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Semi-Classical Wavefront Set and
Fourier Integral Operators

Ivana Alexandrova

Abstract. Here we define and prove some properties of the semi-classical wavefront set. We also define
and study semi-classical Fourier integral operators and prove a generalization of Egorov’s theorem to
manifolds of different dimensions.

1 Introduction

In this article we define the semi-classical wavefront set and Fourier integral operators
and establish some of their properties.

Robert [9], defined semi-classical Fourier integral operators through oscillatory
integrals. He has proven a composition formula for a general class of semi-classical
Fourier integral operators, while for the unitary group U(t) = e~ 4" of certain
semi-classical pseudodifferential operators A(h), he has established an oscillatory in-
tegral representation and has investigated the propagation of the frequency set of a
distribution. Composition rules for semi-classical Fourier integral operators have
been proven in [3].

Another good reference for the theory of classical Fourier integral operators is the
book by Duistermaat [4], in which Fourier integral operators and some of their prop-
erties and applications are again studied through their oscillatory integral representa-
tions. Here we take a different approach and make a coordinate-invariant definition
the starting point of our investigation of semi-classical Fourier integral operators.

This paper is organized as follows. The results on the propagation of the semi-
classical wave front set which we prove in Section 3 are the analogs of the ones in
the classical case (h = 1) [6, Ch. 7]. In this article we make the distinction be-
tween the finite and the infinite wavefront sets. In Section 4, we define semi-classical
Fourier integral operators in a way similar to Melrose’s definition in the classical case
(see [7, Definition 25.1.1]). We then prove that, as in the classical case, one can also
express semi-classical Fourier integral distributions in terms of oscillatory integrals.
The proof from the classical case, however, does not completely carry over to the sit-
uation discussed here, because the Lagrangian submanifolds which we consider are
no longer restricted away from the zero section in T*R”. Section 5 is devoted to a
generalization of the semi-classical Egorov theorem to manifolds of unequal dimen-
sions.
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We remark that the results of this paper have been applied to the study of the
structure of the scattering amplitude [1,2]. In [1], we studied smooth compactly
supported perturbations of the Euclidean Laplace—Beltrami operator and proved that
the scattering amplitude is a semi-classical Fourier integral operator quantizing the
scattering relation. In [2], we extended this result to the case of short range pertur-
bations of the Laplacian when the scattering amplitude is restricted away from the
diagonal in $"~! x $"~!. In both cases we have first applied the generalization of
Egorov’s Theorem given in Section 5 to reduce the problem to that of showing that
the appropriately cut-off resolvent is a semi-classical Fourier integral operator associ-
ated to the perturbed Hamiltonian flow relation. In proving the latter, we have made
use of the propagation of the semi-classical wave front set results proved in Section 3.
Lastly, the characterization of semi-classical Fourier integral operators in terms of os-
cillatory integrals which we prove in Section 4.2 below has allowed us, under a certain
geometric condition, to express the scattering amplitude in the form e#°a, where S is
a modified action along non-trapped trajectories and a is a suitably chosen symbol.

2 Preliminaries

In this section we recall some of the elements of semi-classical analysis which we will
use here. First we define two classes of symbols

S (1) = {a € C®(R™ x (0, ho]) : Vo, B € N", |00 0 a(x, & h)| < Cogh™™}
and
S™k(T*RM) = {a € C®(T*R" x (0, hy]) : VK € R", Vo, 8 € N,

sup |af3?a(3€, &Eh)| < Caﬁh*m<£>k7\g| } 7
x€K

where hy € (0,1] and m,k € R. Fora € S§ (1) ora € S™K(T*R™), we define
the corresponding semi-classical pseudodifferential operator of class ¥}'(1,IR") or

\I!;T’k(lR{”), respectively, by setting

1 i(x—y.
Opy(@ut) = s [ [T atw sty dpde, e sav),

and extending the definition to 8’(R") by duality. Below we shall work only with
symbols which admit asymptotic expansions in h and with pseudodifferential op-
erators which are (left) quantizations of such symbols. For A € \I/’;l(l7 R™) or A €
\I/Zl'k(]R{”), we shall use 0g(A) and o(A) to denote its principal symbol and its com-
plete symbol, respectively. If a is a symbol of the above classes, we shall say that a has
compact support if there exists a compact set K € T*R" such that suppa(-;h) C K
for every h € (0, h].

For a symbol a € S™k(T*R™) or a € Sh.(1), we now define its (semi-classical)
essential support ess-supp,, a. For that, we first let T*R" = T*R" L S*R", where we
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set S*R" = (T*R™\0)/R; with the R, action given by multiplication on the fibers
(x,&) — (x,t£). As in [5], the points in T*R" will be called finite and the points in
S*R" will be called infinite.

Definition 2.1 Let (x0,&) € T*(R™). We shall say that (xg, &) does not belong to
the essential support of a if

o If (x0,&) is finite, then there exist open neighborhoods U and V' of x; and &,
respectively, such that for all a, 8 € N*,

020 a(x,€) = O(h>) uniformly in (x,€) € U x V.

We shall denote the complement of the set of all such points by ess-supp£ a.
o If (x0, &) is infinite, then there exist an open neighborhood U of x;, an open conic
neighborhood V' of &, and a constant K > 0 such that for all a, 5 € N,

929 a(x,€) = O(h*(€)~>°) uniformly in (x,£) € U x ({£: |¢]| > K} N V).

We shall denote the complement of the set of all such points by ess-supp}, a.

We also let ess-supp;, a = ess—supp£ alless-supp), a denote the semi-classical essential

support of a.

ForA € \I!ff"k(lR{”) or A € W*(1,R"), we then define its (semi-classical) wavefront
set as

WF,{(A) = ess—suppi a, WF;,(A) = ess—suppz a, WEF,(A) = ess-supp,, a,

where A = Opy(a). We shall say that W F;,(A) is compact if WF,(A) = WFP{(A) and
WFP{ (A) is compact.

We also define the class of semi-classical distributions D; (R"), with which we will
work here

Di(R") = {u € C((0,11; D'(R")) : Vx € C°(R")3N € Nand Cy > 0 :
|Fn(xu)(©)] < Cvh™N(ENY,

where F,(xu)(§) = (e’i< ) =5>,Xu>, with (-, -) denoting the distribution pairing.
The class of semi-classical distributions of compact support &} (R") consists of the
distributions u € D, (R") with supp u(h) contained in a fixed compact set indepen-
dent of h. The set 8;(R"), on the other hand, consists of the elements of D; (R")
which, for every h, extend to continuous linear functionals on S(R"). (We remind
the reader that the distributions D’(R") form the dual space to the space C>°(R")
with respect to the inductive limit topology. See [7, vol. 1] for a presentation of the
theory of distributions.)
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We shall work with the L*-based semi-classical Sobolev spaces H(R"), s € R,
which consist of the distributions u € §;(R") such that F}(u) is locally square inte-
grable and

def

lullge) & G [ O+ IV P < .

