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THE MAXIMAL IDEAL SPACE OF A~ 4 C
ON THE BALL IN C»

GERARD McDONALD

Let S denote the unit sphere in C*, B the (open) unit ball in C* and H”(B)
the collection of all bounded holomorphic functions on B. For f € H*(B)
the limits

fHE) = Lim f(¢)

exist for almost every ¢ in .S, and the map f — f* defines an isometric isomor-
phism from H®(B) onto a closed subalgebra of L*(S), denoted H*(S). (The
only measure on .S we will refer to in this paper is the Lebesgue measure, do,
generated by Euclidean surface area.) Rudin has shown in [4] that the spaces
H”(B) 4+ C(B) and H*(S) + C(S) are Banach algebras in the sup norm. In
this paper we will show that the maximal ideal space of H®(B) + C(B),
> (H*(B) + C(B)), is naturally homeomorphic to 3 (H®(B)), and that
> (H*(S) 4+ C(S)) is naturally homeomorphic to Y. (H*(S))\B. This last
result is an extension of Sarason’s theorem for H® + C on the unit circle

[5; p. 199].

1. Preliminaries. Let 4(B) denote the Banach algebra of all functions
holomorphic on B and continuous on B. The maximal ideal space Y. (4 (B))
consists precisely of the evaluation functionals e;, where ¢ € B and

e(f) = f(), fe€AB).

The map ¢ — ¢ is a homeomorphism from B onto Y. (4 (B)). With this in
mind we will write B for 3. (4 (B)).
If ¢ € B we can consider ¢ as an element of both > (H*(B)) and

> (H®(B) + C(B)).
We set

Bo-{ne S @@ im-enres),
and

Buve= {m€ . (7(B) + CBY) im = erg € B
Since the map f* — f is an isomorphism from H*(S) onto H*(B), there is an
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induced homeomorphism 7 from Y (H*(B)) onto Y. (H”(S)) defined by
r(m)(f*) = m(f), m€ 3, (H*(B)),f€ H(B).

Let B, s = 7(B,). It is evident that
B, = {m € Y. (H=(S)) :m(f*) = f(¢), for some fixed ¢ in B

and all f* € H‘”(S)} .

2. Statement of theorems. The first two theorems below are more or less
lemmas for the remaining two. They remain true if B is replaced by any strongly
pseudoconvex domain in C*. We have been informed that Theorem 2 was
proved previously by Garnett using methods apparently similar to our own.
Since we were unable to find proofs of either theorem in the literature, we will
prove them in the next section.

THEOREM 1. Themap p: Y., (H*(B)) — B defined by
p(m) = m|4(B)
s continuous and onto. The map p~' is well-defined on B and is « homeomorphism
onto an open subset of 3, (H®(B)). This subset is precisely B,
For X € S,let Fx = {p~(\)}. It follows from Theorem 1 that > (H”(B))\B.,
is closed and that

2. (H”(B))\B,, = Y B,

This says simply that the multiplicative linear functionals on H” () which
are not evaluation at some point in B are precisely those which, when re-
stricted to 4 (B), are evaluation at a point on the boundary of B. It also follows

that r o p~! is a homeomorphism of B onto B, ; and that the latter is an open
subset of > (H,(S)).

THEOREM 2. Suppose f € H(B), N € S, and a € C. There exists anm € Fy
such that m(f) = o« if and only if there is « sequence {{x} in B converging to N
such that f (¢y) converges io a.

Wedefine pp : Y. (H*(B) + C(B)) — >, (H*(B)) by
pom) = m|H*(B),
and ps: 25 (H7(S) + C(5)) — X (H”(S)) by
ps(m) = m{H>(S).

TueoreM 3. The map pp is a homeomorphism from Y. (H*(B) + C(B))
onto Y., (H”(B)).

