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GROUPS AND MONOIDS OF REGULAR GRAPHS
(AND OF GRAPHS WITH BOUNDED DEGREES)

PAVOL HELL AND JAROSLAV NESETRIL

Introduction. A graph X is a set V(X) (the vertices of X) with a system
E(X) of 2-element subsets of V' (X) (the edges of X). Let X, ¥ be graphs and
f: V(X)— V(Y) a mapping; then f is called a homomorphism of X into ¥ if
[fx),f(¥)] € E(Y) whenever [x, y] € E(X). Endomorphisms, isomorphisms
and automorphisms are defined in the usual manner.

Much work has been done on the subject of representing groups as groups
of automorphisms of graphs (i.e., given a group G, to find a graph X such that
the group of automorphisms of X is isomorphic to G). Recently, this was
related to category theory, the main question being as to whether every
monoid (i.e., semigroup with 1) can be represented as the monoid of endo-
morphisms of some graph in a given category of graphs. The answer is known
and affirmative for the category of all graphs [4] and also for several of its
subcategories [3; 6; 7; 9]. The subcategories involved do not include the
category of graphs with bounded degrees, and we shall show that in this case
the answer is negative, namely, there are monoids (respectively groups) that
cannot be represented as the monoids of endomorphisms (respectively groups
of automorphisms) of a graph with bounded degrees. This answers a question
raised by Z. Hedrlin, as to whether the category of graphs with bounded
degrees is binding (the authors have been informed by private communication
that L. Kudera has also given an answer to this problem, although he has not
published his solution).

Furthermore, we shall investigate sets on which there exist rigid locally
finite, and rigid regular graphs. (We talk in particular about 3-regular graphs
but the results could be extended to k-regular graphs, 2 = 3, using similar
methods.)

This investigation allows us to extend the list of groups which can be
represented as groups of automorphisms of 3-regular graphs — a list started
by R. Frucht in 1949 [1], when he proved that it contained all finite groups.
We will show that it also contains all countable groups, and that this is in a
sense the best possible result.

Finally, we determine the greatest possible cardinality of a rigid or asym-
metric graph with bounded degrees, and the smallest possible order of a group
which cannot be represented as the monoid of endomorphisms (respectively
group of automorphisms) of any graph with degrees bounded by a given
cardinal.
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1. The category of graphs with «-bounded degrees. Let X be a graph,
x € V(X). Putd(x, X) = |[{y: [%,y] € E(X)}|. Let @ be a cardinal; we say
that the graph X has a-bounded degrees if d(x, X) < a for each x € V(X).
Graphs with No-bounded degrees are called locally finite. A graph X is k-
regular, if d(x, X) = k for all x € V(X).

Let X be a graph; a sequence x1, x2, . . . x, of pairwise distinct vertices, such
that [x;, x;41] € E(X) for all j = 1,2,...,n — 1, is called a path of length
n — 1from x; to x,; if [x1, x,] € E(X), itis called a cycle of length n. A graph X
is connected if there is a path from x to y for each pair x,y € V(X).

Let %= be the category of all graphs with a-bounded degrees and all their
homomorphisms. In questions related to full embeddings of categories (all
necessary concepts concerning categories can be found in [3]) an important
role is played by rigid objects: a graph is called rzgid (respectively asymmetric)
if it does not possess a non-identical endomorphism (respectively auto-
morphism). For graphs X, ¥, let M (X, YV) denote the set of all homomorphisms
of X into ¥, and let M (X) stand for M (X, X); M (X) with composition is the
monoid of endomorphisms of X.

A category is called binding if it contains, as a full subcategory, an isomorphic
copy of the category of all graphs. If a category is binding, then for every
monoid M, there is an object O such that the monoid of endomorphisms of O
is isomorphic to M (i.e., in a binding category, every monoid can be repre-
sented as the monoid of endomorphisms of a suitable object, see [3]).

THEOREM 1. %= is not binding for any cardinal a.
By the previous remarks, it suffices to prove the following:

THEOREM 2. Let a be any cardinal, B = 27%@R0: Jgt G be a group of order
greater than 28 and without elements of order 2 (i.e., g # 1 = g2 % 1). Then for
each X € R, M(X) £ G.

Note that groups with the prescribed properties do exist (e.g., free groups
over sets with cardinality greater than 28).

