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We shall take for granted the basic terminology currently in use in the theory
of varieties of groups. Kovacs, Newman, Pentony [2] and Levin [3] prove that
if m is an integer greater than 2, then the variety Nm of all nilpotent groups of
class at most m is generated by its free group fm_1(NIB) of rank m — 1 but not by
its free group Fm_2(NJ of rank m - 2. That is, the free groups Fk(Nm), 2^k
^ m — 2, do not generate Nm. In general little is known of th: varieties generated
by them. The purpose of the present paper is to record the varieties of the free
groups F*(Nm) of the nilpotent varieties Nm of all nilpotent groups of class at
most m f o r 2 ^ / c ^ m — 2 and 5 ̂  m ^ 6. This is done by describing a basis for
the laws in these groups, that is a set of laws the fully invariant closure of which
is the set of all laws for Fk(Nm). The set of laws, which, together with the ap-
propriate nilpotency law, form a basis for the relevant groups FJN^ are listed
below:

f3(N5): [O4.X1.X5], lx3,x2J]-1l[x4,x2,x5], [x3,Xj]] [[x4)x3,x5], [x2,*i]]-1

[[XJ.XLXJ], [x4>x2]] [[x3>x2,x5], [x4>xi]]-1[[x2,x1,x5], [x^Xj]]-1.

^2(N5): [[x2.Xi.X5], [x4,x3]] [[x4,x3,x5],

[[X2,Xi,X5], [X4,X3]] [[X3,X2,X5],

FJFe): (i) [[x6)x5], [ x ^ x j , [x4)x3]]-2[[x6)x5], [xj.Xi], [x4,x2]]2

[[x6.x5], [x3)x2], [x4)xi]]-2[[x4,x3], [x2)xi], [x6,x5]]

[[x4»x2], [xs.Xi], [ x e . X s ] ] - 1 ^ ^ ] , [x3>x2], [x6)x5]]

[[x5,x4], [x3)x2], [ x e . x ^ - ^ ^ s . X j ] , [x4)x2], [x6,Xi]]

[[X5.X2], [x4,x3], [x6,x1]]-1[[x5,x4], [xa.Xi], [x6)x2]]

[[x5,x3], [x^xj, [xe.x^-'^xs.x,], [x4)x3], [x6,x2]]
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HX5,X3], [xj .xj , [x6)x4]]

^lxs^i], [x3,x2], [x6)x4]],

(li) [[x6,X4], [X2.XJ, [Xs.Xj^-'ftXg.xJ, [x3,Xx], [X5,X2]]

[[^6.^4], [^3^2]. [*5,*i]]~'[[^e.^s], [^2,^1], [^4.^3]]
11[X6,X5'], [X3,X2], [X4,xj]

(i) [[x4,x3,x6], {x2,xux5j] [[x4,x3,x5], [x2,x1)x6]]-1

[[x4,x2,x6], [x3)xlJx5]J [[x4,x2,x5], [x3,xx,x6]]

[[X4.Xi.X6], [X3X2X5]] [[X4.Xi.X5], [X3.X2.Xe]]-1,

(ii) [[x4,x3,x5,x6], [x2,Xi]] [[x4,x2,x5,x6], [Xa^,]]"1

[[X4.XLX5.X6], [X3,X2]] [[X3,X2,X5,X6], [ x ^ X i ] ]

[[XajXj^s.Xe], [X4,X2]J [ [ X 2 J X 1 , X 5 , X 6 ] , [X4,X3]],

(iii) [[x6)x5], [xa.Xi], [x4,x3]]2[[x6,x5], [x-j.xj, [x4)x2]]-2

(iv) [[x5,x4], [x3>x2], [x6,xj]-^1x^X3], [x4)x2], [xg.Xi]

H*5.*2]. [^3.^l

(v) same as (ii) unde. F4(N6).

): (0 [[x4,x3,x5], [x2,X!,x6]] [[x4)x3,x6], [xj.x^Xs]],

(ii) [[x^Xi.Xj.xJ, [x4)x3]] [[X4,x3,x5,x6], [x jx j ] - 1 ,

(iii) [[x4)x3,x6], [x2.Xt.X5]] [[x4,x2,x6], [x3,x1,x5]]-1

[[X4,X1,X6], [X3,X2,X5]],
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[[X2,X1,X5,X6], [X4,X3J] ,

(V) [[Xj.X;,], [X3,X4], [X5,X6]],

(vi) [[x6)x4)x5], [x^XLXsJj-^^j.Xa.Xg], [x^Xj.xJ],

(vii) same as that under F3(N5).

We exhibit the lattice formed by the varieties generated by the above sets o
laws.

varF2(N6)

varJF3(N5)

varF2(N5)

4 = varF3(N4)

N6 = varF5(N6)
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