THEOREM 4. The map ps is a« homeomorphism from 3, (H”(S) + C(S))
onto Y (H”(S))\B. .
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These results can be written as Y, (H*(B) + C(B)) = Y, (H*(B)) and
2 HP(S) + C(S)) = 2 (H(S)\B.

Theorem 3 will be proved in Section 4. The main difficulty in the proof lies
in showing that each element of >~ (H”(B))\B,, is extendable to a multiplica-
tive linear functional on H*(B) + C(B). This is where we need Theorem 2.

Theorem 4 will be proved in Section 5. We will show that the ‘“‘natural”
homeomorphism from H*(B) + C(B) to H*(S) + C(S) defined by

e+ f—e* + (fIS)

induces a homeomorphism from >, (H*(S) + C(S)) onto Y. (H”(S))\Be.;
and that this induced map is ps.

3. Proof of Theorems 1 and 2. The proof of Theorem 1 when B is the unit
disc in C! can be found in [6] and [1; pp. 160-161]. The proofs of the continuity
of p and p~'are independent of the dimension of B, and we omit them. To see
that p is onto, note that p(B,) = B, and hence

BC p( 2 <H°°<B>>) C B.

Since p is continuous and >, (H*(B)) is compact, p(>. (H®(B))) must be
compact, and so closed. Thus p (Y. (H®(B))) = B. Again since p is continuous,
p~1(B) must be an open subset of 3, (H”(B)). It remains to show that p~! is
in fact well-defined on B. To do this we need the following lemma due to
Kerzman and Nagel [3; p. 215(4)]. In the case n = 1 the lemma can be
proved using Blaschke products. For # > 1 sheaf-theoretic methods are used.

LEwmMA 5. Let B be the unit ball in C*, n = 1. If ¢ € H”(B) has a zero at
¢ = (1, ..., Cn) in B, then there exist hy, . .., h, in H®(B) such that
QY = (Z] - g.l)h] + e + (Zn - §7Z)hn'

It now follows that p~! is well-defined over B. For suppose p(m) = ¢ for
m in Y, (H”(B)). Choose an arbitrary ¢ in H”(B). By Lemma 5 there are

functions hy, . . ., h, in H”(B) such that
(2 ﬂo(f) = (Zl - g’l)hl + o + (Zn - g‘n)hn,'
By hypothesis m(z; — ;) = 0forj = 1, ..., n, and therefore

m(e) — o) = mle — ¢({))
= m<zl - (l)m(hl) + - + m(zn - fn)m(h‘n)
= 0.

Since ¢ was arbitrary we must have m = ¢; on H”(B).

As with Theorem 1, the proof of Theorem 2 is exactly the same for B of
arbitrary dimension as it is for the unit disc ([6] and (1; pp. 161-162]), with
the exception of Lemma 7 below. On the unit disc the lemma is proved by
using Blaschke products. We need first a result due to Kerzman [2; pp. 342-345].
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LEMMA 6. If ¢ 1s a smooth, bounded, closed (0, 1)-form on B then there exists
a smooth funciion u on B, continuous on B, such that du = ¢.

By bounded we mean thatif ¢ = > ¢.d%,, then each ¢ is a bounded function
on B. This result is only part of a much more general result. In particular B may
be replaced by any strongly pseudoconvex domain in G* with suitably smooth
boundary. We will need, however, nothing stronger than Lemma 6 in this paper.

LEMMA 7. Let ¢ € H®(B) and N € dB. If ¢ is bounded away from zero on a
netghborhood of \ in B, then there exists ¢ € HT(B) such that for any sequence

oY (¢x) — L.

Proof. Choose a neighborhood 17 of X in B on which ¢ is bounded away from
zero and let f be a smooth function on G" which is identically 1 on a neighbor-
hood of X\ in C* with supp f M B contained in V. Thus (1/¢)f is defined and
bounded on B, and

a(lf) - ééf.

