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THE DOOB-MEYER DECOMPOSITION REVISITED

RICHARD F. BASS

ABSTRACT. A new proof is given of the Doob-Meyer decomposition of a super-
martingale into martingale and decreasing parts. Although not the most concise proof,
the proof is elementary in the sense that nothing more sophisticated than Doob’s in-
equality is used. If the supermartingale is bounded and the jump times are totally inac-
cessible, then it is shown that discrete time approximations converge to the decreasing
part in L2. The general case is handled by reduction to the above special case.

1. Introduction. The Doob-Meyer decomposition says that under mild integrabil-
ity conditions, a supermartingale can be decomposed into the difference of a martingale
and an increasing process. This was first proved by Doob [D] in the discrete time case and
Meyer [M1, M2] in the much harder continuous time case. There are a number of other
proofs, including those of Doléans-Dade [DD] and Rao [R]. Doléans-Dade uses the no-
tions of predictable projections and dual predictable projections. Rao’s proof is probably
the simplest; he uses a discrete time approximation, Doob’s decomposition for discrete
time supermartingales, and a limit procedure. Despite this, the Doob-Meyer result is still
considered a hard theorem, most likely because the limit procedure uses convergence in
the topology o(L', L*), which in turn uses the Dunford-Pettis compactness criterion.

In this paper we give a new proof of the Doob-Meyer decomposition. Our proof,
although not the most concise, is completely elementary in the sense that the most so-
phisticated technique we use is Doob’s inequality. We also start with a discrete time
approximation, but now the convergences are in probability. In fact, when the super-
martingale is bounded with totally inaccessible jump times, we show directly that the
discrete approximations converge in L?.

In Section 2 we look at the case where the jump times are totally inaccessible. The
general case, which involves a reduction to the case of Section 2, is done in Section 3.

When the supermartingale is continuous, our proof can be made much more straight-
forward; this case has been presented in Bass [B]. For more information on predictable
and totally inaccessible stopping times, see [DM1, DM2].

After this paper was submitted, we learned that T. Brown had earlier found an ele-
mentary proof of this theorem, but his proof was never published.
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2. The totally inaccessible case. In this section we do the case when the jumps of
the supermartingale are totally inaccessible. This is the heart of the matter and also the
most interesting and useful situation. Recall that a stopping time S is predictable if there
exist stopping times S, strictly less than S which increase up to S, a.s., on (S < o0).
A stopping time S is totally inaccessible if P(S = T < co) = 0 for each predictable
stopping time 7.

Let (QQ, F, P) be a probability space, let 7, be a right continuous filtration, and let Z,
be a supermartingale. Without loss of generality we may suppose Z has paths that are
right continuous with left limits and that Zy = 0. If Z;_ denotes the left hand limit of Z at
s, the jump at time s is AZ; = Z; — Z,_. In this section we assume that the jumps of Z, are
totally inaccessible. That is, if S, . is the n-th time that Z, jumps more than ¢ in absolute
value, then S, is totally inaccessible for each » and e. Another way of phrasing this is
to say that whenever S, are stopping times increasing up to S, then Zs, — Zs, a.s. The
Markov theory literature calls this property quasi-left continuity. A supermartingale is
said to be of class D if the set of random variables {Zr : T a stopping time} is uniformly
integrable.

We prove

THEOREM 2.1. Let Z, be a supermartingale of class D with Zy = 0 where the paths
are right continuous with left limits. Suppose the jumps of Z; are totally inaccessible.
Then there exists a continuous increasing process A, such that My = Z,+A4, is a uniformly
integrable martingale. The decomposition Z, = M, — A, is unique.

REMARK 2.2. The proof of the uniqueness is easy (see, for example, [P], [IW], or
[B]) and we have nothing to add here. In the remainder of the section we concentrate on
the existence.

LEMMA 2.3.  Suppose {C,, k=0, 1,...} is an increasing sequence of random vari-
ables and Ty is an increasing sequence of a-fields such that Cy = 0, Cy is Fy_| measur-
able, and there exists N € (0, 00) such that for all k,

E[Coo — Ci | ] <N, a.s.
Then EC%, < 2N2,

PROOF. We have
ECo = E[E[Coo — Co | Fo]] < N.