Proof of Theorem 2. Each connected graph X € %= has |[V(X)| £ m =
max (a, No); therefore there are only 2™ non-isomorphic connected graphs with
a-bounded degrees. Let X € H. If |V(X)| > B = 2™, then X must have
more than 2™ components (each having cardinality at most m). Thus two of
them are isomorphic and the automorphism of X interchanging them, while
leaving everything else fixed, is involutory. If, on the other hand, |V (X)| < B,
then the order of its automorphism group is at most 2%, while |G| > 25.

Remark. From the preceding proof we conclude that an a-bounded graph X
cannot be rigid (or even asymmetric) if |V (X)| > 2ma*@Xo_[f ¢ is an uncount-
able regular cardinal, then a connected X € %= gives |V(X)| < m = a. Thus
A= has less than 2* non-isomorphic connected graphs, and |V (X)| = 2=
implies that X is neither rigid nor asymmetric.

https://doi.org/10.4153/CJM-1973-024-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1973-024-8

REGULAR GRAPHS 241

2. Auxiliary constructions.
(A) A finite rigid graph. We define the graph Z by:
V(Z)=1{1,2,...,12}
EZ)={li+1]:2=12,...,11} U
{1, 4], [1, 8], [2, 6], [3, 10], [5, 12], [7, 11]}.

There are exactly 5 pentagons (i.e., cycles of length 5) in Z, namely
(1! 27 6! 7? 8)1 (2! 31 4:7 5’ 6)7 (lr 2) 67 57 4)y (57 61 77 lly 12) and (7, 8, 9, 10, 11);
every vertex of Z belongs to at least one of them.

FIGURE 1

By examining the mutual position of the pentagons, we conclude that the
pentagons (1,2,6,7,8) and (2, 3, 4, 5,6) have a unique position (i.e., the
subgraph of Z induced by these two pentagons is not isomorphic to any other
subgraph induced by two pentagons).

Z has no triangles; therefore for every homomorphism f: Z — Z, we have
f(a) #~ f(b) if there is a path of length 3 from ¢ to b in Z (and of course also
if there is a path of length 1, i.e., if [a,b] € E(Z)). This condition implies,
that every homomorphism f : Z — Z is one-to-one on theset 4 = {1,2,..., 8}
(one merely has to verify that f(1) = f(3) is impossible), and because of the
unique position of the two pentagons (1, 2, 6,7, 8) and (2, 3, 4, 5, 6), we have
f4) = A.

The graph induced by A is asymmetric and thus f|4 = 1,4. Since
(5,6, 7,11, 12) is the only pentagon containing the vertices 5, 6, 7 we have
f(A1) = 11, f(12) = 12; similarly f(9) = 9, f(10) = 10, i.e., f = 1y and
Z is a rigid graph.

(B) Rigid relations. A binary relation R on a set X will be denoted by
(X, R) and the word “‘relation’ will apply to the couple (X, R) (some authors
use the term ‘“‘digraph”). Our relations will all be anti-reflexive, (x,x) ¢ R,
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and anti-symmetric, (x,y) ¢ R = (y, x) € R; the transitive part of them will
play a special role.
A relation (X, R) is k-regular if for each x € X, the degree of x is

dix,R) = [{y: (v,y) € R} + [{y: (5,x) € R}| = &.

A mapping f: X — Y compatible with the relations R, S (i.e., (x,y) € R=
(fx), f(y)) € S) will be called a homomorphism of the relation (X, R) to the
relation (Y, .S); a rigid relation has no non-identical endomorphisms.

(@) 3-regular rigid relations. Let the set N of natural numbers be partitioned,
N =A4\UB, let1l¢€ A4, and both 4 and B be infinite. Then we define the
following relation (Xy, R 5):

Xy=1{a,b,c,d} Ufe;:1 € N} U{f,:71€ N} (qb,c,d,e;fipairwise
distinct)
Rup = {(&1, @), (a, ), (g, ¢), (b, ¢), (b,d), (c,d), (d, f1)} Y {(es ei11): 2 € N}

VA{(fofir1) it € N} U {(eyfi) 11 € A} I {(fi,e:) : 7 € B}.