¢

I't follows from Lemma 6 that there exists # in C(B) such that

du = _(lf) ,
©

and thus (1/¢)f — u € H™(B). Nothing changes if we subtract a constant
from u, so we can assume #(\) = 0. Since f = 1 on a neighborhood of X\ in B,
on the same neighborhood we have

1
go(:;f——- u) =1— ou.
Since u is continuous on B and equal to 0 at \, and since ¢ is bounded, we have
(1 — ou) (&) — 1
for any sequence {{;} in B converging to \, and hence
1
w(;f - u) (fx) = L.

Let ¢y = (1/¢)f — u. This completes the proof of Lemma 7 and hence the
proof of Theorem 2.

4. Proof of Theorem 3. Let {m,} be a netin > (H*(B) + C(B)) converging
to m. By definition of the topology on > (H*(B) + C(B)) this means

Ma(f) — m(f)
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for all f in H*(B) + C(B), and so for all f in H®(B). Therefore
pr(ma) = mo|H”(B) = m|H™(B) = py(m),

and so pp is continuous. Since the maximal ideal spaces are compact and
Hausdorff, the theorem will be established once we have shown that pp is
bijective. This means showing that every multiplicative linear functional on
H®”(B) has a unique extension to a multiplicative linear functional on H”(B)
+ C(B).

We first show that every m in > (H) can be extended. If m = ¢ belongs to
B,, then m extends to ¢ in B, .. If m belongs to > (H*(B))\B,, then m € F,
for some N € dB. Let

W = { > o7’ 8 amulti-index, k a positive integer, ¢g € H‘”(B)}' .

181k

# is obviously an algebra, and is dense in H®(B) + C(B) by the Stone—
Weierstrass Theorem. Define # on? by

7’7(2 @aiﬁ) = m(Z mxﬁ) .

By the continuity of the 2% at A and the boundedness of the ¢g, given > ¢52° in
# and ¢ > 0, we can find a neighborhood U of X in B such that

2 o

sup 1 > eV | < e+ sup
U U

By Theorem 2 we have

’m(Z @axﬁ) < sup ‘ 2 eV
U

since > @gh? is in H”(B) and m belongs to F\. Thus

‘m(Z goN) ‘Z o

The above inequalities show that s is bounded on ¥. It is clear that 4 is a
multiplicative linear functional on?’, and so, being bounded, it can be extended
to a multiplicative linear functional on H*(B) + C(B), the closure of #. This
extension is an extension of m since 77 is an extension of m.

We must now establish uniqueness. Suppose m;, my € >, (H*(B) + C(B))
and that

mi|H”(B) = mo|H”(B).

We want to show m; = m, on H*(B) 4 C(B). Since # is dense in H*(B) +
C(B) it suffices to show that for all m in >, (H®(B) + C(B)),

)

=

©

m(Z‘,) zm(Z]’), ]= 1,...,7’!.
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The spectra of all the real coordinate functions are [ —1, 1], relative to “’_(B)
+ C(B). Thus each m(x;), m(y,) is real for every m in . (H*(B) + C(B)),
and consequently

m(z;) = m(x; — 13;)
= m(x;) — im(y;)
= m(xy) + im(y,)
= m(z,).

5. Proof of Theorem 4. Let ¢ = ¢ + f belong to H”(B) + C(B), with
e € H*(B) and f € C(B). For almost every ¢ in S, lim,_, ¢ (r{) exists, and

i §5) = lim (+(5) + 1))
If we let
(1) ¢*@¢) = lrin} Y (r¢),

then ¢* helongs to H*(S) + C(S), and
\I/* = 90* _{" f*:
where f* = f|S. Let I, = {f ¢ C(B): f* = 0}.

LeyyMa 8 The map v() = ¢* is an algebra homeomorphism from H™ (B) +
C(B) onto H*(S) + C(S) with kernel I,.