Let ¢, = Cyey — C 2 0. Some algebra shows that
2 % X 2
Co =23 (Coo — Ci)ex — Y Ci-
k=0 k=0
Then

o oQ
ECE, < 2E[ 3 ElCoo — i | Faler] S2NME Y. ¢ = 2VEC < 2N,
k=0 k=0

as required. n
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LEMMA 2.4. Suppose C}(”, qz) are two increasing sequences, each satisfying the
hypotheses of Lemma 2.3. Let Dy = C\"—C?). Suppose there exists Y > Owith EY? < 0o
such that for all k,

|[E[Dos — D | Fell <ELY | i, a.s.

Then
EsupD} < 8EY? +32v2N(EY?)'/2.
k

PROOF. Letd, = Dy+; — Dy and cg) = Cﬁ(’ll — C’,?. As above
[e.e] 00
D% =235 (Do — Dp)di — 5 dj.
k=0 k=0
Then
o0 [e¢]
ED, < 2[‘2 E[Dos — Dy | Tk]dkl < 2[{[ SOEY | Fl@) + @)
k=0 k=0
- 2[5[ S ¥ + cf))] = 2E[(CY) + CD)).
k=0

The Cauchy-Schwarz inequality and the bounds for E(CY)? show ED?, <
4\2N(EY?)!/2.

To get the supremum over &, let M, = E[Dy, | ], Nx = E[Y | %i],and Xy = M;—D;.
Since |Xi| = [E[Doo — Dx | Fil| < Ny, by Doob’s inequality

IEsn;sz < IESI;pN,% < 4EN?, = 4EY%.
Another use of Doob’s inequality shows that
ESl;pM,% < 4EM?, = 4ED?,.
Since supy, |Di| < supy | Xi| + supy |My/|, the result follows. n

REMARK 2.4.  We will use the following observation several times.

If Y, — 0 in %, then supE[Y, | ] — 0in L2
t
This follows from the fact that M, (t) = E[Y, | F] is a martingale, so by Doob’s inequal-
ity,
E sup M, (1)* < 4EM,,(00)* = 4EY? — 0.
t

The following lemma is of interest in its own right. Let v be a positive integer and let
E,={k/2":0<k/2" <v}.
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LEMMA 2.5. Suppose T is a totally inaccessible stopping time. For § > 0 let
R(®) =supP(t < T<t+6| F).

<v

Then R(6) — 0 in probability as § — 0.
PROOF. Leta > 0 and let
S, 8)=inf{t e E, P <T<t+6| F)>a}Av.

We first show S,(8) < T, a.s. Note S,,(5) takes on only the values k/2"; T cannot take
on any of the values k/2" with positive probability, or else part of T could be predicted
by the stopping times k /2" — 1 /m. Hence IP(S,,(&) = T) =0.IfAC(T<t)andAdis 7,
measurable, then

EPGt <T<t+6| F); Al =Pt <T<t+64)=0.
If T were less than S,(6) with positive probability, then for some ¢ € E,, we have
P(T < 6,850 = 1) > 0.Letd = (T < t, S,6) = t). Observe that
Pt < T <t+6| F) > aon the set (S,(6) = ¢), hence on the set 4, which is a
contradiction. We conclude that S,(6) < T.
We next define a stopping time S. Let

S(6) = inf S,(6), S = supS(1/n).

n n
Since S,(6) < T, then §(§) < T, a.s. Since T is totally inaccessible, we must have
P(S = T) = 0. This implies
2.1 PS=T| %s-)=0, a.s.
(If U is a predictable stopping time predicted by the stopping times U,, then Fy_ is the
o-field generated by the sets in U, Fy,.)