We shall say that u = v microlocally near an open set U C T*R”", if there exists an
openset U € T*R" with U € U such that for every P € U9(1,R") satisfying

(1) WE,(P) C U,

we have that P(u—v) = O(h*>°) in C*°(R"). We remark that this definition implicitly
requires that W Fj,(P) have no infinite part.

We shall further say that u satisfies a property P microlocally near an open set
U C T*R" if there exists v € D;(R") such that u = v microlocally near U and v
satisfies property P.

To extend these notions to compact manifolds, we recall the following definitions
of semi-classical distributions and pseudodifferential operators on compact mani-
folds. Let M be a smooth compact manifold and x;: M; — X;, j = 1,...,N, a set
oflocal charts. A semi-classical distribution u on M, u € D} (M), is defined by a set of
representatives u; € D;(X;), j = 1,...,N, with ujo(njonk_l) = ug in kp(M;NMy).

A linear continuous operator A: C**(M) — D;(M) belongs to ¥}'(1,M) or
\Ilzn’k(M) ifforall j € {1,...,N}and u € C>*(M;) wehaveAuOH;l =Aj(uo n;l)
with A; € U'(1,X;) orA; € \Ilz1’k(Xj), respectively, and

X1Ax2: Dp(M) — h*C> (M)

if supp x1 N supp x2 =

3 The Semi-Classical Wavefront Set of a Semi-Classical Distribution

In this section we discuss the different notions of semi-classical wavefront set used
in the literature and show that they are equivalent. We also establish some of their
properties.

We begin by proving the following.

Lemma 3.1 A distribution u € C;°((0, 1]; D/ (R")) is an element of D} (R") if and
only if for every x € C(R") there exist m,ky,Cyy € R such that ||xul|pym <

Ch =k, for every h < hq for some hy € (0, 1).

Proof The first implication is clear. For the second implication, let x € C>°(R")
and let m, k,, € R be such that ||y u| Hp Ry < Ch™n. Let ) € C>(R") be such that
1 = 1 on supp x. Lastly, let s € Z be such that s < min{0, [m]}. Then

|Fn( X”‘_|<e il w’X”>| <He it wHH (R

< Cops(E) 5hhm, n

XUHH IR)
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We now state the two alternative definitions of semi-classical wavefront set given
in the literature. The first one is as in [5].

Definition 3.2 Letu € D;(R") and let (xo, &) € T*(R"). We shall say that (xo, &)
does not belong to the semi-classical wavefront set of u if either of the following holds:

* (x9,&p) is finite and there exist x € C2°(R") with x(xo) # 0 and an open neigh-
borhood U of &y, such that VN € N, V¢ € U, |Fy(xu)(€)| < CnuhN. We shall

denote the complement of the set of all such points by WF;{ (u).
e (xo, &) is infinite and there exist x € C>°(IR") with x(xo) # 0 and a conic neigh-
borhood U of &, such that YN € N, V¢ € U N {||¢]| > %}, for some K > 0,

|Fn(xu)(©)] < Cnuxh(€)~V.

We shall denote the complement of the set of all such points by W F; (u).

We shall further use WF,(u) = WF,{(u) U WF;,(u) to denote the semi-classical wave-
front set of u.

The definition of semi-classical wavefront set given in [10] is as follows.

Definition 3.3 Letu € D;(R"). Set

WF,(u) = { (x,€) : 3A € T)°(R"), with WF(A) compact and o,(A)(x, ) # 0,
such that Au € h°C>((0, 15 C=(R")} .

We can now prove the following.
Lemma 3.4 Ifu € D;(R"), then WF,{(u) = WF,(u).

Proof Let (xy,&) € T*]R{”\WF}{(u). Let ¢ € C(R") be such that p(x) # 0 and
Fn(pu)(€) = O(h*>°) uniformly in € in a bounded open neighborhood V- C R" of &.
Let x € C2°(R") satisfy supp x C V. Consider

1

A = oy

// e%<X—Y*5>cp(x)<p(}’)X(§)u(y) dydg.

We clearly have that A € \IIZ’O(]R{”) with 0g(A)(x0,&) # 0 and Au = O(h*) in
C>°(R™).

Let (xo,&y) € T*R” be such that there exists A € \II?I’O(JR{”) with o (A)(x9, &) # 0
and Au = O(h*°)in C*(R"). Let ¢, x € C°(R") be such that p(x) # 0, x(&) # 0,
and x(hD)p = BA + R, where B € ¥,°(R"), R € ¥, >~ *°(R"). Then

xhD)utn) = s [ [ eI put) dyag

1
~ (2mh)"

/ ()T (pu)(€) dE = O(™) in C=(R"),
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Hence, x(§)F(ou)(€) = O(h*°) uniformly in £, and therefore Fj,(pu) (&) = O(h>°)
uniformly in £ in a bounded open set containing &, which implies that (xo, &) ¢

WE! (). ]
Similary, one can prove the following.

Lemma 3.5 Letu € D;(R"). Then (xo,&) ¢ WF;l(u) ifand only if 3A € \112%0(][{{")
with ¢(A)(x,£) > C > 0 in a conic neighborhood of (xy, ) such that Au = O(h>°)
in C*(R").

Proof The proof is analogous to the one in the classical case — see [6, Proposition
7.4]. =

We note that Lemmas 3.4 and 3.5 are stated without proof in [5, Proposition A.1.12].

3.1 Properties of the Semi-classical Wavefront Set

In this section, we establish some properties of semi-classical wavefront sets; namely,
we show how semi-classical wavefront sets behave under compositions and tensor
products of distributions.

For u € D} (R"), we set =W F,(u) = {(x, =) : (x,£) € WE,(u)}.

We have the following preparatory lemma.

Lemma 3.6 Letul € D;(R") and u, € E,(R") satisfy W Fy (1 )N(—W Fy(u2)) =
Then (uy, uy) f uyuy = O(h™), where the integral is defined as in [6, Proposztzon
7.6].

Proof Foru € D;(R"), let

Sp={€eR"US" : Ix e R, (x,€) € WE, (1)},
S =1{€€S" 1 Ix e R, (x,€) € WF ()},

o) = {£€R":Ix € R", (x,€) € WE ()},
YE={6€R"US" " (x,6) € WF,(u)}.

