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Abstract

Let {W(¢), t > 0} be a standard Brownian motion. For a positive integer m, define a Gaussian process
1 '
Xn(t) = — f (t — )" dW(s).
m! 0

Watanabe and Lachal gave some asymptotic properties of the process X,,(-), m > 1. In this paper, we
study the bounds of its moduli of continuity and large increments by establishing large deviation results.
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1. Introduction

Let {W(t), ¢t > 0} be a standard Brownian motion. For a positive integer m, define a
Gaussian process

(1.1 Xn(t) = if (t—s)"dW(s),
m! J,

which was first mentioned by Shepp [4]. This class of processes arises in several
domains of applied mathematics. For instance, the process X(-), which has been
studied at length, is the solution of Langevin’s equation under certain physical con-
ditions. Wahba [5,6] used X,(-) to derive a correspondence between smoothing by
splines and Bayesian estimation in certain stochastic models.

Watanabe [7] established a law of the iterated logarithm for X, (-) (in fact, his result
concerns a larger class of Gaussian processes). Lachal [2,3] studied the law of the
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iterated logarithm and regular points for X,,(-), m > 1. Moreover, Lachal [2] obtained
some integral tests that precisely characterize the upper functions for X,,, which is an
important result in the asymptotic study of X,,.

In this paper we study path behaviour of the process X,,(-). By establishing results
on large deviations, we investigate the moduli of continuity and large increment
properties for X,,(-), m > 1, and give their upper and lower bounds. Note that
increments of X, (-) are neither independent nor stationary, moreover X ,(+) is also not
a stationary process. Usually, stationarity of increments is required for investigating
the moduli of continuity and large increments of a process.

First of all, we give some moment results. We have

1
(m!)?

where b,, = (m!)~2(2m + 1)~!, and for any & > 0
(1.3) E(Xn(t+h) — X.(0)?

1 t+h t
E(/ (t+h—s)’"dW(s)—-/(t——s)”'dW(s))
0 0

(m!)?

2
1 "~ (m i 1
a5 [ ([ (B C)emrw)omr)

i=1

t+h 2
+E (/ (t+h—s)’"dW(s)) ]

2m+1

=: Z b,,,j hj t2m+l_j
=2

for some positive b,;,j = 2,...,2m + 1, where b, = ((m — DH22m — 1),
Equality (1.3) implies .

(1.4) E(Xp(t +h) — Xpn(0))? = (1 + 8(h/ 1) bpoh’ ™",

1.2) EXi(t) = / (t — s)""ds =: bt
0

2

where 0 < §(x) = 0 as x — 0. Hence

(1.5) E(Xpu(t + h)X (1)) = %E [X2(¢t+h) + X2(0) — (Xm(t + h) — Xu(D))?}
2m+1

m m 1 j 42m+1—j
b,, ((t+h)2 +y 2 +1)_5 gbmjhjtz +1-j

S ) et

Put ¥,,(t) = X, (£)/t™1/2. By (1.2)
(1.6) EY2(t) = bt
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Using (1.2), (1.3) and (1.5) we have
(1.7)  E(Yn(t+h) — Y. (D))

[ Xt B) = X () 1 1 :
=E { (t + h)ym-172 - <tm—l/2 - (t+ h)m—l/Z) X’"(t)]

ST by T (4 Ry — iy
(r + h)>-! 12m=1(t 4 h)m-!

2((t + h)m—l/2 _ tm—l/2) 1 )
_ ‘“bm t+h m+1 __ t2m+l
tm-l/2(t + h)2m—l 2 (( + ) )

1 2m+1
]|
i=2

= Bmh2 + gm(h, t)v

B, — b4+ b —ly —1)0 +1)
m — m2+m (m 2 _(m 2 m
1 3
=t ta(m=3) (n+3)

gn(h, 1) = O(W’t) asht - 0,

b '2m+l
'm

where

which implies that
(1.8) E(Y (t + k) — Y, (1)? = (1 + 0(1))B,h> as ht > 0.

2. Large deviations

First we quote a well-known lemma.

LEMMA 2.1 (Fernique). Let G(t) be a Gaussian process on [0, 1] with EG*(t) <
A? and E(G(t) — G(5))? < 0*(|t — s|), where o (-) is a continuous nondecreasing
function satisfying

o0 2
/ o(e™™ )dx < 00.
1
Then, for x > 2, we have

i [ sup |G(1)] = x (A +/ a(e'yz)dy>} < ce™?,
1

O<r<l

where ¢ is an absolute constant.
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The following is a large deviation result for small time increments.