For a natural number %, let {1,2,...,k} = A\U B be a partition,
k—1€¢€A,k€ B:

Xi=1{a,b,c,d} Ude,:i=1,2,..., k) U{fi:1=1,2,...,k]}
U {x, 5, 2, w} (Xi aset with 2k + 8 elements),
Rup = {(e1,0), (a,0), (g, ¢), (b,¢), (b,4), (c,d), (@ f1)}
Uflepemr):t=1,..., kb =1} U{(f,fiz1):9=1,...,k — 1}
U (e fo) 11 € A} U {(fi,e:) 11 € B}
Ui, fi), (v, 9), (x,2), (9,2), (v, w), (3 ), (w, e)}.

a/el >82 >(33 >e4 4>35 >ee\w
'\ 7N\
b —>c¢ Yy —>2
% NS
e > > > > > &
J1 " fe " fs fa fs fe
FIGURE 2

All the relations (X, R,3p), where X is Xy or X, are 3-regular.

Let (X, R) be any anti-reflexive, anti-symmetric relation and let x, v, z € X.
The elements x, y, z are said to form a transitive triple xyz if (x,y) € R,
(3, 2) € Rand (x, z) € R.If xyzis a transitive triple and f a homomorphism of
relations, then f(x)f(y)f(z) is again a transitive triple; moreover if xyz and
yzw are transitive triples, then x, y, 2, w are pairwise distinct.
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Therefore for every homomorphism g : (X, R,5) = (X, R45),
gl{a! bv c, dy 31,f1}

is the identity (abc, bed are the only transitive triples if X = Xy; if
X = X, g(a) = x is impossible, since there is no v € X, with (v, x) € R 5
while (e1, @) € Ryp). To see that g is the identity everywhere, we suppose
that g(e;) # e; for an ¢ € N (1 = k respectively); then g(e;) = f,_1 and
(ei, fi) € Rap. This is possible only if g(e;1) = fi: and (eip1, fir1) € R,
and, by induction, g(e;) = f;—1 and (e;, f;) € Rap for all j = 4. This gives a
contradiction. Similarly, g(f;) = fi;, and so g is the identity. Thus all the
relations (X, R, p) are rigid.

We note that if 4 \U B and 4’ U B’ are two different partitions of the same
set X, then there is no homomorphism f: (X, Raz) — (X, R4 5) (whether
X = Xyor X = Xp).

(b) A modification. We shall modify the relations (X, R, ) to obtain rigid
relations with some elements of degree 2. Let 4 \U B be a partition of N
(respectively {1, 2, ..., k}) such that A and B are infinite (respectively such
that R — 1€ 4,k € B); let SC N such that 4 — S and B — S are infinite
(respectively S C {1,2,...,k — 2}). Put

R4p® = Ryp — {(giyfi) 11 € S} - {(fu ei) 11 € S}-

The relations (X, R,p5) are also rigid and {x € X : d(x, R455%) = 2} = S.
Moreover, if (4 — S)\U (B —S)and (4’ — S) U (B’ — S) are two different
partitions of N — S (respectively {1,...,%} — S), then there is no homo-
morphism (X, R455%) — (X, Ra' ).

Note that for X = Xy, S may be chosen to be countable.

3. Locally finite rigid graphs and regular rigid graphs. In [2; 5; 11],
it is shown that there exists a rigid graph X with |V(X)| = «, unless « is a
finite cardinal in the range 1 < # < 8. In attempting to find a corresponding
result for locally finite graphs we must realize, firstly, that ‘“big” sets will not
admit a locally finite rigid graph, according to the remark following Theorem 2,
and secondly, that under the more restrictive hypothesis of 3-regularity, we
cannot hope even for all finite numbers, since there are no 3-regular graphs with
odd number of vertices.

However we were able to characterize all cardinals @ such that there is a
locally finite (respectively 3-regular) rigid graph X with |V(X)| = «.

THEOREM 3. Let a be a cardinal. A locally finite rigid graph X with |V (X)| = a
exists if and only if there exists a 3-regular rigid graph X with |V (X)| 2 a.

A 3-regular rigid graph X with |V (X)| Z a extsts if and only if @ < 280,

If a is finite, X can be chosen finite; if a 1s countable, X can also be chosen
countable.
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Proof. 1f there is a locally finite rigid graph X with |V(X)| = «, then
according to the Remark in § 1, & < |V/(X)| < 2¥0. Since a 3-regular graph
is locally finite, it remains to construct 3-regular rigid graphs with the corre-
sponding cardinalities. In § 2, (B),(a) we have some 3-regular rigid relations;
to transform them into graphs we shall use the following product (which is a
modification of the product introduced in [4]):

Let (X, R) be a relation, Z the graph from § 2, (A); define the graph
(X,R)*Z = Y by

V(YV) = X\U (R X V(Z))
E(Y) = {[((x,),2), ((x,9),2)]: (x,9) € R, [2,2] € E(Z)}
U {lx, ((x,9), D] = (x,9) € R} U {Ix, ((v,%),12)] : (3, %) € R}.

