebesgue measure. See [CG] for
the study of the Fock space L2(CC). We have previously proved the following [Izu].

Theorem  Let h € Hol(C). Then the following are equivalent:

(i)  f is a nonvanishing function in L2(C).
(i) f =" whereh = az® + Bz + for a, 3,7 € Cwith |a| < 1.
(iii) f is cyclicin L2(C).

It is known that there are non-vanishing functions in H? (D) and LE (D) which are
not cyclic in the respective spaces [Gar, HKZ]. On the other hand, the situation is
quite different in L2(C). Brown and Shields [BS] posed the following question.

Question  Let () be a bounded region in C. Does there exist a polynomially dense
Banach space of analytic functions in which a function f is cyclic if and only if f(z) #
Oforallz e 2
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The above theorem is not the direct answer of this question, but it says that if
Q0 = G, then there exists a Banach space in which every non-vanishing function f is
cyclic.

In this paper, we consider the cyclic vectors in more generalized spaces, some
weighted L? spaces of entire functions.

Let 0 < p < 00, s > 0and o > 0. Throughout this paper, we put ¢(z) = %\Z|S.

The space LE (C, ¢) consists of those entire functions whose semi-norm

1]

1 oz 1/p
B(Co) = {g /(C |f(2)|Pe P )dA(Z)}

is finite. We study the cyclic vectors in L5 (C, ¢). The following is our main result.

Theorem 1.1 Let f be a function in LE(C, ¢) satisfying fC C LE(C, ¢). Then the

following are equivalent:

(i)  f is a non-vanishing function.

(ii) f = " where h(z) = Z,[(io axz” for ay € C, and in addition |ay| < % if sis an
integer.

(iii) f s cyclic in LE(C, ¢).

We know that every non-vanishing function in the classical Fock space L2((C) is
cyclic. In our case, we notice that it is not valid for some positive numbers, that is,
if s is not an integer or s = 1,2, 3,4, then L;(C, ¢) has the same property as the
one in Lﬁ((C), butifs =5,6,7,-- -, the situation is different. For example, although
f = er” is a non-vanishing function in L£(C, ¢), the function f does not satisfy
fC@ c LI(C, ¢). Clearly, this function f is not cyclic. But if we consider the non-
vanishing functions just satisfying fC C LJ(C, ¢), then the situation is similar.

We prove the theorem in Section 2.

2 Proof of the Main Theorem

Guo and Zheng [GZ] proved that if f € LI(C, ¢) satisfies fLE(C,$) C LE(C, ),
then f is a constant. So first we consider which non-vanishing function f € L5(C, ¢)
satisfies fC C L’ (C, ¢). To do this, we deal with another space 3"; which is studied
in [MMO]. The space is

55 = {f € Hl©: |[fIIf, = /C f@)[Pe "D p™ Ag dA(2) < oo,

where A¢ is the Laplacian of ¢ and p~!A¢ is a regular version of A¢. If p = 2, then
?3) is a Hilbert space with inner product

(f.8)3 = /(L f(2)g(2)e @ p 1A dA(2).

We denote the reproducing kernel of 3"; by K. The following lemma was proved by
Marco, Massaneda and Ortega-Cerda [MMO, Lemma 21].
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Lemma 2.1 There exists a positive number C such that for any A € C

CT1N < K < G,

Chen, Guo and Hou [CGH] proved the following.
Lemma 2.2
<f7 K/\>3‘(2)

lim —= =
Moo [[Kxll52

forany f € F.
By Lemma 2.1 and Lemma 2.2, we get the following.

Lemma 2.3 The following are equivalent:
() f € L5(C, ¢) is a non-vanishing function satisfying fC C L5(C, ¢).
(i) f(2) = '@ where h(z) = ,[io apZk and in addition as| < % if s is an integer.

Proof (i) = (ii): Suppose s is an integer. First, we consider when p = 2. Let e’ € 3";.

By Lemma 2.1,
h
' K .
‘<|1< |A>ffz| . j@e“ 40
Al
By Lemma 2.2, we get
lim e "™ = 0.
[A|—o0

Since |¢"™|<e% I\l for sufficient large |A|, we have Rh(\) < Z|A[ for large ||, so
that the order o of e’ is
log(max |, Rh(N)) < lim log $1° _

7= hfrlilip logr - ,ﬂilip logr >

By [BG, Corollary 4.5.11], we get h € C and degh < s. Now we show that
e ¢ 2 for h(z) = Y. ,a,z" with |a] > 2. By Lemma 2.2, we have that
lim)y 0o e 2 f(N) = 0for f € 7. Then it is easy to show that ¢* ¢ 7.