PROPOSITION 2.1. For any ¢ > O, there exist positive numbers hq, xo, ¢, and C,
such that forany 0 < h < hgand x > x,

[ Xt + 5) — X (2)] 12 } —epx? 1222
P{ sup su 1+e)b, hxt < Ci(e™™ +h™'e™?).
[0<t$?—h 05:5’1 (t \'4 h)m—1/2 - ( ) - 1(6 )
PROOF. For any ¢ > 0 and mteger r>0,lett =[£2"/h]/(2"/h), and write, for
rh<1-—nh,
2.1
sup  su [Xm(t +5) ~ Xm(8)]
0<15?—h ossgh (t v h)m-1/2
— sup sup [ Xm(t +5) — Xm(D)] v sip  sup [ X (t 4+ 8) — Xm(0)]|
O<t<rh 0<s<h (tv h)'""l/2 "hSISI:l)—h 0<s<h m—1/2
=5 v

Noting ¢t v h > (¢t + h)/2, we have

- le(t+s)_Xm(t)|
I, <2™'2 sup su < 2mtl2 gy Y. ()]
! 0<:£h ossgh (t + hym-172 - 0<l§(ll:-’!-r)h| ®

Let Z,(t) = Yu((14+1r)ht),0 < t < 1. We willuse Lemma 2.1 with A = b}?(1+r)h
and 0 (s) = (2B,)"*(1 + r)hs. Put D = (1 + r)(b}/> + 2B,)'? f1°° e dy). For
any given £ > 0, take r = r(¢) to be specified later on. By Lemma 2.1, we have

(22) P{I,; =z b hx} <P { sup |Z(1)| = (b,52" ""*‘/Z’D")th] < Ce™”
0<t<1
for x > xo := b,,/*2"*V2D, where ¢, = b,,2"?"*VD2/2,
Consider I, now. We shall use a method similar to thatin [1]. Forrh <t <1—h,
0 < 5 < h, which implies that

1 1 m—1/2 1 1 m—1/2 1
it ( ) arr =T wraonn

for any j > 0, we have

| Xm (2 +5) — X (2)]
tm— 172
|X (1 +5),) — Xn(t, )I | Xm((2 +5),) — Xt + 5)|
tm- 1/2 tm—l/2

2.3)
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+ IXm(tr) - Xm(t)l

tm—l/z
- X ((t + s>,l) — Xn(t)| | i 1 Xom (8 + 8)r1j41) — Xm((t + 8),4))]
tm—1/2 gm=1/2
j=0
= ‘Xm(tr+j+l) - Xm(tr+j)‘
+ Zo tm—l/z
_’=
< 'Xm((t + s)r) - Xm(tr)l
bt t:n—l/2
1\ SN X (( + $)r441) = Xn((2 4 5)14))]
+ (1 + -) Z Lt i
r —0 (t+8)4 41

00
IXm(tr+j+1) - Xm(t’+j)|
+ Z m-1/2 :
j=0 tr+j+l

For the first term of the right hand side of (2.3), by (1.4) we have

Xn((t +5),) — Xn(t)) £\? N2 e\t o,
E( ) <(1+3) b (1+2 )h5(1+§) buah?,

t:n—l/2

provided r = r(¢) is large enough. Hence, noting that the number of points lying
within the grid [0, k] x [rh, 1] with step h/2" is less than 2%’/ h, we obtain

le((t+S),) —Xm(tr)l £
Q4) P { sup  sup i > (1+ -3-) by
rh<t<l—h0<s<h L

2% X ((t 2 — Xt

<— sup sup P {I « +i.)-1)/2 ()] > (l + i) b,l,,/zzhx}
rh<t<l-h 0<s<h t, 3

< 32—r-e_x2/2
~ h

by recalling the well-known inequality 1 — ®(x) < (1 /«/2_7tx)e"‘1/2. (Without loss
of generality, assume that x, > 1/ V2T )

Consider the second term of the right hand side of (2.3). Note the following
inequality:

[o.¢] o0 [o,%] oo
p[supzx,.,. zzxj} szp{zx,, szj]
el ;o j=0 iel j=0 j=0
<#[)supP{3j = 0:X; > x;}

iel

o0
<#(I)sup ) P{Xy = x;),
iel 705
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where X;;,i € l,j =0,1,..., are random variables and x;, j =0, 1, ..., are real
numbers. Moreover, by (1.4) again, we have