We have that 3 (u) = limgpp ¢—fx} 2n(¢u). The proof is the same as in the
classical case (h = 1) (see [7, §8.1]). Forevery x, € R", we can then find ¢ € C>°(R")
such that ¢(xy) # 0 and Xy (pu;) N (—X,(puy)) = 2. By [6, Proposition 7.6], we
have that

(2) /<P“1<Puz = (2%/gh(@ul)(ﬁ)?h(@uz)(—g)dﬁ-
mh)
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Now, since Eﬁl(goul) N EZ(@uz) = @, for every & € ZZ(@M) we can find an
open conic neighborhood Uy, of &, such that F;(puy)(—€) = O(h™(£)~°°) uni-
formly in Ug, N {€ : [|€]] > &} for some C > 0. Since u; € D} (R"), it follows
that there exist N € Nand C’ > 0 such that |F,(ou;)(€)| < C’h™N(€)N and there-

fore F,(o11)(§)Fn(pu2) (=€) = O(h>(€)~>) uniformly in Ug, N {€ : [|€]| = & }-
The compactness of $"~! implies that we can find finitely many such neighbor-
hoods (Ull)lL;1 and (UZZ)IL;1 and a constant C; > 0 satisfying ¥} (ou;) C UzLil U?
and ¥ (o) € U, U and such that () (©)Fn(ou)(—€) = O(h(€)~>)
uniformly in U/ N {¢ : ||¢]| > CLI}’ I'=1,...,Lj j = 1,2. We can further ar-
range to have (UZL:‘1 uhn (UlLi1 U}?) = @. Lastly, we choose finitely many sets
(U;)IL;1 such that S”_l\(Ui:1 lLk Ulk) C U1L;1 U; and a constant C, > 0 such that
Tnlpu;)(§) = O(h>°(£)~°°) uniformly in § € {£ : [|£]| > CLZ} nNU, j =12,
I=1,...,L;. With C = min{C;, C,}, we then have

/ Fnlpu)(©)Fn(pur) (=€) d€ = O(h™).
{ellel>¢)

The same argument applied now to Zﬁ(apuj) N{EeR g < &Lj=12
gives that

/ Falou) () Fn(pus)(—E) dE = O()
{&llEll<Ey

and therefore [ pu;pu, = O(h™).
Choosing a locally finite partition of unity Z]Oil @? = 1 with each function ¢;
chosen as o above, we have that (u;, u;) = Z]OZI (@jur, pjuz) = O(h>). [ |

We now consider two position spaces R%*# and R%*% split into R® x R* and
R% x R®%, respectively. This leads to the corresponding splitting of the phase spaces
T*R%* and T*R* into T*R% x T*R%Y and T*R* x T*R®. For sets A C
T*R%H, B C T*R%*, and a C T*R?, we define

BoA = {(ms,my) € T*R™* : Im, € T*R®, (my, my) € A, (m3, m,) € B},

Ala) = {my € T*R® : Im; € T*R™, (my, m,) € A, m, € a}.
For U € Dj(R¥1%41), j = 1,2, we let

(WE)'(U) = {(x, & 1) : (x,&y,—n) € WERU)}, k € {f, i},
(WF) 0, (U) = {(y,n) € SRY : Ix € RY", (x,07,7) € (WF})(U)},

(WE})/,., (U) = {(x,6) € S'RY" : Iy € R, (x,£ ,0) € (WF}) (U)}.

R+1

Thus (WF;;)};K " (U) selects the points of WF;;(U) which point to a direction in R%,

reverses their directions, and projects them onto S*IR% , while (WF;;),CRAJ.+1 (U) selects
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the points of WF,(U) which point to a direction in R%* and projects them onto
S* R,

Lastly, we shall say that U is properly supported if there exists 0 < hy < 1 such
that for every 0 < h < hy, supp U (h) is proper in the sense that for all compact sets
K; C R% and Kj;; C R%*' the sets

supp U(h)(K;) &

(supp U(h))*l(KjH) def {y € RY :3x € Kj1, (x,y) € suppU(h)}

{x e RY" : Jy € Kj, (x,y) € suppU(h)},

are compact.
We now have the following results on the behavior of the semi-classical wavefront
set under composition and tensor products.

Lemma3.7 Letu € D;(R%), v € Dj(RM), V € Dj(RE ), W € D) (RH*E),
Then

@) WF,{(AV) C WF;{(A) N WF;{(V) for A € Up(1, R4 with compact wavefront set
or A € W (RY), and WFi(Av) C WFi(A) N WEL(v) for A € U (R,
(i) u®ve D)RE), WF (u@v) = WF (u) x WF (v), and

WFi(u®v) C (WE,(u) x WE, (v))

U ((suppu x {0}) x WF;(v)) U (WEj(u) x (suppv x {0})).

(iii) If V is properly supported, v € 8{1(1R{d‘ ), WFL(V) N (WF; :{Rdl (V) = @, and
WF;{(V) is compact, then

Vv e D] (R%),
WEFL(Vv) € (WE])' (V)(WE](v)),
WE;(Vv) C (WE}) (V)(WE,(v)) U(WF})/, (V),
where Vv is the distribution obtained by applying to v the continuous linear oper-
ator from C>° (R into D;’l(JR{dl) with Schwartz kernel V.
(iv) If at least one of V_and W is properly supported,
(WE) s, (V) NV (WE))f, (W) = 2,

and the set

{peTR”:3(qr) € T'R" x T*R™,
(q,p) € (WED' (W), (p,1) € WE])'(V)}
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is compact, then
WoV € DR,
(WF]) (W o V) C (WE]) (W) o (WE])(V),
and

(WF}) (W o V) C (WE,)' (W) o (WE,)'(V)U(WF})/,, (W) x (R x {0})

R

U (R% x {0}) x (WE}) 0, (V),

where W oV denotes the Schwartz kernel of the operator which is the composition
of the operators with Schwartz kernels W and V.

Remark Part (iii) of this lemma is proved in [5, Proposition A.l.13] without the
assumption on WF}{ (v). In our proof, however, we also show that all estimates can
be made uniformly in a neighborhood of W F,(v).

Proof We begin by proving (i). Let (xo, &) ¢ WF;{(A). The proof is the same for
the two classes of operators; we only treat the case A € \Ilz’o(]R{dl ). Let B € Wz’O(IR(dl)
satisfy o(B)(xo, &) # 0, o(B) € CX(R%), and WF/(B) N WF/(A) = @. Then
BA € ¥, *"*°(R%) and therefore BAu = O(h*°) in C*°(R%).