If p # 2, then since

2
11, = b5

we get e ¢ 3’5 for h(z) =Y _, az" with |ag| > 5~ By the norms for two spaces, 3’5
and LE(C, ¢), (i) = (ii) is obvious.

If s is not an integer, we can also prove it similarly to the above.

(ii) = (i): If s is an integer, it is enough to show that ¢"C C LZ(C, ¢) for h(z) =
S o anz" with |ag| < &. Letq € Cand & be a number satisfying

2.1) 0<€<%(%—|a5|).
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For large |2|, we have |q(z)| < ¢ and | Y"1 a,2"| < ¢|2|°. Thus

‘q(z)eh(Z)‘P — ‘q(z)|PeP§Rh(z)§ ePell gpllasl+e)lzl — pp(2e+|as)lz|”

Then
| q(z)eh(z) | Pemalal < g0l

for large |z|, where 6 = a — p(2e + |a|). By (2.1), we have 6 > 0. Therefore there
exists a positive constant C such that

/ |9(2)e"@| el dA(z) < € / el dA(2).
C

C

Since the last integral is finite, we get " c LI(C, o).

If s is not an integer, since h(z) = Z;[:]:o a,z" and [s] < s, the conclusion is trivial.

[ |
By Lemma (2.3), we have proved (i) < (ii) in Theorem 1.1.

Now we shall prove that the polynomial ring € is dense in L (C, ). The following
two lemmas are the generalizations of the results proved by Garling and Wojtaszczyk
[GW, Lemma 1, Proposition 5].

Lemma 2.4 Let f € LE(C, ¢) with flz) = anio c,2". Then we have the following:
(i)  There exists a constant C; > 0, which depends on f, satisfying

n

2—s sae s
lea| < Crew (m) f|L£(<c,o>'
(ii) For large n,
- pn+?2
anp _ o s n )
[ ”L{,’«c.a) IS P( s
1 (2 pn+2—s)%(P”+2—5)%H
~ — 71-

s s sae ’

where I denotes the gamma function.
(iii) There is a constant C, > 0, which depends on f, satisfying

pn+2—s\ 3, pn+2—s\ w
e e R G R V] P

Proof (i) We know that for any R > 0

L[ SR
Ch — — - .
" 2 T (Re’e)”

Since o
|f(R2)|< Crer |

L3 (C,9)
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for some C; > 0 (see [OS, Lemma 1]), if we set R® = %i_s, we get
aps pnt2—s
eFR e
lenl < i 1 fllizcc.o) < Crimam)r iz
S«
2= sae §
=Cen (r — S) £l
(ii) We have
p 1 ‘ ‘5 o0 s
HZnH P = 5 / |Zﬂ|Pe—az dA(Z) :/ rPPH'le—ar dr
o) ~ 21 J, A
_ pn+2 oo _ pne2
a” s e a” s n+2
_ tpsz_le_tdt F(P )
s 0 s s
By Stirling’s formula I'(x + 1) ~ /27x(3)*,
amﬁr(pn+2) a”f(z pn+2—s>%<pn+2—s)”f“
~ T
$ 5 s s se
1(2 pn+2—5)%<pn+2—s>—"”+f’s
=—(2m
st S sae

(iii) By (i) and (ii),

2 sae VAN
by < CreT (7) (_)
La(Co) = >1 pn+2—s s
pr+2—s

pn+2—s\ 5/ pn+2—s\ "%
X (27r ) ( ) HfHL{j((c,o)

N sae

=c1(si)‘l’(zwp””—S)ﬁ(pnm_s)%

S s

lenz"|

f HL5(<C,¢)

for some C; > 0. |
Lemma 2.5 The polynomial ring C is dense in LE (C, ).

