
Canad. Math. Bull. Vol. 24 (1), 1981 

A NOTE ON SPLIT EXTENSIONS OF FINITE GROUPS 

BY 

MARTIN R. PETTET 

Let N and K be finite groups with K acting on N, and let G be the 
semidirect product NK. It was shown by Zassenhaus that if (|N|, \K\) — 1 and 
either N or K is solvable (an assumption later rendered redundant by the 
Feit-Thompson theorem), then all complements of N in G are conjugate to K. 
It does not seem to be widely recognized, however, that a simple modification 
of the averaging argument used in the standard proof of this fact (e.g. Theorem 
6.2.1 of [1]) yields the following somewhat stronger result: 

THEOREM. Let G be a finite group such that G = NK, where N^G and 
NDK=1. Suppose H<G such that (\H:HC\KX\,\N\) = 1 for every xeN 
(where Kx = x_1Kx). If N or H is solvable, then H is contained in some conjugate 
of K. 

Before proving this, we isolate as a separate lemma the case that the normal 
subgroup is abelian, not only because this is the critical case but also because in 
this situation, an apparently weaker hypothesis suffices. 

LEMMA. Suppose G = AK, where A is abelian, A^G and A(1K=1. If 
H<G such that (\H: Hf)K\,\A\) — 1, then H is contained in some conjugate of 
K. 

Proof. As in the proof of Zassenhaus' theorem, we consider the "crossed 
homomorphism" f:H—>A defined by 

xf(x)eK for all x e H . 

Clearly, f(x) = f(y) if and only if xy -1 eHDK. Hence, if T = {x{ : 1 < i < m } is a 
right transversal for HHK in H, the elements f(xt), l < i < m , represent each 
element in the image of / exactly once. For any xeH, Tx = {jCjX : 1 < i < m} is 
again a right transversal for HDK in H, so if b = HT=i f(xt), it follows that 
b = Ur=i f(xix). But f(XiX) = f(Xi)xf(x) for each i, so we obtain b = bxf(x)m. Now 
m = \H : H H K\ is relatively prime to \A\ so, choosing an integer n with mn = 1 
(mod |A|) and letting a = b~n, we conclude that a~x = (a~x)xf{x). Therefore, 
x = (x/(x))a e Ka for every x in H, which proves the lemma. 

Proof of the Theorem. Suppose first that H is solvable, so H contains a Hall 
7r'-subgroup L (where TT denotes the set of prime divisors of \N})\ Now the 
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semidirect product NL acts by right multiplication on the set of right cosets of 
K i n G, with N acting transitively. By a lemma of Glauberman ((13.8) of [2]), 
L fixes some coset Kn, neN, implying that L < Kn. It follows that \H : H fï Kn \ 
divides | H : L | which is a product of primes in TT. But | H : H H K n | is relatively 
prime to \N\ by hypothesis, so we conclude that H < K n . 

We are reduced to the case that N is solvable, and here we use induction on 
\G\. Let M be a minimal normal subgroup of G contained in N and write 
X = MX/M for any subgroup X of G. If xeN, then \H:HC\KX\ = 
\MH:MHDMKX\. Since MHDMKX = M(HHMKX) by Dedekind's lemma, 
we have \MH:MHHMKX\ = \M(HDMKx)H:M(HnMKx)\ = \H:HHMKX\ 
which divides \H:HC\KX\ and so is relatively prime to \N\. G = NK therefore 
satisfies the hypotheses of the theorem so, by induction, H<MH<MKn for 
some neN. Since M is abelian, the preceding lemma applies to the group 
MKn. so H<Knm for some meM. This completes the proof. 

This argument remains valid if the assumption that N or H is solvable is 
replaced by the hypothesis that N is 7r(H)-solvable or N is 7r(N)-separable, 
but it does not seem clear whether such a restriction can be eliminated entirely. 

As a simple application, we mention a slight variation on the lemma of 
Glauberman to which we referred earlier. We omit the proof which is a 
straightforward modification of the argument given in [2], using the above result 
in place of Zassenhaus' theorem. 

COROLLARY. Suppose A and G are finite groups with A acting on G, and 
assume A or G is solvable. Assume A and G both act on a set £1 such that 

(a) (a - g) - a = (a • a) • ga for all a eft, geG and aeA. 
(b) G is regular on ft. 
(c) All orbits of A in 11 have length relatively prime to \G\. 

Then A fixes some element of ft. 

This corollary may be used to obtain a slight generalization of some standard 
facts about coprime action (cf. [1, Theorem 6.2.2]). 

THEOREM. Let A be a group of automorphisms of the finite group G such that 
A or G is solvable. Assume that every orbit of A in G has length relatively prime 
to \G\. Then the following hold: 

(a) If H is an A-invariant subgroup of G, any A-invariant coset of H contains 
an element of CG(A). 

(b) If N is an A-invariant normal subgroup of G, CG/N(A) = CG(A)N/N. 
(c) If G contains an A-invariant Sylow p-subgroup for some prime p, any two 

such subgroups are conjugate by an element of CG(A). 
(d) If two subsets of CG(A) are conjugate in G, they are conjugate in CG(A). 
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Proof. The first statement follows from the preceding corollary and the fact 
that H acts regularly by left (right) multiplication on each of its right (left) 
cosets. The second statement is an immediate consequence of the first. 

To prove (c) and (d), observe that if X is any A-invariant subset of G (and in 
particular, an A-invariant Sylow subgroup or a subset of CG(A)) and if X8 is 
also A-invariant for some g^G, then 

xg = (xg)a = xga 

so gag~1 e NG(X) for every aeA. Hence, the coset NG(X)g is A-invariant and 
so, by (a), nge CG(A) for some neNG(X). Since Xng = X8, statements (c) and 
(d) now follow. 
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