Remark. Note that d(x, Y) = d(x, R) for each x € X, and d(x, Y) = 3
foreachx € V(Y) — X.

LemMMA. Let (X, R), (V,S) be anti-reflexive, anti-symmetric relations, let
d(x, R) = 2 for each x € X.

If (X, R) is a rigid relation, then (X, R)+Z is a rigid graph, if there is no
homomorphism (X, R) — (Y, .S), then there is no homomorphism

(X, R)+xZ — (Y, S)xZ.

Proof. The proof is analogous to that of [4]. One is essentially using

(a) each vertex of Z belongs to a pentagon in Z;

(b) no vertex x € X (y € ¥ respectively) belongs to a pentagon in
(X, R)*Z (respectively (Y, S)*Z);

(c) Z is a rigid graph.

To complete the proof of Theorem 3 we put

X = (Xay Rap)*Z for « finite (4 U B any partitionof 1, ..., «,
a— 1€ A4,a € B),

X = (Xn, Rap)*Z for @« = Ry (4 U B any partition of N into infinite sets),

X = \U{(Xw Rup)*Z : A\U Bisa partition of N into infinite sets}
for @ = 2%0 (the first \U denotes here the disjoint union of graphs).

Remark. A family of graphs {X, : ¢ € I} such that each X is rigid and such
that there is no homomorphism X; — X, for ¢ 5 j, is called mutually rigid.
When all the graphs X; (+ € I) are connected, then {X; : 7 € I} is a mutually
rigid family if and only if U {X;:7 € I} is a rigid graph (compare with the
definition of X for @ = 2Xo in the preceding proof). Thus by the Lemma and
§ 2, (B),(a) we have 2%0 mutually rigid 3-regular graphs.

Using the Lemma, the previous two Remarks, and § 2, (B),(b), we can
construct a mutually rigid family {X,: 4 € I} of @ £ 2% connected graphs,
such that (for 7 € I) X, has a, vertices of degree 2 (and all other vertices of
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degree 3), where each «; is at most countable. If @ and a;, 7 € I, are finite, all
X ; may be finite.

4. Representation of countable groups by 3-regular graphs. The
reason why %#°, a = 4, is not binding is that there are groups of large order.
Indeed, in [1] and [10] it was proved that all finite groups can be represented
as groups of automorphisms of 3-regular graphs. Now we are in a position to
generalize this result:

THEOREM 4. Let G be any group of at most countable order. Then there exists
a 3-regular graph X such that M (X) = G, if G is finite, then X may also be
chosen finite.

Note that if M (X) is a group, then it is the group of automorphisms of X.

Proof. Let G' = G — {1}. According to the previous paragraph we can
construct graphs Y, V,, g € G’, which satisfy:
1) V(V), V(Y,), g € G’ are pairwise disjoint sets;
Gi) {Y} U {Y,: g € G’} is a mutually rigid family of connected graphs;
(iii) there is a one-to-one correspondence denoted g — x, between the set G’
and the vertices of ¥ which are of degree 2; all the other vertices of ¥
are of degree 3;
(iv) each Y, has two vertices, say y,!, ¥,2, of degree 2, and all others are of
degree 3;
(v) for each [x,y] € E(Y) (respectively [x,y] € E(Y,),g € G') either
x or y belongs to a pentagon of ¥ (respectively Y,);
(vi) the vertices x,, y,7 (forg € G’,j = 1, 2) do not belong to any pentagons
of YorY,
((v) and (vi) follow from the definition of (X, R)*Z).
Now we define the graph X by

VX)) =V¥)XGU{(ghgj:g€GhreG,j=0,1,2}
Ui, ghg):y € V(Ya),g€GkeGH
EX) = {[(x, 2), 0, )]:[x,9] € E(Y), g € G}
U {[(xn 2), (g, kg, 0)];8 € G, b € G'}
U {l(g kg, 5), (g hg,j+1D]:g € G RhEG,j=0,1}
{[(g, hg, 2), (hg,2,0)]: g € G, h € G}
{[&, g hg), (2,8 k)] : [y,2] € E(Y3),g € G, h€G'}
{{On’ g, he), (g, hg, )] :7=1,2,8 € G,k €GY