Proof It is clear that € C LE(C,¢). Lete > 0 and f € LE(C, ¢) with flz) =
Yoo nz". Write v = max{1, 27~ '}. Then there exists a constant R > 0 satisfying

o~ Pe=alel ga £
2 ‘Z‘>R‘f(z)| € (2) < 15
Put f,(z) = f(rz) for any r with % < r < 1. Then
l p,—alz® _ L b=t 2_5
. |Z|>2R|fr(2)| e dA(z) Py |f(2)|Pe 71 dA(z) < =

|z|>2Rr
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There is a constant  with % < ¢ < 1 such that

2
SO s

1fi(2) = f(2)] < )

€

on |z| < 2R forany r with § < r < 1. By the proof of Lemma 2.4(ii),

2
L / et daz) = ) (E) :
21 Je sas
Hence
1 5
—fII = _ Pe—alzl’ g
||ff fHLZ((C.,é) o l2|<2R ‘fr(z) f(z)‘ e d (Z)
1 s
+ - f:(2) — f(2)|Pe 1 dA(z)
27 |z|>2R
2
<2 el dA(z)
2m2I(%) Jizj<ar
+ L F@Pe " dA(z)
27 Jiz>2r
+ L f@)[Pe e dA(z)
27 |z|>2R

<e

for any r with 6 < r < 1. Therefore it is enough to show that for each r with
0 < r < 1, f; can be approximated by polynomials in the semi-norm. Let I/ be a
non-negative integer. Put

1
q(z) = Zr“cnz".
n=0

Suppose p < 1. By Lemma 2.4(iii),

oo

E r'c,z"

n=I+1

1 ad .
<= E rc,2"|Pe 1 dA
< M/(C " cuz"| (2)

oo

1

A Lol ga(z)
LG 21 Je

I f — ail

n=I+1

= Z P c.2"|

n=I+1

p
LE(C,0)

o

1 2—s
p PR T2—s\Ni/pn+2—s\ "%,
E rP”CZ( Hf”LE(((‘d’)

S S
n=I+1

IN

< 00.
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Suppose p > 1. Also by Lemma 2.4(iii),

o0 o0
1fr = ailliz ey = H Z r'enz" 1 < Z ezl zc.0)
n=I+1 a(C0) n=I+1
o0 1 2—s
pn+2—s\u/pn+t2—s\ %
< Z CZrn( ) ( ) |f||LP(<c
S a(C.0)
n=I+1 s sa
< Q.
Thus || f; — qi|| — 0as! — oo. [ |

Finally we show (ii) < (iii) in Theorem 1.1. Since every cyclic vector is non-
vanishing, (iii) = (ii) is trivial.

Proof that (ii) = (iii) in Theorem 1.1 We show that C C ehe. Suppose s is an inte-
ger. Let N be a positive integer satisfying

2.2) (1 + %) las| <

Put

Let ] be a non-negative integer. Since

1N m1k
an(2)| < {5 2o lamllzl™ v tanle 7
k=0

k!
we have
s m 1 s m s m
|Zlqn (Z)eZm:O amz" __ Zle N Dm0 WmZ eZm:O Amz ‘
< ‘Z|l(e(1+%)25m:0 lanll2]™ 4 J0=%) 30 \amHZI’")
< 2z 4 Soolanlll”,
Hence

‘ s

‘ Zl‘]n (Z)ezs"’:" an?" o= Do amd" 30 AmZ” ’ P —alz

< 2P||Plelp+lal —adleP +p(+k) S50k lanl 21"

By (2.2), we have p(1 + )|as| — a < 0, so that the last function is integrable with
respect to dA. Since
4u(2) — & ¥ Tno”
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pointwise on € as n — o0, by the Lebesgue dominated convergence theorem,

/ | 2 gu()eXmo " — emv B0 2o " | Pemalil g7 (2)
C
— 0 asn— oo.

Therefore 1

170 o 7" @ 2o 7",
Applying this way again for !~ %) 2-0 92" we have
/ |2 gu(2)e!" W) Zoco and" _ Jlomx 2 nz" (1= ) g an” ‘ Pe=oldl ga(z)
C
— 0 asn— oo.

Thus !~ %) X0 2" @ < 1= %) 250 @2 @, Repeating this argument, we get

CCeN Zuo®m?"@ C ... C o178 Xhmg 2" @ C Xm0 2" @,

If s is not an integer, then since [s] < s, we can choose N = 1 in the above proof.
In a similar way, we get the desired result. [ |

This completes the proof of Theorem 1.1.
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