We now complete the proof of the lemma. Suppose there exists ¢ > 0 such that
(2.2) P(R©) > a) >,
no matter how small §. Let 3 > 0 and take 6 < (. For n sufficiently large,
[P(IP(S,,((S) <T<S6)+6 | Fow) > a) > e

T cannot equal S(§) + § with positive probability, or else part of T could be predicted by
the stopping times S(§) + 8 — 1 /m. So the probability of the symmetric difference of the
set (S,(6) < T < S,(6) +6) and the set (5(6) < T < §(5) +6) tends to 0 as n — oo.
Using Remark 2.4,

IP(IP(S‘(&) <T<36)+8 | Fy)) > a) >,

hence IP(S’(ZS) <T<S86)+8| -{}-S(é)) is greater than or equal to a with probability at
least £. Next we let § = 1/n and let n — o0o. Repeating the argument we just gave, we
get that

PPS<T<S+B| Fs)>a)>e.
Letting 3 — 0, P(S = T | Fs_) > a with positive probability, which contradicts (2.1).
Hence (2.2) fails and the lemma is proved. n
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LEMMA 2.6. Suppose Z satisfies the hypotheses of Theorem 2.1 and in addition |Z|
is bounded by N and the paths of Z are constant after time v. Let

(2.3) w@)= sup E[Z,—Z,| F.

t<u<t+é
Then W(6) — 0 in L? as & — 0.

PROOF.  Since |Z| is bounded by N, then W(§) is bounded by 2N, so it suffices to
show W(0) — 0 in probability.
Lete,a > 0and b = ay/e. Let

77 =5 AZ (p<azy, ZM =5 AZ) (p<—az)s

s<t s<t

75 =27, —(2F + 7M.

Let
wie) = sup [E[Z}—Z;| 7,
1<u<e+s
with W*(8) and WM (§) defined analogously.
Note
w5(6) < s%plE[ sup |25 —Z5) | T,].

r<s<r+d

By Doob’s inequality,

P(W5©) > a) <E[ sup |Z5 —Z5]/a’.

r<s<r+é

Since Z5 is right continuous with left limits and the jumps of Z5 are bounded by b in
absolute value, the lim sup of the right hand side as § — 0 is less than or equal to
b? /a* = ¢ by Fatou’s lemma.

Since Z is right continuous with left limits, there are only finitely many jumps of size
larger than b. Let Ty = inf{z : AZ, > b}, and fori > 1, Tix; = inf{¢t > T; : AZ, > b}.
These are the times when Z has a jump of size larger than b. Since |Z| is bounded by N,
then |AZr,| is bounded by 2N. Choose K such that P(Tx < v) < e. Then

K

P(W"(©) > a) < P(Tx <v)+ Y P(supE[AZr, (<t | Fi] > a/K)
i=1 t

2.4) §s+§KjP(supP(z§7;§t+5{:r,)>a/2KN).

i=1

By Lemma 2.5, the right hand side can be made less than 2¢ if § is small enough.
WM () is treated similarly. Since W(5) < W3(6)+ WP (§) + WM(§), the result follows. m
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PROPOSITION 2.7.  Suppose Z, satisfies the assumptions of Theorem 2.1 and in addi-
tion |Z| is bounded by N and the paths of Z are constant after time v. Then the conclusion
of Theorem 2.1 holds.

PROOF. Fix n for the moment and let F¥ = F, /- Let
ay = E[Z4—1y/2 _Zk/z" | Tl

Since Z; is a supermartingale, the aj are nonnegative. Note the a} are 7, | measurable.
Let 4} = Zj’-‘;,' aj. It is trivial to check that Z, ,, + 4} is a discrete time martingale with
respectto F;'. Let B} = A} if (k—1)/2" <t < k/2".

We will show the B” converge in L? as n — oo, uniformly over ¢, by showing
(2.5) [E[sup |B} — B;"]z] —0  asn,m— oo.
t
Suppose m > n. Since B" and B} are constant over intervals (k/2", (k + 1)/2™], the

supremum of the difference will take place at some k/2™. We will apply Lemma 2.3
(with Cf(” = A7, Cf') = B} J2m> and Y equal to W(27"), and with respect to the o-fields

i)
Fix ¢ = k/2™ and let u be the smallest element of E, bigger than or equal to ¢.
(2.6) E[CQ — G| F) = Eldg, — 47 | F' =ElZ — Zoo | ],

which is bounded by 2N. On the other hand,
Q.7  ECY-CQ| F =L, — B! | F]=E[E4L, - B} | F]| F]
=E[E[Z, — Zo | £ | F:] = ElZ, — Zoo | F,

which is also bounded by 2N.
Taking the difference of (2.6) and (2.7),

E[(B% — Boo) — (B — B) | ) =EZ — Z, | Fi].