(X is a variation of the Cayley colour graph in which for every vertex is
“substituted” a copy of the graph Y).

v
()
()
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Vi X {(g, hg)}

(th:Agy hg) (yh21 £ hg)

/\Y X {g}
(g, g, 1) (g, hg, 2)
[ —

(g, hg, 0)

Y X {hg}/—\

(hg, g, 0)

o
(xh‘ly hg)

\_/

(xhy g)

\_ e
| 1

(yh‘lly hg: g) (yh‘lz» hg» g)

Yh*l X {(hg1 g)}

FIGURE 3

Clearly X is 3-regular.
Leta € G; define F,: V(X) —» V(X) by

Fo((x,g)) = (x,ga) forx € V(Y), g € G,
Fo((g, hg,j)) = (ga, hga,j) forg € G,h € G',j =0,1,2,
Fo((y, g hg)) = (9, ga, hga) fory € V(Y,),g € G,h € G'.

For each a € G, F, is an automorphism of X; if ¢ b, then F, # F,. To see
that ¢ — F, is an isomorphism of G onto M (X), it remains to show that every
endomorphism F of X, is of the form F = F, for a suitable ¢ € G. According
to (vi) and the definition of E(X), the edges [(x, g), (g, kg, 0)],
[(g, hg, 5 — 1), (g, kg, 7)), [(g hg,7), (4%, g hg)] and [(g, kg, 2), (hg, g, 0])
(for g € G, h € G, j =1,2) do not have a vertex in common with any
pentagon of X. Let FF € M(X); by (v) and (ii) a copy of ¥V (¥4, k € G,
respectively) is mapped under F onto a copy of ¥ (¥}, respectively). That is,
for each g € G there exists a g’ € G such that F((x, g)) = (x,g") (for all
x € V(Y)), and a g"” € G such that F((v, g, hg)) = (v,¢", hg") (for all
y € V(Y,)). Let a € G be such, that

F((x,1)) = (x,a) forall x € V().
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We see easily, that then

F((y,1,2) = (v,a,ga) fory € V(¥,), g€ G

and therefore F((x,g)) = (x,ga) for all x € V(Y), g € G; and F = F,.
Note that if G is finite, we may choose Y and Y, finite (see § 3) and then X
will also be finite.

In any case the graph X we constructed is connected, and hence at most
countable.

Remark. In the proof of Theorem 2 we considered some groups of very large
order, which cannot be represented by 3-regular graphs. Their order however,
is unnecessarily large. In fact, Theorem 4 gives the best result concerning
representation of groups by 3-regular graphs in the following sense:

For every uncountable cardinal a, there is a group G of order o, such that
M(X) & G for each locally finite (in particular, 3-regular) graph X.

Indeed, let Alt(a) be the alternating group on « (i.e., the group of all those
permutations on « elements, which have finite support and are even); the order
of Alt(a) is «, and Alt(a) is a simple group (see 8, §§ 4 and 9]). Suppose, that
M(X) = Alt(a) for a locally finite graph X. Since Alt(a) is simple, we may
assume without loss of generality that X is connected, hence |V (X)| = Xy < a.
This is impossible in view of the following statement:

If M(X) = Alt(a), then |V (X)| = a.

Proof. Let M (X) = Alt(a) and |V (X)| < a. In Alt(e) one can find two sets
of permutations, say {f:} e« and {g:} ica, such that

fiof;=f;of;and g;0g; = g;og;foralls,j € a,
fiofi=1 and g;0g; = lforallz € a,
and fiog; = g;of;if and only if 7 # j.

To see this, it is enough to partition the set « into « disjoint 5-tuples, and define,
for each 5-tuple (e, b, ¢, d, ), the permutations f; and g; by

fi = (a, b)(C, d)r g = (G,, b)(C, 6).