Proof. It is obvious from (1) that v is a homeomorphism into H”(S) 4+ C(S).
IFFrom the definition of H7(S) it follows that v is onto, and from the definition
of 1, it {ollows that ker v contains I. Let P be the Poisson-Szego kernel on B,

(n = D! (1~ 5"
27{_11 |1 _Z..{:i‘.’n»

If ¢ € H°(B) and f € C(B), then for z ¢ B

Pz ¢) = € BCCh¢e S

(2) ole) = Ll’(zy'f)w*(s‘)do(?),

and

3) ¢l = LP(Z, O (§)da (0,

where g is a continuous function on B with g* = f*. Details can be found in
[7; p. 19]. Any element ¢ in H*(B) + C(B) can be written in the form ¢ =
¢ — [, ¢ and fasabove. If y(¢) = 0 then ¢* = [* a.e. on S. Thus the integrals

in (2) and (3) are equal. It follows that ¢ is continuous on B and hence that
v € C(B).
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The induced map

Y m)(f) = mx(), me 2 (H(S) + C(S),f€ H*(B) 4+ C(B),
is a homeomorphism from Y (H”(S) + C(S)) onto the subset of > (H*(B) +

C(B)) consisting of those functionals which vanish on .

We saw in the proof of Theorem 3 that each element of >, (H*(B) +
C(B))\B., .., when restricted to C(B), is evaluation at some point X on S. These
elements therefore vanish on [,. Since no element of B, . vanishes identically
on Iy, v* is a homeomorphism onto > (H*(B) 4 C(B))\B.+. Hence the map
Toppovy* 71 as defined in the preliminaries, is a homeomorphism from
> (HZ(S) 4 C(S)) onto > H*(S)\B.,, ;. Unravelling the definitions will show
that p, = 70 py o v*

6. Conclusion. Lemma 6 played a central part in the preceding work. We
would like to end this paper with one further example of the close relationship
between this result and H* + C.

Let D be a relatively compact open set in C* and let % (D) denote the col-
lection of smooth functions on D.

ProrositioN 9. If Lemma 6 1s valid on D, then
clos (H*(D) + C(D)) = clos {¢ € C™(D): ¢, d¢ bounded}.
the closure being taken with respect to the sup norm. The space
clos (H*(D) + C(D)) is un algebra.

Proof. Suppose Lemma 6 is valid and that ¢ and d¢ are bounded. We can
find a u € €°(D) N C(D) such that du = J¢. Therefore ¢ — u ¢ H®(D)
and ¢ = (¢ — 1) +u € H*(D) 4+ C(D), and so

{¢ € E=(D): ¢, d¢ bounded] C H*(D) 4+ C(D).

This proves inclusion in Proposition 9 in one direction. The set {¢ + f:
¢ € H7(D), [ a polynomial in the real coordinate functions} is dense in
H*(D) 4+ (D), by the Stone-Weierstrass Theorem, and is obviously contained
in {¢ € €°(D): ¢, d¢ bounded}. Therefore inclusion follows in the other
direction. The set {¢ € €(D): ¢, de bounded} is obviously an algebra, and
so its closure is as well. Thus clos (H*(D) 4- (D)) is an algebra.

Remarks. 1t follows immediately from Proposition 10 that H*(B) 4 C(B)
is an algebra. This in turn implies H7(S) + C(S) is an algebra as well. The
proof of these facts in [4; pp. 105-111] does not use Lemma 6 explicitly and is
much longer. Finally, Rudin shows in [4; pp. 104-105] that if ¢ in H”(U"),
U” the unit polydisc, does not have a continuous extension to U”, then

¢ @ H?(H") + C(U"),

for n > 1. We conclude from Proposition 10 that Lemma 6 is not valid on U”,
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n > 1. In fact, since
3 (2a0) = ¢dz,,

it is clear that there does not exist a u € F2(U") N C(U”) such that
ou = @dz,.

Of course, by Dolbeault’s Lemma there is a solution in 4 *(U").
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