2
E (Xm(tr+j+l) - Xm(tr+j)) < 2bm2h2/22(r+j+1)

m—1/2
Liin

for any 0 < ¢t < 1, provided r is large enough. Furthermore, we may demand

0 [\ 2
ﬁz 244172 < (1 + ;) g
j=0

Then we have

2.5
= Xm t r+j _Xm r+j 1 —m+1/2
P sup sup I (( +S) +]+1) m_l/z((t+S) il )I > <1 + —‘) Eb,ln/zzhx
rh<t<l—h O<s<h im0 (t+s)r+j+l r 3

e o]
[ Xm(trsjs1) — Xm(fr+j)| 12
= P[ sup m=1/2 Z“/—b 2(r+j+l)/2 x

rh<t<1 =0 tr+j+|

2’ 2

< < Z _2r+j+l 2/2 —x

for large r. Similarly, for the third term of the right hand side of (2.3) we have

26 P [,hf,“s‘,’_,. o ,2:.; |xm(t,+,-+tz} ygx )l € } 2 in
Combining (2.3)—(2.6) we obtain

@7 P {12 >+ £)b‘/2hx] < (@ +27) % ey

(2.2) and (2.7) together imply the conclusion of Proposition 2.1. O

An analogue of Proposition 2.1 in the large increment case is the following.

PROPOSITION 2.2. Let ar be a function of T with0 < ar < Tand ar/T — O as
T — o0. Then for any € > 0, there exist positive numbers Ty, x,, ¢; and C, such that
forany T > Tyandx > x,,

P[ | Xm(1+5) —Xm (1)l

sup  sup

iz = (1+€)b”zzarx} < G(e ™ + Taz'e™"7).
0<rsT~ar 0<s<ar @tV ar)™/

The proof is similar to that of Proposition 2.1, and hence, is omitted.
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3. Moduli of continuity

We need another well-known lemma.

LEMMA 3.1 (Slepian). Let G(t) and G*(t) be Gaussian processes on [0, T] for
some 0 < T < 00, possessing continuous sample path functions with EG(t) =
EG*(t) =0, EG*(t) = EG**(t) = 1, and let p(s, t) and p*(s, t) be their respective
covariance functions. Suppose that we have p(s,t) = p*(s,t), s,t € [0, T]. Then
for any real u,

P{ sup G(t)gu] > P[ sup G‘(t)su}.

0<r<T 0<t<T

Put logx = In(e Vv x).

THEOREM 3.1.

(Xt +5) — Xn(2)]
(3.1) limsup sup sup <1 almost surely,
h—0  O<r<i—h0ss<h b (t Vv h)y"-12h(2log h—1)1/2

X (t+h)—X,(t
3.2) liminf sup —7 Xt 4 1) = X (D) > 1 almost surely.
h=0 o<e<i-n b, (t vV h)""1/2h(2loglog h~1)1/2

REMARK 3.1. It is interesting to find the exact factors such that equality signs in
(3.1) and/or (3.2) hold. For Lévy’s moduli of continuity of a Brownian motion W(.),
the ‘(log h™')"/?’ makes the equality sign in (3.1) hold. For X, (-), there are certain
difficulties because its increments are neither independent nor stationary.

PROOF. First we prove (3.1). For any given ¢ > 0, by Propositon 2.1, there exist
¢ =c¢{e) > 0and C; = C(¢) > 0 such that

sup su
0<:<P h0<:1<)h b /2(t vV h)y"-12p(2log h—1)1/2

< Ci(exp{—2ci(1 +&)*logh™'} + h~'exp {—(1 + &)*logh™'})
< Cy(h* + h).

P[ [Xn(t +5) = Xn(0) >(1+8)2}

Taking h, = n=* with A > (2(¢ A ¢;)) ", we obtain

> X, (t — Xn(t
ZP SUp  Sup —; Xt +5) @ > (1+¢)?t < o0,
O<t<1-h, 0<s<h, b5 (¢ V h,)""12h,(2log h;7hHin2

n=1
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which, in combination with the Borel-Cantelli lemma, implies

(3.3) limsup sup | Xm(t +5) — Xn(2)]

su <(1+¢)? as.
n>00 O<t<l—hy oo, BY2(t Vv hy)m=12h, (2 log h71)1/2 =( )

The procedure from (3.3) to (3.1) is routine, and hence, is omitted.
Next we show (3.2). Let h, = n~* with A, = n{°¢"°¢"™" 4 00 as n — 00. Define

X (G + Dha) = X (ifa)
(k)7

O<i<n*—1.