Now let (x0, &) ¢ WF}{(u). Let ¢ € C(R%) satisfy c(xo,&) # 0 and let d €
Sgdl (1) be such that d#,c = 1 in a neighborhood W C (WF{(u))C of (xg, &). Further,
let y € C>*(T*R%) have supportin an openset V € W and be equal to 1 on an open
subset U € V. Then the operator T = Opy(xd#yc) has symbol o(T) = 1 mod h*>
in S(Z)d] (1) in U and supported in W, and therefore Tu = O(h™) in C*°(R%). Let
B be elliptic at (xg, &) with WF,(B) C U. Then we have that BA = BAT mod
W, 7 (R%) and hence BAu = BATu = O(h>°) in C*°(R%). Therefore, (x9, &) ¢
WE/ (Au).

The proof in the infinite case is analogous to the proof in the classical case (see [6,
Lemma 7.2]).

We now turn to proving (ii). It is trivial to check that u®@v € D/ (R%:*). We shall
now prove that WFP{(M ®wv) C WFP{(LI) X WF]{(V). Let (xo, £05 Yo, 0) & WF;{(M) X
WF{ (v). Without loss of generality, we can assume that (xo, &) ¢ WF{ (u). Then
there exists x, € C° (R%) with y2(xo) # 0 and a bounded open set O, C R®
with § € O, such that |F,(xou)(§)] = O(h™) uniformly for £ € O,. Now let
X1 € C¥(R™) be such that x,(y) # 0. Then |F,(x1v)(n)| < Ch~"(n)™ for some
C > 0, m > 0, and therefore |F;,(x2u @ x1v)(&,n)| = O(h*°) uniformlyin (¢,n) €
0, x O for any bounded open set O; C R% with 1 € O,. Therefore (xy, &o; ¥o, 70) ¢
WF{ (u®wv).

The opposite inclusion can be proved similarly.

The proof of the second assertion in (ii) is as in the C* case. See [7, Theorem
8.2.9].
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We now turn to proving (iii). For every 0 < h < 1, we define the distribution
V(h)v(h) in the following way. For ¢ € C° (R%) we let

def 1

(V(mv(h), ¢) = by

/ Fo (V) Tn(p @ V() (—E, —n) deeln.

(See also [6, Theorem 7.8].) The fact that Vv € D ,g(lR{dZ) is proved in [5, Proposition
AL13].
We shall now prove that (WF}{)’(V)(WFP{(V)) is a closed set. Let ((x,,&,))nen C

(WF]{)/(V)(WF}{(V)) converge to (xo, ). For everyn € N, let (y,,n,) € WF{(V)
be such that (x,,&u; Yu, Mn) € (WF;{)’(V). Since WF;{(V) is compact, after pass-
ing to a subsequence, we can assume that (y,,7,) — (yo,70) € WF}{ (v). There-
fore (x,, &3 ¥ns Mn) — (%0, €03 Yo, Mo) and since (WF,{)'(V) is closed, it follows that
(%0, €03 ¥0,M0) € (WF!)/(V)). This implies that (xo, &) € (WE!)'(V)(WF/ (v)), and
therefore (WF}{)I(V)(WF]{(V)) is closed.

Now let (xo, &) € (WE!)'(V)(WF! (v)))¢, and let O, 0’ C R* be open neigh-

borhoods of xy and &, respectively, such that O x O’ C ((WF{)/(V)(WF]{(V)))C and
O’ is bounded. Let x € C>°(R%) with x(x9) # 0 have support in O and let £ € O'.
By the proof of Lemma 3.6, we have that

V() x(e 5608 @ ()
1

= 2ah)dd /9h(V)(777T)(ffrh(x(')e_“’{)) ® Fu(v))(n, T)dndr = O(h™)

uniformlyin & € O'.

The proof in the case of the infinite wavefront set is the same as in the C* case
(see [6, Theorem 7.8]).

Lastly, to prove (iv), we first define the distribution W o V' as follows. Let x; €
C>®(R%), j = 1,3. Then

def
(WoV,x3®x1) =

1

W /ffh(w ®@ x)&,n, T)Inxs @ V)(=&, —n, —7) ddndr

and extend the definition to C> (R%*%') by continuity (see [6, Theorem 7.10].) The
factthat WoV € D,’I(Rd“dl) follows as in the proof of [5, Proposition A.I.13].

We shall now prove that (WF,{)’(W) o (WF,{)'(V) is closed. For that, let

(s En's Yy T)men © (WED (W) o (WED)' (V)

converge to (xo, o3 ¥0,M0)- Let ((zu, (u))nen C R be such that (x,, €454, () €
(WF,{)’(W), (Zn, Cus Yy ) € (WF,{)’(V), n € N. By the hypothesis, we can assume
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that, after passing to a subsequence, (z,, (,) — (2o, o). Since then (x,,&,;z,, () —
(x0, 0’3 20, Co) and (WE])/(W) is closed, it follows that (xo, &5 20, (o) € (WF])'(W).
Similarly, (yo, 70 ; 20, o) € (WF})/(V), and therefore

(%0, 05 ¥0,10) € (WED)' (W) o (WE)'(V).

Now let (x,&3y,m) € (WE)' (W) o (WF])!(V)). Let Oy, 0] C R%, 05,0} C
R% be open neighborhoods of y, 7, x, and &, respectively, such that O; x O} x O; X
O] C (WE/(W) o WF,(V)) and Of and Oj are bounded. Let ¢ € C>®(R%) and
P € Cfo(]R{d3) have supports inside O; and Os, respectively, and satisfy ¢(y) # 0
and 1 (xp) # 0. Then, by the proof of Lemma 3.6, we have that

(W(, )@@+ )e 58 ap()e #88 @ V(-r o)) = O(h™)

uniformly in (£, 7) € O} x Oj. Therefore (x,&;y,m) ¢ WF}{(W oV).
The proof in the infinite case is the same as in the C* case, see [6, Theorem 7.10].
|

4 Microlocal Semi-Classical Fourier Integral Operators

In this section we define semi-classical Fourier integral operators as microlocal ob-
jects and prove a characterization of the Schwartz kernels of these operators, which
is a semi-classical analog of Melrose’s characterization of Lagrangian distributions
in [7, Definition 25.1.1]. We then use this characterization to describe the finite wave-
front set of these semi-classical Fourier integral distributions.

4.1 Parameterizing Lagrangian Submanifolds

We first review some facts from symplectic geometry relating non-degenerate phase
functions and Lagrangian submanifolds.