The right hand side is nonnegative and bounded by #(27"). Since the right hand side is
F, measurable, it is also bounded by E[W(27") | F]. So by Lemmas 2.3 and 2.6, we get
(2.5). Let us denote the limit of the B} by A,.

Next we want to show that 4, is continuous. The jumps of B} are

AB} =R[Zy_1yj2 — Zijor | Famryy2r)s t=k/2",

which are bounded by W(27"). Hence sup, |AB?| — 0 in L. By looking at a suitable
subsequence n;, sup, |AB;’| — 0, a.s., and so the limit is continuous.

Finally we show that Z, + 4, is a uniformly integrable martingale. Since Z, is right
continuous and 4; is continuous and both are square integrable, it suffice to show that for
s,t€E, s<tandB e F,

E[Z; + A;; B] = E[Z; + 4; B].

This follows readily by a passage to the limit from the corresponding equation for Z,+B7.
The uniform integrability follows since |Z| is bounded and 4 is square integrable. L]
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COROLLARY 2.8.  Suppose Z, satisfies the hypotheses of Theorem 2.1, but in addition
the jumps of Z, are bounded. Then the conclusion of Theorem 2.1 holds.

PROOF. Let Ty = inf{t: |Z| > N}ANandletZ) = Zr,. Since the jumps of Z, are
bounded, Z" will be bounded, and by Proposition 2.7, there exist a continuous increasing
process AV and a martingale MY such that ZY = MY — AV,

Suppose L > N. Then Z) = Z,, = ML, — AL, is another decomposition of Z".
By the uniqueness result (Remark 2.2), AL ;= 4. Thus if we define 4, to be 4} for
t < Ty, the definition of 4, is unambiguous.

By monotone convergence and the fact that Z is of class D,

Ed < limEA7, = —limEZ7, < o0.
Since A, is increasing in ¢, this implies the uniform integrability of M,. ]

PROOF OF THEOREM 2.1. By the proof of Corollary 2.8, it suffices to obtain a de-
composition of Z,xr, where N > 0 and T = inf{¢ : |Z;| > N} A N. We may thus suppose
that |Z,_| is bounded and that Z has at most a single jump larger than 2N, occurring at
time 7.

Let

ZF = AZrlr<pliazy>1)s Z! = AZrlr<pl(—az;>1)-
7/ and —ZF are both supermartingales since they are decreasing processes. Suppose we
can find a Doob-Meyer decomposition for each: 27 = M/ — 4/ and —ZF = MY — 4P,
Then note that

2L =2 —(Z —AD - @+ 4 =Z,+ M) — M/

will be a supermartingale with jumps bounded by 2N + 1, and by Corollary 2.8 will
have a decomposition MC — A€. Z, = (M — M + M’) — A€ will then be our desired
decomposition for Z;.

We proceed to decompose Z/, the decomposition of —ZF being similar. Note |AZr| <
|Zr—| +|Zr| < N+|Zgl, so |AZ7]| is integrable. Let a, ¢ > 0. Choose R > 1 large enough
so that E[|AZr|; |AZr| > R] < ea. Let

Zy = MZrlqepdcazsry L =7 -2

Define B/, B-", and B3 in terms of 2/, Z%, and Z% in exactly the same way B! was
defined in terms of Z in the proof of Proposition 2.7.