Y(i)= ,

By (1.4), EY(i)* > b,;h2. We have that, fori < j,

(34) E(Y(DHY())

1 (i+1)h,
= (mY2(ih, Y™ V/2(j b, ym=172 {/0 ((i+Dh,=s)"(( +Dh,—s)"ds

(i+1)h,
- f (i + Dh, — $)"(j by — 5)"ds
0

ihy ihy
—f (ihy — )™((G + Dh, — s)"ds +/ (ihy = )" (G hy — s)"'ds}
0

1
2
=" ZZ( )( )(m')2<2m —p—q+ 1)1

p=0 ¢=0
{(l+1)2m-q+l(l-+1)q__(i+l)2m—q+qu__i2m—q+l(i+l)q+i2m—q+qu}

2 m\ ((i + 1)t — 2m=a+hy((j + 1)7 — j9)
=" ZZ( )(q) (mH»2@2m — p — g + D )™/?

p=0 g=0
42m — g + D)q (i/j)*17? .
yr ( )( ) L+ 01/i)).
g?_—; my@m—p—qg+n T oWD
Letn, = [A,logn], Z(i) = Y(&'),i =0, 1, n
z’":i( )(m) 42m — g + l)q
g (mP@m—p —q+1)

and D, = 3loglogn. (3.4) implies that for i > n,/3andj — i > D,
(3.5) E(Z()Z(j)) < hicne™ ™21 + O(1/1)) < ca(logn) ',

provided n is large enough. Let {£,i > 0} and ¢ be independent normal random
variables with means zero and E§? = EZ(i)? — c,(logn)™'h% = (1 + 0(1))bmh?
as n — oo (recalling (1.4)), E¢®> = cn(logn)~'h?. Define y; = & + ¢. Then
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Ey} = EZ()* and EZ()Z(j) < Eyiy;. Letl ={i : ny/3 <i < ny—1,i
mod D,}, then #(I) > n,/(2D,) for large n. Hence by Slepian’s lemma and using
the well-known inequality

1 - d@x) > 71_— (l - l) e,

27 \x x3

we obtain that for large n

36) P{ max Z@®=( — &)bZh,(21oglog b2

<P, max vy <(l-eb;hQ2logloghs)
Y mod b

, &N 12
=P ”ll/:}giaffl—lsl = (1 2)bm2 hn(210gloghn )

+P {; > b”zh (210glogh,f‘)”2}
n/(2D,)
<(1-» [s, > (1 - 5)bi7h,(2loglogh;")'})

+ exp l loglogh, }

m(lg)’

1 e . ny/(2Dy I
< (l " G loglog h-H172 exp [— (1 - 5) loglogh, }) +n

1 —1y(1—¢/2) n/(2Dy)
= _(ogh) g
(87 log log h;1)1/2

<e (log b Y)~U=¢/Dp,
- 2D,(8m loglog h;1)1/2

} +n?<2n7%
Inequality (3.6) implies

o0
ZP[ max Z(i) < (1 — )b 7 h,(2loglog h; ’)‘/2] < o0,
1

O<i<n —

and by the Borel-Cantelli lemma it follows that

70
3.7 liminf max @) >1—¢ as.
nvoo Osism—1 p2h (2 loglog h;1)1/2
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And hence we conclude

Xt +h,) — X0t
3.8) liminf sup 7 @ + hn) @) >1—¢ as.
n—00 b, <t<i-h, b, t™~1/2h,(2loglog h;1)\/?

Considering h,+, < h < h,, we have

[Xm(t +h) — Xn(2)]
(3.9) sup — —
o<t<1-k b, (t V h)"='/2h(2log log h~—1)'/?
S [Xm(t+hy) = Xp(®) + Xpn(t + h) — Xpu(t + hy)|
T hpsr<ih b2 tm=12h(2log log h—!)1/2
le(t + hn) - Xm(’)'
>  su 72
hast<i-h, b1 t™12h,(2loglog h;1)!/2
IXm(t+hn+l+s)—Xm(t+hn+l)I
-2 sup sup 77
ha<t<1=(hn—hns1) 0<s<hp—hrri Dy (t 4Ry )" V2 (hy —hpyy)
. (t + R )™ 2 (hy — hpyr)(log(hy — huyr) ™)'
(210g(hy — hppy) =) /2tm" V2R, 1 (log log by ) )2