Let V. .C R" x R™, m € Ny, be an open set and let ¢ = ¢(x,0) € C;°(V;R). For
m > 0, let ¢ also be a phase function in the sense of [8, Section 2.4]. Ifa € S}, (1),
r € R, we define the oscillatory integral

I(a7<p)=/ i Da(. 0)d)  ifm >0,
R™

as in [8, Section 2.4], and set I(a, p) = ei?aifm = 0.
We further let

Cy, ={(x,0) € V:pp(x,0) =0} and A, = {(x,p(x,0)): (x,0) € C,}

for m > 0, and
A, ={(x,¢'(x) :x€ V}
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for m = 0. We also recall that a phase function ¢ is non-degenerate if
(3) ©y(x,0) = 0 implies that (¢, ©py) has maximum rank at (x, 6).

If m = 0, it is a standard fact from symplectic geometry that A, is a Lagrangian
submanifold of T*R". If m > 0, (3) implies that C, is a smooth #-dimensional
manifold. Let j,: C, 3 (x,0) — (x, pi(x,0)) € A,. Then, after shrinking V around
any fixed point (x’,60") € C,, we can assume that A, is a Lagrangian submanifold
of T*R" and j,, is a diffeomorphism. For a proof, we refer the reader to [6, Lemmas
11.2,11.3].

If A C T*R" is a Lagrangian submanifold such that for some open subset U C
T*R" themap me: ANU 3 (x,€) — £ € R"is a local diffeomorphism, then there
exist an open set W C R"\{0} and a function H € C;°(W;R) satisfying

(4) ANU ={(H'(£),8):£ €W}

For a proof, see [6, Section 9].

If A C T*R" is any Lagrangian submanifold and v € A, then there exists an open
setU C T*R", v € U, and a non-degenerate phase function ¢ € C*(V),V C R™"
open, m € Ny, such that

(5) ANU = A,.

We include the proof of this well-known result here for completeness and to intro-
duce some notation. Let u = T, A be identified in a natural way with a subspace of
T*R". By [6, Lemma 9.5] we have that after a canonical change of coordinates we
may assume that

(6) p={(0,x";¢' Bx"")},
for a splitting of the coordinates x = (x',x”’) and & = (¢',&"), where x' =
(x1,...,x), k € {0,...,n}, and B is a real symmetric matrix. This implies that

the differential of the projection m: A — (x'/,¢’) is bijective at « and therefore
this map is a local diffeomorphism from a neighborhood of v in A to the (x'/,&’)-
space. Therefore there exists a function S € CZ°(R"; R) and an open neighborhood
U C T*R" of y suchthat ANU = {(%,x”;f’, _a?ﬁ' )} NU. From this it easily
follows that

plx, &) = (&', &) = S(x", &

is a non-degenerate phase function such that ANU = A, N U.

4.2 Semi-Classical Fourier Integral Operators

In this section we define semi-classical Fourier integral distributions and characterize
them in terms of oscillatory integrals.
The main definition is as follows.
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Definition 4.1 Let M be a smooth n-dimensional manifold and let A C T*M be
a smooth closed Lagrangian submanifold with respect to the canonical symplectic
structure on T*M. Let r € R. Then the space I;(M, A) of semi-classical Fourier
integral distributions of order r associated to A is defined as the set of all u € D} (M)
such that

N

(7) (TT45) 0 = Oant==5, K=o,

=0

forall N € Ny and forall A; € ¥(1,M), j=0,...,N — 1, with compact wavefront
set near A and principal symbols vanishing on A, and any Ay € ¥} (1, M) with
compact wavefront set near A.

We are now naturally led to the following:

Definition 4.2 Let M, and M, be smooth manifolds, let ;: T*M, x T*M; —
T*M;, j = 1,2, denote the canonical projection and o; the canonical symplectic
form on T*M;, j = 1,2. A continuous linear operator C2°(M;) — D} (M,), whose
Schwartz kernel is an element of I] (M, x M;, A) for some Lagrangian submanifold A
of (T*M, x T*M,, 750, +7} o) and some r € R will be called a global semi-classical
Fourier integral operator of order r associated to A. We denote the space of these
operators by Jj (M, x M;, A).

Remark The exotic looking numerology for the order needs to be explained. We
follow the same convention as that in the classical case and require that pseudodiffer-
ential operators with compactly supported symbols in S, (1) have Schwartz kernels
in IJ(R" x R", N*A), where A is the diagonal in R*” and N*A = {(x,&;x,—¢&) :
(x,€) € T*R"} is the conormal bundle over A. Explicitly, suppose that

K(xy) = o [ b0 9eta ),

where ¢ € $9,(1) has compact support. Then

b
(2rh)?

:}'ZKHLZ(]RZ”) =

CHLZ(]RM) s

1
K|l 2o = yZy
I K| 22 ey (27h)3

where J7 is the semi-classical Fourier transform in the y variable, which is consistent
with (7) with N = 0 and the order r = 0 (M = R?*" here).

We now have the following semi-classical analog of [7, vol. IV, Lemma 25.1.2].

Lemma4.3 Ifu € I[(M,A), then Au € Ij(M,A) for every A € U)(1,M) with
compact wavefront set or A € \I!(Z’k(T*M), keR.

Ifu € D; (M) is such that for every (xo, o) € A there exists A € \Ilg(l,M) elliptic at
(%0, &) with compact wavefront set and Au € I} (M, A), then u € I, (M, A). The same

conclusion holds if A € \Il(;l’k(T*M ), keR.
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Proof To prove the first statement, let u € I;(M,A), and let A € \Ilg(l7 M) have
compact wavefront set or A € \I/Z’k(T*M), k € R. Further, let A; € Wg(l,M),
j =0,...,N, N € N, have compact wavefront sets near A and principal symbols
vanishing on A. Then AyA € \112(1, M) and has compact wavefront set. Thus, using
Definition 4.1, we obtain that

N N—1

(HAJ») (Au) = (H AJ-) (AnAu) = Opan(BN"""%), I — 0.

j=0 j=0

Therefore Au € I} (M, A).