We show B/" converges in probability, uniformly in 7, by showing it is a Cauchy
sequence. We have

(2.8) P(sup|B/" — B/™| > a) < P(sup |B}" — BS™| > a/3)
t t
+P(sup |B-"| > a/3)
t

+P(sup |B-"| > a/3).
t
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The second term is small since
P(sup |Bf"| > a/3) = P(BY > a/3) < (3/a)EBYS
t

< (3/a)E|Z,| < (3/a)[|AZs]; |AZr| > R]
<3,

and similarly for the third term. |Z*| is bounded by R, so the first term on the right of
(2.8) can be made small by taking m and n large as in the proof of Proposition 2.7.
Therefore B/" converges, uniformly in ¢, as n — oo. Let the limit be denoted by 4.
The continuity of 4/ is exactly as in Proposition 2.7. For each n, EB." = —EZZ_, so by
Fatou’s lemma, EA/, is integrable. With this fact it is not hard to see that Z/ + 47 is a
martingale, and that this martingale is uniformly integrable. n

3. The general case. In this section we prove the general case of the Doob-Meyer
decomposition. If R and S are stopping times, let [R, S] C Q x [0, co] denote {(w, s) :
R(w) < s < S(w)}. The graph of a stopping time S is the set [S, S]; the finite part of
the graph of S will be defined to be {(w, S(w)) : S(w) < 00}. A process is predictable
if, considered as a map from Q x [0, oo], it is measurable with respect to the o-field
generated by the sets {[0, S : S a predictable stopping time }.

THEOREM 3.1. Suppose Z, is a supermartingale of class D with Zy = 0 and with
paths that are right continuous with left limits. Then there exists a predictable increasing
process A, such that M, = Z/+A, is a uniformly integrable martingale. The decomposition
Z, = M, — A, is unique.

REMARK 3.2. Again, the uniqueness is not difficult—see [IW].

LEMMA 3.3. Suppose R and S are predictable stopping times. Let

Sw) if S(w) # R(w)

Sw) = { 00 ifSw) = Rw).

Then S’ is a predictable stopping time.

PROOF. Let R;, S; be stopping times predicting R and S, respectively. Define

=5 WSRO g inegt, st = supst.
oo otherwise iz i
Itis easy to see that $# is a stopping time, hence so is S*. If S > R, then for all i sufficiently
large, S; > R. Hence for i large, §/ = S;, 50 §4 = §;, and thus §* = S. If § < R, then
S; < Rforalli, or §4 = oo forall i, hence ' = co. Thus $* = Sif S > R and equals co
otherwise. If $4 < oo, then S > R, hence $/ = S; < § = §* for i large. Therefore $* is
predictable.
On (S = R) for each i we have sup; S; > R;. Pick j; > ji—1 so that

PS=R,S, <R)<2'.
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Define )
58— {Sj. if §j, <R

i

oo otherwise ’ 5 = }fgs’? ’ §* = Sl?p S7-
If S < R, then for i large, S;, < S < R;, or §? = ;. So for i large, S? = S}, and thus
SP = S.IfS > R, then forilarge, Sj, > R > R;,505?% = 0o, hence S? = o0o. By our choice
of ji, we have P(S = R, S8 # 00) < 27%, hence P(S = R, S8 # 00) < 2, 27% = 271,
hence P(S = R, S? # oco) = 0. Thus S equals S if S < R and equals oo otherwise. That
S8 is a predictable stopping time is proved just as for $%.

Since S’ = §4 A S? and the minimum of two predictable stopping times is predictable,
the assertion is proved. =

REMARK 3.4. Given predictable stopping times R, R»,...,R;, and S, iterating
Lemma 3.3 shows that if S’ is defined to be 0o if § = R; for some i and equal to S
otherwise, then S’ is predictable.

LEMMA 3.5. Suppose T is a stopping time. There exist stopping times U and V},
Vs, ... such that U is totally inaccessible, each V; is predictable, the finite parts of the
graphs of the V; are disjoint, and the finite part of the graph of T is contained in the union
of the graphs of U and the V.

PROOF. LetT; = T and
fi = sup{P(S = T) < o) : S predictable}.

Choose S predictable so that P(S} = 71 < 00) > f) / 2 and let V; = S). Define T to
equal T if V; # T and to equal oo otherwise.