Hence, X has 2 sets of automorphisms, to be denoted also by { f;}:c. and
{g:} ica, satisfying the relations. For each ¢ € «, let.S; be the set of all unordered
pairs [x, y] of distinct vertices of X, such that

fi(gi(x)) # gi(filx)), fi(g:(y)) # g:(fi(y)), and
filx) = yorgi(x) = y.
Each set S; is non-empty and of cardinality at most equal to |V (X)|. There-
fore, there exists a pair [x, y] that belongs to more than |V (X)]| of the sets S;.
For each such set S;, either [y, z] € S; for a suitable z € V(X), or [x, w] € S;
for a suitable w € V(X) (otherwise f,(g:(x)) = g:(f:(x))). Let 2 € V(X) be
such that both [x, y] and [y, 2] belong to more than |V (X)| of the sets .S;. Let
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S1, Sz, S5 be three such sets, and let

f[1) = f200) = fs(y) = %, 21(y) = g2(y) = g3(y) = 2.

Then gi1(f2(¥)) = fo(g:1(y)), thus gi(x) = f2(2), and g:(f1(¥)) = f1(g2(»)),
so that gi(x) = fi(z). Moreover, g;(f1(¥)) = f1(g:(¥)), thus gi(x) = fi(2),
and g3(f2(y)) = fa(gs(y)), therefore gi(x) = f2(z). Hence gi1(x) = g:(x) and
g1(f1(»)) = gi(x) = g2(x) = f1(2) = fi(g1(y)), which is a contradiction.

CoROLLARY. The following two statements are equivalent:

(1) For every group G of order a there exists a 3-regular graph X such that
the group of automorphisms of X is isomorphic to G.

(2) The cardinal o 1is at most countable.

5. Large rigid and asymmetric graphs in, %#=. This paragraph should be
considered as an extension of § 3, where, in effect, we proved that there exists
a connected rigid graph X € #¥o with |V(X)| = B if and only if 8 < No; and
that there exists a rigid graph X € #®o with |V(X)| = 8 if and only if
B < 2®o, (In this section the Greek letters «, 8, v, etc. denote always infinite
cardinals.)

THEOREM 5. Let a be any uncountable cardinal.

(@) If a s a regular cardinal, then there exists a connected rigid graph X € R«
such that |V (X)| = B if and only if 8 < a.

(b) If « is a singular cardinal, then there exists a connmected rigid graph
X € R such that |V (X)| = B if and only if B < a.

Proof. (a) As mentioned in § 1, if « is regular then each X € %« which is
connected has |V (X)| < a;if 8 < a, then by [2] or [11] there exists a connected
rigid graph X with |V (X)| = B. Clearly, this X belongs to %=

(b) According to the proof of Theorem 2, each X € %= which is connected
satisfies |V (X)| £ @. In view of part (a) of this proof, it remains only to
construct a connected rigid graph X € %= with |V (X)| = a. Since « is singular,
there exist pairwise disjoint sets B, B, (b € B) such that |B| < a,
|By| <« (b € B) and |B\J Uyes Byl = @. Let X5 and X, be graphs such
that
(1) V(X35) = B, V(X,) = By, for all b € B,

(2) every edge of X p, respectively X,, belongs to a triangle of X 5, respect-
ively X,

(8) for each b € B, the pair X 3, X, is mutually rigid.

The existence of such graphs can be deduced from [2] (or [11]) and [6]. Let

xp € V(X,) for each b € B. Then the graph X defined by

VX)=V(Xs) U b%)B V(X3) and

EX) = E(X5) UDKEJBE(X,,) U {[b, %] : b € B}
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has a-bounded degrees and is connected. It is also rigid, for the edges [b, x,]
(b € B) do not belong to any triangles of X and hence f | X5 = 1y, for every
homomorphism f : X — X; thus f(b) = b (for all b € B) and hence f(x;) = x,,
f is the identity.

Once we know how large the connected rigid graphs can be, we will be able
to determine how large the rigid ones can be also.

Let X be a graph; to change X into a relation, we define an orientation o
of X to be an anti-reflexive, anti-symmetric relation o (X) = (V(X), R) such
that {x, ¥] € E(X) if and only if exactly one of (x,y) € R, (y,x) € R holds.

Now let X be a rigid and connected graph, |V (X)| = B. Firstly, o(X) is a
rigid relation for every orientation o; secondly if o and o’ are two different
orientations, i.e., 0(X) and o’ (X) two different relations, then there is no
homomorphism 0(X) — o’ (X). There are 26 different orientations of X, i.e.,
{o(X)*Z : 0 an orientation of X} is a mutually rigid family of connected
graphs, and it has the cardinality 28. Thus by choosing a sufficiently large
subset O of the set of all orientations of X we can construct a rigid graph

Y=U [o(X)+Z] with |V(Y)| =1«
0€0
for any v satisfying 8 < v £ 28 (|[V(e(X)*Z)| = |[V(X)| since Z is finite).
Moreover if X € A<, then ¥V € A= as well.