To prove the converse, let B € ¥9(1, M) have compact wavefront set and satisfy
(x0,&) ¢ WF,(BA — I). Then (x0,&) ¢ WF,(BAu — u). From the first part of
the proof, we have that BAu € I;(M, A). Now let P € ¥)(1, M) have wavefront set
contained in a sufficiently small neighborhood of (xy, &) € A so that PBAu — Pu =
O(h*°) in C*°(M). Since again PBAu € I;(M, A), we have that (Hfio A))(Pu) =
Op(KN="=%), h — 0, for any set of operators (Al)lio, N € Ny, as in (7). Thus
Pu c I} (M, A) for every P € \112(1, M) with wavefront set contained in a sufficiently
small neighborhood of any point (xy, &) € A. The compactness of the wavefront sets
of the operators (A;)Y, N € N, now allows us to find P; € U)(1,M), j =1,..., ],
J € N,suchthat Pju € I;(M,A), j=1,...,],and 211':1 P; = 1near Ufio WE;,(A)).
Using the calculus of semi-classical pseudodifferential operators, we further obtain

N ] N
Oron () = (TT4e) O Pou= (TTA) u+ 0 (),
1=0 j=1 1=0
which completes the proof.
The proof in the case of an operator A € \Ilg’k(T*M), k € R, is analogous. |

Lemma 4.3 reduces the study of distributions u € Ij(M, A), r € R, to the case

where WF}{ (u) is contained in a small neighborhood of a point (xy, &) € A and the
support of u is close to xp. In this case, we can locally trivialize T*M and assume
that M = R". Our next theorem characterizes semi-classical Fourier integral distri-
butions microlocally and, owing to the remark just made, it suffices to state it in the
setting of R".

Theorem 4.4 Let A C T*R" be a Lagrangian submanifold and let v € A. Let ¢
be a non-degenerate phase function in an open set V.C R™", m € Ny, such that
A = A, in a neighborhood of v. Ifa € S;ﬁf%(l) is such that suppa € V, then
I(a, ) € L(R", A).

Conversely, if u € I (R", A), then for every non-degenerate phase function o defined
inanopensetV.C R, m € Ny, such that A = A, neary, there exists a € S:j:% (1)

with suppa € V such that u = 1(a, @) microlocally near ~y.
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Proof Let v have canonical coordinates (xg,&y) and let us first assume that A is
transverse to the section £ = &, at . Then there exists an open neighborhood U C
T*R" of vy such that me: ANU 3 (x, &) — & € R" in canonical coordinates is a local
diffeomorphism. Let H € C;°(R";R) be chosen such that, perhaps after adjusting
V, A, = {(H'(€),§) : £ € W} for some bounded open set W C R". For { € R"
consider

(8) Fn(a,9)(§) = / / eh (PN =(8) g (x 0) dOdx.

For ¢ ¢ W, integration by parts in (x, #) gives
) Full(a, @) = O(h™) in C=(WF).

Now 1§t§ € W. Then the function ®(x, 6; &) = p(x, ) — (x, f) hasa criti_cal_point
at (x(£), 0(£)), which is the inverse image in C,, under j, of the point (H'(§), &).
To prove that the critical point is non-degenerate, let v be in the kernel of

o P (%(£),0(8) @), 0(8))
L), 0@ &) = | T T
Poe(£(E),0(8))  pgp(x(£),0(E))
Then v € ker(p;L(%(£),0(£)) phy(%(€),0(£))) and therefore v € Tx(2).08)Co- We
also have that v € ker(p.L(x(£),0(€)) /5 (%(£),0(£))), and since j, and 7¢ are dif-
feomorphisms, it follows that v = 0. Hence

(10) the matrix ®/)(&(£), 0(£); €) is non-singular.

We can therefore apply the method of stationary phase to the integral (8) and obtain
(1) FuI(a, 9)(E) ~ eF *EOIOD N i+ 3 (A (D, )a) (#(E), B(E)),
k=0

where A, (D) are differential operators of orders < 2k, respectively.

The implicit function theorem and (10) now imply that, perhaps after shrink-
ing W around £ % € C®(W;R") and 6 € C®(W;R™). We further adjust W so
that £ € C;°(W;R") and 6 € C°(W;R™). Thus ®/(x(£),0(£);€) = —H'(E),
& € W, and therefore, by adding a constant to H if necessary, we can assume that
O(x(£),0(8);€) = —H(E) for £ € W. We also have that for every k,

r+2+8

Ask(Dyg)(@)(%(-),0(-)) € Sy * " (1).

Thus, with A € S:,ig(l),A ~ 3 hk+%+%(A2k(Dx’9)a)(X( ,0(-)), A= 0O(h*®) in
Sn_*(1) outside W, we obtain from (9), (8), and (11) that

(12) Fa(I(a, ©))(€) = e A(©).
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Now, the ideal of smooth functions vanishing on A, is generated by the symbols
aj(x,§) = x; —Hé}(f), j=1,...,n. Since I(a, ¢) has compact support, by adjusting
V without changing I(a, ¢) we can assume that A, is compact and we can choose
X € CX(T*R") equal to 1 on a neighborhood of A,. Then a; = xa; € S,(1),
j=1,...,n,vanish on A,. By the calculus of pseudodifferential operators, we have
that Opy,(a;)I(a, ) = Opp(aj)I(a, p)+Ejl(a, @), where EjI(a, ¢) = O(h>), h — 0,
in C.(R"). Therefore

[(Opn(a@i)*(a, ©))|| 2w = ||(x — H' (hD))*(I(a, p))||12@re) + O(h™).

Using Plancherel’s theorem, we now obtain

B 1
(13)  [[(Opu(a)*U(a, o)l 2wy = Qrh)}

(=hD — H")*Fy(I(a, ©)) | r20ar)

and substituting (12) into (13), we further have that
1(Opn(@;)* (I(a, )| 2y = O "5), 0 € N", b — 0.

Thus I(a, @) € I} (R", A).

We remark here that the same argument will allow us in similar situations to use
symbols in condition (7) which do not belong to the class S, (1) but vanish on the
Lagrangian submanifold A, and below we will do so without repeating this argument.

We now turn to proving the converse. Let U, H,W, and V be chosen so that
(4) and (5) hold and W is bounded. Extend H to a function in C;°(R";R). Let
P e \Il?l(l,]R{n) satisfy (1) and set # = Pu. The symbols a;(x,§) = x; — Hg’j(f),
j=1,...,n,vanish on A, N U, and therefore we obtain from (7) that

|(x — H'(hD))*(@)|| oy = OH*1==8) o e N" h — 0
and hence, after taking the Fourier transform,
(14) [(=hD — H')*F3 (i) | oy = ORIYT577), 0 € N i — 0.
Let v(§) = e Fn(u)(&). Substitution into (14) then gives
|(hD)*V|| 2y = ORIHE77), 0 e N" h — 0,

ID*v|| 2 ey = Ohi™"), aeN".

