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We shall take for granted the basic terminology currently in use in the theory
of varieties of groups. Kovacs, Newman, Pentony [2] and Levin [3] prove that
if m is an integer greater than 2, then the variety N,, of all nilpotent groups of
class at most m is generated by its free group F,,_,(N,,) of rank m — 1 but not by
its free group F,_,(N,) of rank m — 2. That is, the free groups F(N,), 2k
< m — 2, do not generate N,,.. In general little is known of thz varieties generated
by them. The purpose of the present paper is to record the varieties of the free
groups F,(N,,) of the nilpotent varieties N,, of all nilpotent groups of class at
most m for2 £ k£ m—2and 5 < m =< 6. This is done by de;cribing a basis for
the laws in these groups, that is a set of laws the fully invariant closure of which
is the set of all laws for F,(N,,). The set of laws, which, together with the ap-
propriate nilpotency law, form a basis for the relzvant groups F.(N,,) are listed
below:

F3(Ns): [[x4ox1,%5], [x3,%2]17 '[[*asX20%5], [%3,%17] [Dxan¥3,%5], [e2ox, 117"
[Dxasx1sxs], [xasx2]] [[%3%25% 5]y %% 1 J] 7 [[%2:%15% 5], [Xasx3]]7 "
Fy(Ns): [[x2x1%s], [xas%3]] [[xasx3,%5], [x20%, 1170,
[Dxasx1,%5], [xasxs]] [Dxa,%2,%5], [xap%y 1] [Dx35%15%5], [¥ap%2117 "
FyNe): (D) [[x6xs), [x2%1]s [xasxs]]2[[x6,x5], [%3:%:]s [*40%21]1°
[[xesxs)s [x3%2 (%1317 2[[xarx3], [x2,%1], [x6,%5]1]
[[xax2], [x3%1], [x6:xs]1 7 [[xasx 1], [x30%2], [x6:%5]]
[Dxs,xa], [x35%2], [xes 0117 [[xs,%3], [xas%2], [x6,%1]]
[Dxsix2)s [¥as%3] [xesx1]1™ ' [[xs%als [¥3,%1], [X6s%2]]

[[xs,%3]s [xa%1]s [x6oX2117 [Dxs,%1 ], [Xas%3], [Xesx2]]
129
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[Dxsixals [x25%11, [x6s%3]~ *[[xs5,%2], [Xas%1], [¥65%3]]
[Dxssx1]s [xasx2] [xes%3]] 7 [[xs,%3], [x25%], [x6s%a]]
[[xs,%2], [x3,%1], [x6,%al]™ ' [Dxs50%1 ], [x3:%2], [¥6s%alls

(ii) [[xesXals [x2:%1]s [x50%31] 7 [[X6s%als [x3:% 1], [¥5,%21]
[[xesxals [x3 %21, [xs,%1 117 [[x6,%5], [x20%1], [¥anx3]]
[Dxesxsds [x3oxs s [xasx2 1]~ *[Dxss%s5]s [x35%2], [xasx1]]
[Dxsixad, [x3,%,], [xe%1]] [[xs:x4]s [¥3,%1]s [x65x2]]7"
[[xs,xa], [¥2:%1], [x65%310-

F3(Ne): () [[xasx3,xels [x2:%1,%5]] [[%4:%3,%5], [x25%1,%6]] 7
[Dxasx2s%6]s [x3,%1,%5]] 7 [[Xas%2,% 5], [X3,%1,%6]]
[[xas%1,%6], [x3%2%5]] [[*asX15%5], [x3:%2:%6117 %,

(1) [[xasx3%s:%6]s [¥2:%1]] [[¥4sX25%5,%6 ], [¥3,%:1171
[[xa,%1:%5:%6 ] [x3,%,1] [[*3:%2,%5,%61s [x4s%1]]
[Dx3s%15%55%6 s [Xas%2 1™ [[%25%15%5,%6 ], [Xasx3]],

(iii) [[x6:xs], [xasx1], [xas%3 ] [[x6,%51, [%3,%1], [%a5%21]172
[[xesxs]s [x3sx2], [xasxaJ1°[[%as%31, [X20%1], [xesxs]]
[[xax21, [x3,x1], [x6s%s]] [Lxas%1]s [x35%2], [xesxs117 1

(iv) [[xssxad [x35%2] [x6s%: 117 [Dxs5:%3], [%a5%2]s [X6:% 1]
[[xs.x21, [xasx3], [xex1d] ™' [[xss%als [x3:%1], [X65%2]]
[lxssx3]s [xasx 1]y [xes%21]7 ' [lxso%1 ], [Xas%3]s [X6o%21]
[[xssxa], [x20%:], [xe%3]1™ ' [[xss%2]s [*ar%1], [X6o%3]]
[Dxs,x1], [xa0%2]s [x6s%31]7 ' [[xs5%3]s [x20%1], [x6s%41]
[[xssx21, [x30%1 ], [xes%ad]™ ' [Lxssx1]s [x3,%21, [X60%10,

(v) same as (ii) unde. F,(Ne).

Fa(Ne): () [[xasx3,xs], [x2:%1,%6]] [[xasX35%6]s [%2:%1,%51],

(i) [[x25%1,%50%e]s [xax3]] [[xas%3,%5,%6], [%2%,]]7 7,

(i) [[xa,x3s%6]s [x25%1,%51] [[x4s%2,%6], [x3,%1,%5]] 7"

[[x4=x1’x6]’ [x3,x2,x5]],
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(V) [[x3:x2:%ss%6]s [¥ao1 117 [[x3,%1,%5,X6 ], [Xas%2]1
[Dx2,%1,%5,%6], [Xa0%31]7 ",

) [[x1x2)s [x3:%4), [xs:%61],

(vi) [[xexasxs]s [x20%1,%3]] 7 [[xs:%3:%6 s [X2.%1,%,]],

(vii) same as that under F;(Ns).

We exhibit the lattice formed by the varieties generated by the above sets o
laws.

N6 = varFs(N(,)

var(F,(Ng) x F4(Ns))

var F,(Ng) N; = var Fy(N;)

N, = var F3(Ny)

A*N N, =varF(Ny)
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