Hence, if a is singular, then by the previous Theorem we have a rigid graph
X € > with |V(X)| = v for every ¥ < 2= It seems that if « is regular, there
is a rigid graph X € %= with |V(X)| =  for every ¥ < 2¢; but the situation
is not so simple and depends on the sophistication of the set theory. If we
assume the generalized continuum hypothesis then v < 2* if and only if
v £ «, and therefore it will suffice to find a rigid graph ¥ € %= with
|V (Y)| = a; if there exists a B < « such that 26 = «, then the desired Y can
be constructed as indicated, from a connected rigid X € %= with |V(X)| = 8
(such exists in view of Theorem 5 (a)). A regular cardinal & for which

B<a=28B< a

(if such a cardinal exists) is called sirongly inaccessible. In a set theory in
which the generalized continuum hypothesis is valid a cardinal is strongly
inaccessible if and only if it is inaccessible. Comparison with the Remark in
§ 1 gives:

COROLLARY. (a) If a is an uncountable regular cardinal, o mot inaccessible,
and if we assume the gemeralized comtinuum hypothesis, then a rigid graph
X € R with |V(X)| = v exists if and only if v < 2.

(b) If a is singular or a = R, then a rigid graph X € R with |[V(X)| = v
exists if and only if v = 2=

Finally we observe that both Theorem 5 and its Corollary remain valid if
we replace each word ‘“‘rigid”’ by ‘“asymmetric’’.
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6. The smallest order of groups non-representable in %#+. P. Erdos
suggested (in a private conversation) the following question: for a given
cardinal @, what is the smallest cardinal 8(a) such that there exists a group G
of order B(a) which cannot be represented as the monoid of endomorphisms
of any graph with a-bounded degrees (i.e., X € H#*= M(X) % G). Such
B8 (a) exists in view of Theorem 2 (and B8(a) is at most the cardinality of the
power-set of the power-set of 2max@Ro),

The Corollary in §4 states that B(4) = N;; according to the Remark
preceding it B(5) = B(6) = ... = B(Ny) = Ni. Moreover 8(1) = 2, 3(2) =
B(3) = 3, as can easily be seen. Therefore it remains only to determine §8(x)
for a uncountable.

For @ countable, we have already indicated (§§ 3 and 4) the correspondence
between the possible sizes of rigid graphs in %= and the possible orders of
groups representable in #=. A similar correspondence exists for @ uncountable.

THEOREM 6. Let a be any uncountable cardinal.

(@) For every group G of order B < « there is a graph X € R~ such that
M(X)=G.

(b) If B > a, then there exists a group G of order 8 such that, for each X ¢ X,
M(X) £G.

(¢) If a s a regular cardinal, then there exists a group G of order a such that,
for each X € =, M(X) £ G.

d) If a is a singular cardinal, then for every group G of order a there is a
graph X € R* such that M (X) = G.

Proof. To prove (a) and (d), we take a connected rigid ¥’ € %= such that
[V(Y")| = B = a (equality holding only if « is singular) which exists by
Theorem 5, and choose a set O of g8 different orientations of ¥’ and perform
the product o(Y")*Z for each o € O. Then for every group G of order 8
we have graphs V, V,, g € G’ = G — {1}, which satisfy (i), (ii), (v) and
(vi) wherex,, g € G’, are pairwise distinct vertices of ¥, and y,! £ y,2 € V(YV,)
(g € G), and moreover ¥, ¥, (g € G) belong to #=. Therefore the graph X
defined in § 4 is also in #* and M( X ) =~G.

If 8 =2 o (equality holding only if « is regular), let G be the alternating
group on B, and suppose, as we may, that M(X) = G = Alt(B) for a connected
graph X € #*. Then |V(X)| < B, since |V(X)| <« < B and if « = B, then
a is regular and |V (X)| < a. However, this is impossible according to the
Remark in § 4.

CoroLLARY. (a) B(R,) = X, if N, 7s an uncountable regular cardinal.

(b) BR.) = R.p1 of R, is singular or X, = N,.

If B(e) denotes the smallest cardinal such that there exists a group G of
order §(a) which cannot be represented as the group of automorphisms of any
graph in %=, then f(a) = B(a) for any cardinal « > 1, (1) = 3.
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