Therefore, v € S;_Z‘l(l). Let ®(x,0;€) = o(x,0) — (x,£), £ € W, (x,0) € V.
Choose £ € W and let (£(€),0(¢)) € C,, be the critical point of ®(-, - ;€). Let
M € V be a neighborhood of (&(£), #(£)) such that sgn &'’ is constant on M, and let
1 € C*°(M;RR") be such that ¢ (x, 8) = ¢.(x, ) on C,,. Define

e ) = 5 (et @]19) 00, 0) for (5,6) € M.
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Then by the first part of the proof, we have that

e Ty — TG, ) = O(h), h—0,inS, *(1).
Iterating this process, we obtain a sequence of symbols g; € S:,:?;Jr% (1) with suppa; C
M, I € Ny, such that if we denote U, = I(Z;:O Way, ), s € Ny, we have that

ety — Fy(U) = 00F™), h—0,inS, F(1).

. . ~ + 21 ~ .
Therefore, if we choose an asymptotic sum a € S, *(1) of > o h*ay, we obtain
r+5+%

u=1I(a,o)+0h>),h — 0,in C>(R"). It then follows that for some a € S,,,2, * (1)
with suppa € V we have u = I(a, ¢) microlocally near ~.

We now consider the case of a general Lagrangian submanifold A C T*R". Our
strategy is to reduce this case to the one just studied by applying a symplectic trans-
formation to A that transforms it into a Lagrangian submanifold transverse to the
constant section through a point on A. More precisely, let v € A and assume that the
coordinates have been chosen in such a way that 4 = T7 A has the form (6). Choose

Ok k 0

0 Daorixrso such that

a real symmetric matrix Ay =

(15) det(B+ Dy) # 0.

Let A = {(x, & + Apx) : (x,€) € A} and let ¥ = (xq, & + Arxo) = (x0,70), where
(x0,&o) are the coordinates of . Then, if ¢ € C®(V;R), V. C R™, m € Ny,
is a non-degenerate phase function which parameterizes A near 7, it is clear that
o(x,0) = %(AAx, x) + p(x, 0) is a non-degenerate phase function which parameter-
izes A near y.

Let i = T5A. Tt s easy to see that 1 = {(0,x"’;&’, (B+ Dy)x"")}. It then follows
from (15) that A is transverse to the constant section n =1 at~.

Letu € I'(R",A) and let A; € ¥)(1,R"),1=0,...,N,besuch that oo(A;)[p = 0,
I=0,...,N—1,and ess-supp, 0(A;), l = 0, ..., N, is compact. From (7) we have
that

N
(Heﬁ<AA"'>Alefi<AA""'>> e {Aardy — OLZ(le,z)(thrfz‘l% h— 0.
=0

We shall now prove that for a € $9,,(1) with ess-supp, a compact, the operator
B = eZLh <A~’\'v'> Oph(a)67 2’_h <Ai\"v">

is a semi-classical pseudodifferential operator.
We let a denote the Weyl symbol of Opy(a), i.e., a € S9,(1) is such that

e 1 Ly - +
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Making the change of variable n = £ + %AA (x + y), we obtain that

/e,ﬂxfy.,md(x;y,n _AA“Ty) i,

B = o3 (M) 9 pw(3)p— 5 (Arry) —
¢ pii(@)e k)"

Thus B € \112(1, R") and its Weyl symbol b satisfies b(x, &) = a(x, & — Apx).
We now recall that

(_1)\a\h|a\

(16) (,§) = e #Pan,§) ~ 3 oo

aeN"

0¢ 03 a(x, €)

in $%7°°(T*R") and in SY (1) (see [8, Remark 2.7.3]), and therefore ess-supp, a is
compact. Setting b = o(B), we have similarly that ess-supp,, b is compact. Further-
more, as in (16), we obtain that

(17) bO(xag) = Z;O(xag) = aO(xag —AAX).

Thus By = et ) A5 € W1, R"), | = 0,...,N, and WF,(By), | =
0,...,N,is compact. From (17) we also have that o((B;)|5 = 0,/=0,...,N — 1.
We can now apply the first part of this proof and we have that Pen M)y =
I(a,p), a € s;ﬁ*f(l), where P € U9 (1,R") satisfies (1). Therefore u = I(a, ¢)
near -y for some a € S;:%,;r% (1).
The converse follows from reversing this argument. ]

Remark Letu € I;(M, A). Then Theorem 4.4 and Lemma 4.3 imply that for any P €
U9(1, M) with compact wavefront set contained in a sufficiently small neighborhood
ofapoint p € A, Pu s given by a finite sum of oscillatory integrals of the form I(a, ¢)
for any non-degenerate phase function ¢ € C*°(R"") for some m € Ny such that
A = A, near p € A and some a € S:r"i%(l). Applying an integration by parts
argument to each of the oscillatory integrals I(«, ) as in [6, Chapter 7], we then
have the following lemma.

Lemma 4.5 Ifu € I[(M,A)andP € U)(1, M) has compact wavefront set contained
in a sufficiently small neighborhood of a point in A, then WF}{(Pu) C A

5 Generalization of Egorov’s Theorem

We now prove a generalization of Egorov’s theorem to manifolds of unequal dimen-
sions. To state our result, we need the following notion of microlocal equivalence of
Fourier integral operators.

Definition 5.1 Let M;, j = 1,2, be smooth manifolds, A C T*M, x T*M,; a
Lagrangian submanifold, and T, T’ € J;(M, x M, A) for some r € R. For open
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or closed sets U C T*M,; and V' C T*M,, the operators T and T’ are said to be
microlocally equivalent near V x U if there exist open sets U € T*M; and Ve T*M,
with U € U and V € V such that for any A € W9(1, M) and B € ¥I(1, M,) with
WE,(A) C U and WF,(B) C V we have that

B(T — T")A = O(h*>): D;(M;) — C™(M,).
We shall also write T = T’ near V x U.

We remark again that this definition implicitly requires that W F;,(A) and WF;(B)
have no infinite parts.

Lastly, we introduce the map v: T*"M — T*M, (x,&) — (x, —&), for a smooth
manifold M.

Theorem 5.2 Let M;, j = 1,2, be smooth manifolds with dimM; = nj, j = 1,2.
Let 0 be the canonical symplectic form on T*M;, and w;: T*M, x T*M; — T*M;
the projection onto the j-th factor, j = 1,2. Let A C T*M, x T*M, be a Lagrangian
submanifold of (T*M, X T*M;, 50, + 7i01) such that |, is an immersion. Let
F € Jj (M, x My, A), r € R, have a non-empty finite semi-classical wavefront set near
(p2, 1) € A

Then for every A € W) (1, M,) with wavefront set contained in a sufficiently small
neighborhood of p there exists B € W) (1, M) with wavefront set contained in a suffi-
ciently small neighborhood of v(py) such that

AF = FB near (py,v(py)) and i"(m|p) v 00(B) = i"(m2|n) 0o (A).