We continue by induction. We let f; = sup{P(S = T; < o0) : S predictable}. If
Ji = 0, we stop; if not, we choose S; predictable so that P(S; = 7; < 00) > f; /2. We use
Remark 3.4 to let V; equal S; on the set where S; is not equal to any of Vy, V5,..., Vi
and equal to oo otherwise. We let T;4 equal T; on the set where V; # T; and otherwise
set it equal to oo.

Note the finite parts of the graphs of the V; are disjoint by construction. Also, the sets
(Ti+1 # T, T; < 00) are disjoint. Then

S22 P(Tim # T, T; < 00) < 1,

or f; — 0. The T; increase, and we let U = lim; T;. U must be totally inaccessible: if
not, there exists S predictable such that P(U = S) > 0. Then P(U = S) > f; for some i,
contradicting the fact that we chose S; at the i-th stage, not S. n

REMARK 3.6. Suppose S}, S, ... are predictable stopping times. Set V; = §; and
use Remark 3.4 to let V; equal S; on the set where S; is not equal to any of V5, V5, ..., Vi )
and equal to oo otherwise. Then the V; are predictable stopping times, the union of the
finite parts of their graphs is the same as the union of the finite parts of the graphs of the
Si, and the finite parts of the graphs of the V; are disjoint.
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LEMMA 3.7. Suppose Z; is a supermartingale such that Zy = 0, the paths of Z,
are right continuous with left limits, Z, is bounded by N and constant after time v, and
Jfurthermore

3.1 E[AZs | Fs-1=0, a.s.
whenever S is a predictable stopping time. Let W(0) be defined as in (2.3). Then W(6) — 0
in probability as 6 — 0.

PROOF. The proof is a modification of the proof of Lemma 2.6. If 7; is the i-th time
that Z, jumps more than b, then provided we can show that

P(supE[AZr, 1 <r,<rs) | F) > a/K) — 0
t

as 6 — 0, the remainder of the proof is exactly as in Lemma 2.6.
Let e > 0. We decompose 7; into stopping times U and Vi, V>,... as in Lemma 3.5.

(3.2) P( Sltlp E[AZyl<u<esy | Fi1 > a/K)

<P(supP(t <U<t+6| F)>a/2KN) — 0
t

just as in the proof of Lemma 2.6.
Fix ¢, § for the moment, and let Vj’ = (tV V) A(¢+0). Then

(.3)  E[AZy )<< | Fl =E[AZy | F)]
=E[EAZy | F-1| F]=0, j=12,...

Combining (3.2) and (3.3) and using the boundedness of |Z|, we get our result. n

PROPOSITION 3.8.  Suppose Z, satisfies the conditions of Theorem 3.1 and in addition
(3.1) holds. Then the conclusion of Theorem 3.1 holds.

PrROOF. We follow the proof of Theorem 2.1, using Lemma 3.7 in place of
Lemma 2.6. [

REMARK 3.9. LetSi,...,S, be a sequence of predictable stopping times such that
the finite parts of their graphs are disjoint. Let V1 =S| A--- A S,
Sy o=min{S;: 1 <i<ni#i,... i},

1 yensly

and

Vi=max{S; . ‘i <--<i1}.

i
It is not hard to check that Vj(w) is the j-th smallest of the Sj(w), so V} < --- < V.
Since the maximum and minimum of a finite number of predictable stopping times is a
predictable stopping time, then each V; is a predictable stopping time. And notice that
the finite parts of the graphs of the V; are still disjoint and their union is the same as the
union of the finite parts of the graphs of the S;.
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PROOF OF THEOREM 3.1. Let T, be the j-th time |[AZ,] is in (27",27"*!]. Using
Lemma 3.5 we decompose each T, into predictable and totally inaccessible parts. Let
us relabel the collection of such stopping times, # an integer, j a positive integer, by .S;,
i=1,2,...,sothat each S; is either totally inaccessible or predictable, for each i there
exists a b; such that b; < |AZs | < 2b;, and the set of jump times of Z, is contained in the
union of the graphs of the S;. By means of Remark 3.6 we may assume without loss of
generality that the finite parts of the graphs of the S; are all disjoint.