By the derivative calculus for the function f (x) = x~#+, we have

A,logn
B = husy = hap1 —"—E (1 + o(1)).
nloglogn
Therefore,
Boy )™ V2R, — h, 1 o — b)) HY2
lim sup (t+ hup1) ( +1)( ngfl hay)™) —o.
R=>00 p ct<l=(hp—hns1) tm—l/zhn+|(10g log hn+l)1/2

Consequently we conclude (3.2) by (3.8), (3.9) and (3.1). This completes the proof of
Theorem 3.1. O

4. Large increments

THEOREM 4.1. Let ar be a continuous function of T with 0 < ar < T and suppose

that

@1 lim Prtersn % _
n—00 l“fn—l<l.<_n a;

and

“4.2) Tlim log(T/ar)/loglog T = oo.

Then

a.s.

Xm(t — X (¢
(43)  limsup sup sup —; 1 Xm(t + ) ) 3
T—o0 O<t<T—ar 0<s<ar bm2 (tv aT)m—l/zaT(2 log(T/aT))lﬂ
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If, instead of (4.2), for any & > 0 there exists T > O such thatfor T > T

T (logloglog T)V/¢
(4.4) (log —) 2 log T,
ar
(45) (log aT)Z(l—s)Iogloglogar > log T,
then

>1 as.

. | Xm(t +ar) — Xn(2)l
(4.6) liminf sup 77
T>00 g<y<T-ar bm2 (t Vv ar)’”‘l/zaT(Z log log(T/aT)) 172

PROOF. First we prove (4.3). Let 8 > 1 and for integers k and j let
4.7) Ay ={T:6""'"<T<6" 6" <ar<é}.

In the sequel, we always consider k and j such that A,; is non-empty. Forany A > 0,
by condition (4.2), there exists ko such that for k > kg

log 6%~/ /loglog6* > A,
that is,
4.8) j <k—1[(A/log8)logk +6,] = ki,

where 6, = A(loglog8)/log6. Then, noting that b,l,,/zz(t var)"Ya;(2log(T/ar))'?
is an increasing function of both T and ar, we have

Xt — X (2
(4.9) limsup sup sup — | Xm( + ) @
T—oo O<t<T—-ar0<s<ar bm2 (tv aT)’""/ZaT(Z log(T/aT))'/z

. | Xm (2 +5) = Xm(1)l

< limsup sup sup Sup —77 - . .
k=00 —co<j<k O<t<pt—pi-1 0<s<6i b,y (£ V @I~1)ym=1/20/-1(2 log §*—/)1/2
: ™12 X m(t +5) — Xnm(1)]

< limsup sup sup sup — . - e,
k=00 —00<j <k O<r<Ot+1 -0 0<s<6) bm2 (tv 6/ )’"“/291 (2 log gr—J )1/2

Using Proposition 2.2 and (4.8) we have

sup sup sup - - -
—oo<j <k 0<r<ot+i—g) 0<s<er BLZ(t Vv 61)ym=1/26i (2 log §%~i)1/2

ky
<G ) (exp{-2c2(1 +€)log 6"} + 6 exp [~ (1 +€)* log 6"~/ })
j=—0
ki
<G 9—2q(1+e)2(k—j) + @ 2ek=i)+1
pt )

(0—2c2(1+5)2[(A/log0)logk+0|] +9—22[(A/log0)logk+01]+l) < ck?

P{ Xt +5) = Xn(®)] . +€)2}

IA

c
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for some ¢ > Oby taking A = (log8)/(c;(1+¢)* A€). Hence, from the Borel-Cantelli
lemma we obtain

X (t — X (2
limsup sup sup  sup — I ( +5) : 0 — < (14+¢)* as.
k00 —oo<j<h Or<gt+l -6 0<s<di B, (¢ V 87)y"=1/207 (2 log 6% )12

which, in combination with (4.9), implies (4.3) by arbitrariness of & > 1.

Next we show (4.6). Let A; = jU8¢)™ again, and let By = 0, B; = j*,
j=12,...,C ={T : Bioy < T £ By, Bj; < ar < B;}. By condition (4.4), for
any A > 0, there exists an integer jo such that for j > j,

(410) log(Bk/Bj) > (log Bk)(loglogk)‘A > Ailoglogk)-A .