Remark Strictly speaking, we have not defined a symbol of a Fourier integral op-
erator given in Definition 4.1. However, the proof of Theorem 4.4 shows that the
non-vanishing of the amplitude given there is invariantly defined.

Proof By a partition of unity we can reduce the proof to the local case where M; C
R™, T*M; is trivial for j = 1,2, F = [ ei?®29y(x, z,0; h) df), where ¢ is a non-
degenerate phase function in a neighborhood of (xo, 2y, 6p) € M, x M; x R™ for
some m € Ny such that AN U = A, for an open set U with (xo,&o;20,m0) €

ne +3+r min  m

ANU,u € Sy tm4m "(1) with compact support, u ~ > oo BT T Ty, e €
S imim(1),and A = [, ef i (=18 g(x, £) d¢ where a € 82,12(1) has compact support
anda~ > 2, h*ay, ap € 9 o, (1), k€ N.
Let ®(y,&5x,2,0) = (x — y,&) + ©(y,2,0). Then ® has a critical point (with
respect to the variables p = (y,&))

p()(x7 z, 9) = (y()(xu z, 9)7 é-()(-x7 z, 6)) = (-x7 So)lc(x> z, 9))

The Hessian of ® is

" B
D" (y(x,2,60), &0(x,2, 0);x,2,0) = [“"""(f’f’e) OI} :
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and has determinant 1 and signature 0.
Let U(w,n;x,2,0) = p(x,w,8) + (w — z,1). Then ¥ has a critical point (with
respect to the variables g = (w, 7))

QO(X, z, 9) - (Wo(X, Z, 9); UO(X, z, 0)) = (Z, —cpé(x, z, 0))

The Hessian of W is

17
\IIN(WO(x7 279)7770(36, 279);X7 279) = |:QOZZ(XI7 250) é:| ,

and has determinant 1 and signature 0.
We define

gpo(&zﬂ)(p) = Q(Pa x? Z? 9) - (I)(Po(xv Z7 0);x7 Za 9)

<(I>”(p0(xa 279);x727 9)(1) - pO(xvzae))ap - PO(x727 9))
2

and

Jaxz0) (@) = V(g x,2,0) — ¥(qo(x,2,0);x,2,0)

(U'"(qo(x,2,0);x,2,0)(q — qo(x,2,0)),q9 — qo(x, 2,0))
> .

For j € Ny and ¢; € C>°(R*™), set

1 o <(<I)”(p0(x,z,0);x,z,9))71D,D>”
(gmmu%m—pgég% 2 ]

(8 eny (), (-, 2,0)) (po(x,2,6)).

For j € Ny and ¢, € C°(R*™), set

’ ((""(qo(x, 2,0);x,2,0))"' D, D)”
(Liuc) ez, 0) = > > ot
v—pu=j2v>3n ! v

( quo(x,z,e)(.’ ")Cr('; ")l/l(x, Yy 9)) (qO(xa z, 9))

Now, since 7|5 is an immersion, it follows from the inverse function theorem,
that there exists k € C°(T*R™; T*R™ x T*R™), such that k o 7|, = id|4. Now let
by € C2°(R*") be supported near v(p;) and satisfy by = i">~"v*k* (2|5 )*a. Then
in j;(ﬂz [a)*ao—i™ j;(m |A)*v*bg vanishes on C,. Since ¢ is a non-degenerate phase
function, by the implicit function theorem we have that the functions {y , ...,y }
participate in a coordinate system {w1, ..., Wy 4n,+m } O0 R near (xy, 2o, 6o) in
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which C, = {(w1,..., Wpmem) : w1 = -+ = w,, = 0}. Therefore, by Taylor’s

theorem, it follows that there exist c? € S ymem(l)s j = 1,...,m, with compact
support, such that

m
. . . . 0
i" jo(mala) ag — i 5 (m[a) v b = > phc]
j=1

near (xg, 2o, 0p).
For every k > 0 we now choose by € ng (1) with compact support in such a way

that
m
. . k—
(" 3 tau) =" > Lilusb) = > Dyle o) =0
a+f+y=k a+f+y=k, I=1 Cy
and choose ¢f € S, .,,(1),1=1,...,m, with compact support such that

m m
i” Z Liy(aq,u/g) — " Z L} (ugb,) — ZD@,(CE‘_IuO) = Z npélcf‘uo.
I=1 I=1

a+f[+y=k a+f+y=k,

Lastly, let b € ng(l) be such that b ~ Z?ZO hjbj and set B = Opy,(b). We shall
prove that AF = FB near (p,, v(p1)).
For that, in the integrals

1 i i
AF(x,z) = ) // eﬁ(x_y’é)a(x,§)eW(y"Z’9)u(y, z,0) dodyde,
T 2
FB(x,z) = G 1h) / / en )y w, 0)eh 2 b(w, 1) dOdwdn.
Th)™

we apply the method of stationary phase (see [7, Theorem 7.7.5]) in the (y, ) and
the (w, n) variables, respectively, to obtain

AF(x,z) ~ i pSE o N / ei? = (1! (a ug))(x, z,0) 6,

t=0 a+f+y=t
o] . )
FB(x,z) ~i" Y W= ET N / e ? =D (L] (ugh,))(x, 2, 0) db.
t=0 ot+fB+y=t
Therefore
o +n
(AF — FB)(x,2) ~ Y _ W'~ T ~57"d,(x, 2)
t=0
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with

dy(x,2) = /e’%‘”(’“’z’(’) > 1L (ayup))(x, 2,0) — i (L (ushy)(x, 2, 0)] d6,
a+[+y=t
fort € Ny.
By the choice of by we now have

dO(x7 Z) = /e%v(x’Zﬁ)uO(xa Z, 9)[1'”2“0()(:7 @;('xa Z, 9)) - inlbo(% —(,Oé(x, z, 9))] do

= [ S g 52,00 2, O, 2. 6)

j=1

—h / #5203 Dy (Y, 2, Yo (x, 2, ))(0) B,
=1

using integration by parts.
By the choice of the symbol b; and the functions cll, I=1,...,m, we then obtain,
as above,

do(x,2) + hd (x, 2) = —hz/ew(""z’a)ZDej(C}(& 2, Jug(x, 2,-))(6) d6.

j=1
Iterating this argument, we have from the choice of the symbols b;s that
AF = FBnear (p;,v(p1)). [ |
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