Let Zo(t) = Z,. If S; is totally inaccessible, let Z;;(f) = Zi(f) and 4;(f) = 0. If §; is
predictable, let

Ai(t) = —E[AZs, | Fs-1l(s,<n)» Zin(t) = Zi(t) + Ai(¢).

We will show (a) each 4;(¢) is increasing, (b) each Z(¢) is a supermartingale, and (c)
E Ej’;l Aj(o0) < C, where C is a constant not depending on i. Once we show these three
facts, the proof is quick. In view of (a) and (c), 3-/_, 4;(f) converges, uniformly in ¢, a.s.,
as I — oo. Call the limit A.,(¢). By (c¢) and Fatou’s lemma, 4.,(c0) will be integrable. It
is easy to see that each 4;(¢) is predictable, hence so is A, (#). Let

Zoo = Z, + Aoo(t) = lim Zi(0).
1]

It follows from (b) and the uniform convergence of >°/_, 4;(¢) that Z,(¢) is a supermartin-
gale. From our construction, each Z; will have paths that are right continuous with left
limits; using the uniform convergence of "I_, 4i(f), we see that Z, will, too. Because of
(¢), Z will be of class D. By our construction of the S;, E[AZ.(T) | Fr—] = 0 for all pre-
dictable stopping times 7. By applying Proposition 3.8 to Z,, we get Zoo(f) = M,—AR(¥).
Setting A, = Aoo(t) + AR(¢) then completes the proof.

We show (a), (b), and (c) by induction. Let us start with (a). There is nothing to prove
when S; is totally inaccessible. If S; is a predictable stopping time, let S; be stopping
times predicting S;. Z; is uniformly integrable by the induction hypothesis (c). Using (b)
and the martingale convergence theorem,

E[AZ(S) | Fs-1 = LmE[AZ(S) | Fs, ]
But for each n,
E[AZ(S) | Fs,1 = Rm E[Zi(S:) — Zi(Sim) | Fs.]
= im E[E[Z(S) — Zi(Sim) | Fs5,1%5,] <0.

Next we look at (b). To show Z;4 is a supermartingale, it suffices to show that

(3.4) EZi1(U)) 2 EZini(U2)
whenever Uj and U, are stopping times with U; < U,. If S; are stopping times predicting
S;

EZ(U) — EZ(Us) = [EZ(U) ~ EZ((Uy V ) A Us)]
+[EZ (W) v Sy A U2) ~EZ (W1 VS A )|
+[EZ((U) V S) A Un) —EZ(Uy),
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and each of the summands on the right is nonnegative. Letting j — oo,
EZ(Un) — EZ(U) — [EZi(((U1 V S) A U) =) —EZ((U1 v S) A Ua)] > 0,

which is (3.4).
Lastly we look at (c). We need to get a bound on

EY E[-AZs | Fs-1 = —EY'AZs,

where ¥’ denotes the sum over j’s such that S; is predictable and j < i. Since we have a
finite sum, let us use Remark 3.9 and relabel the stopping times so that §; < §; < ---
on the set where they are finite. Let Sj, be stopping times predicting S;. Since we have a
finite sum and Z is a supermartingale,

—EY'AZs, = lim Y E[Zs, — Z]
< 11’5‘11 E/[!E[Zsjmvsj—l - ZS,] + !E[Zsj»l - ZS}mVSJfl]

+E[Zs, — Zoo] +E[Z0 — Zs,,]]
= !E[ZO - ZOO]’

which is bounded by a constant independent of i. n
A supermartingale is said to be regular if EZg, — EZs whenever S,, T S.

COROLLARY 3.8. A4, is continuous if and only if Z is regular.

PROOF. Clearly, if Z, = M, — A, is the decomposition of Z and 4, is continuous,
then Z is regular. On the other hand, suppose 4, has a jump of size b > 0 with positive
probability and let S = inf{s : A4, > b}. Since 4, is predictable, it is easy to see that S
is predictable. Let S, be stopping times predicting S. Then by monotone convergence,

—EZs =45, — Eds < EAs = —EZ;,
or Z is not regular. =
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