On the other hand, by the derivative calculus for the function g(x) = log B,, we have

Alogk

log By —logB; <2(k —j)————,
0g By —log B; = J)kloglogk
which, in combination with (4.10), implies that

_ kloglogk | _iidogiogiy
< k _ A g log = k .
] = [ 2logk  * ’

Noting that b”z(t Vv ar)""2ar(2loglog(T/ar))"? is an increasing function of both
T and ar we can write

Xm(1 — Xn(t
(4.11) liminf sup |Xm(2 + ar) ]
T—>0 g<r<T-ar b,,l2 (t v ar)"'2ar2loglog(T/ar)/?
X,.(t X (2
> liminf inf inf sup | Xm(t +ar) — X (1)
k00 1<j<k; TeCy O<t<T-ar b (t \VJ aT)m 1/201(2 lOg log(T/aT))lﬂ
Xnm(t+ B;j) — Xn(t
> liminf inf sup —; |Xm(t + B)) )
k—co 1sj<ki0<r<, /2 b, (t V Bj)""1/2B; (2loglog(By/B;))'/?
i [Xm(t+5)—Xn()]
—lim sup sup sup 7
k—>00 O<r<By—(B;-B;_1)0<s<B;-B;_, b, (¢ V (B;— —l))""'/z(Bj—Bj_l)
v (v (B - Bj-l))"’"/z(Bj — Bj_1)(log(B/(B; — B;_1))?
(2log(B:/(B; — B;_1)))'/*(t v B;)"~'/2B; (loglog(B,/B;))!/?
= J; — Jp

By the derivative calculus for the function h(x) = B,, we have

Bj - Bj 1 2A logj
B; = Jloglogj
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The last inequality and condition (4.5) imply that, as £ — oo,

log B, <(1+ o(1)) log Bi < 2(10g B]' )2(1—5)10310810331 < 2(Aj logj)Z(l—e)loslogj.

Hence
@1y EV.B = BiO)YB, — By )(og(Bi/(B; — B )"
. (¢ v B;)"-1/2B; (log log(B,/ B;))\/?
B; — B, _, ) 2V24; logj (1= j
< log B.)!/? < J (A 1 (1-¢) loglogj
ST (BT S Tgieg (Aloe))

_ 2ﬁAJ (logj )1+(l—s) log log j
- Jj¢loglogj
Then by (4.3) and (4.12) we obtain

— 0 asj - o0.

4.13) Jo=0 as.

Consider J; and for fixed k, define

Xn((i+1)B;) — Xn(iB;)

Y,3) = AL

s 0<i§Bk/Bj—l,j=O,l,...,k2.

Furthermore, let Z; (i) = Y;(¢), i = 0,1,... ,k3 — 1 with k3 = [log(B:/B;)].
Similarly to (3.5), we have

EZ;(i)Z; (i) < c,(loglogk)™~*B}

for some ¢, > O and any i, > k3/3, i, — iy > D, := 3(A + 2)logloglogk. Let
{§;,i > 0} and ¢; be independent normal random variables with means zero and
E§} = EZ;(i)* - ¢, (loglogk)~*~*B?, E¢? = ,(loglog k)~*~? B}. Then, similarly

to (3.6), using (4.10) with A > 6/¢ we obtain for all large k

(4.14) P{ inf max Z;(i) < (1 —&)bY7B;(2loglog(B:/B;))'""?
0<j <ky k3/3<i<ks—1
i mod D}

k
2 _ (log(Bk/Bj))_“‘Ele
< Z (exp [ 2D;‘(87[ lOg log(Bk/B,-))‘/z }

&*by
log log(By/ B;
42 (loglog =3 198 108(B/ ,)])

k2 Wé&/2
< CZ (exp [_ (log(B+«/B;)) ]
j=0

+exp[-—

D, (87 log log(By/B;))'
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2bm
84a 2 (log log k) log k]) .

m

+ exp {—
It is easy to see that
D, = o(log(B./B;)), loglog(B«/B;) = o(log(B./B;)).

So for large &,

o {_ (log(B./B;))""?
P 1" DiGr loglog(Bi/B,)'"

} < exp{—(log(B:/B,))"*}.
Combining it with (4.14) implies

o0
> P{ inf max Z;()<(1- £)b)2B; (2loglog(B./ B; ))'/2] < 00.

0<j <ky 0<i<k;—

k=1
Hence
4.15) Ji>21—-¢ as.
Combining (4.15) with (4.13) we conclude that (4.4) holds. This completes the proof
of Theorem 4.1. O
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