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ROTUNDITY IN KOTHE SPACES OF
VECTOR-VALUED FUNCTIONS

A. KAMINSKA AND B. TURETT

In this paper, Kothe spaces of vector-valued functions are considered. These
spaces, which are generalizations of both the Lebesgue-Bochner and Orlicz-
Bochner spaces, have been studied by several people (e.g., see [1], [8]). Perhaps
the earliest paper concerning the rotundity of such Kothe space is due to I
Halperin [8]. In his paper, Halperin proved that the function spaces E(X) is uni-
formly rotund exactly when both the Kothe space E and the Banach space X are
uniformly rotund; this generalized the analogous result, due to M. M. Day [4],
concerning Lebesgue-Bochner spaces. In [20], M. Smith and B. Turett showed
that many properties akin to uniform rotundity lift from X to the Lebesgue-
Bochner space LP(X) when 1 < p < oo. A survey of rotundity notions in
Lebesgue-Bochner function and sequence spaces can be found in [19]. Fur-
ther investigations showed that many of the theorems known in the context of
Lebesgue-Bochner spaces still held true for Kothe spaces E(X) where E is an
Orlicz or a Musielak-Orlicz space ([10], [12]). Although the methods used in
[10], [12], and [20] are different, it is possible to obtain several results analo-
gous to those from [10] and [20] in the more general setting of Kothe spaces of
vector-valued functions.

The question of when Kéthe spaces of vector-valued functions posses certain
rotundity properties is investigated here. In particular, Kthe spaces of vector-
valued functions which are locally uniformly rotund, uniformly rotund in every
direction, weakly uniformly rotund, or weakly uniformly rotund in the sense
of Cudia are considered. With the exception of the last property, these prop-
erties are well-known. Weak uniform rotundity in the sense of Cudia is not a
well-known property under this name, but it is well-known in several different
senses; Theorem 9 below states several well-known geometric or approximation-
theoretic conditions which are equivalent to Cudia’s notion of weak uniformly
rotundity.

Let us agree on some terminology. Let (T, Z, 1) denote a measure space with
a o-finite and complete measure p and M (T) = M the space of X-measurable
real-valued functions with functions equal p-almost everywhere identified. We
shall denote the support of a function u, that is, {t € T : u(t) # 0}, by supp u.
If # is a subset of M , supp H will denote

U{suppu:ueH}.

A Kothe space E is a Banach subspace of M such that (i) if |u] = |v| p—a.e.
withu € M and v € E, then u € E and ||ul| = ||v||, and (ii) supp E = T. Kothe
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spaces are Banach lattices and detailed studies of Banach lattices and Kothe
spaces may be found in [2], [14], [15], [17], and [21].

We recall a few known definitions and facts which will be useful in the sequel.
The first result follows quickly from Theorem 1.2.1 in [2].

THEOREM 1. Given a Kéthe space E, there exists an increasing sequence (T,)
of subsets of T with

wTy) <oo and wT\UT,) =0 and

L®|r, — E|r, — L'

T,
for all n € N. (The symbol — denotes a continuous embedding.)

A Banach lattice E is said to have an order continuous norm if, for every
downward directed set {x,} with inf {xo} = 0,lim||x4|| = 0. Since the norm of
a Kothe function space is o-order complete, the norm of a Kothe function space
is order continuous whenever every downward directed sequence with infimum
0 actually converges to O in norm [15, pp. 7, 29]. A Banach lattice E is a KB
— space (Kantorovich-Banach) if each monotone sequence in the unit ball of E
converges. In every KB-space, the norm is order continuous.

We state a few results concerning Banach lattices with order continuous norm
and KB-spaces.

Tueorem 2. ([2], [15], [17], [18]). Let E be a Banach lattice. Then:

(i) E has an order continuous norm if and only if E contains no subspace
isomorphic to [*°.

(ii) E is reflexive if and only if both E and E* are KB-spaces.

Now let us define the type of spaces to be considered in this paper. For a real
Banach space X, denote by M (T,X), or just M (X), the family of all strongly
measurable funcitons f : T — X identifying functions which are p-almost
everywhere equal. For the Kothe space E, let

EX)={feMX):u)=|fClx €E}.
With the norm

1= 1A OxHe,

E(X) is a Banach space.
Denote by E(X*), the set of weak* measurable functions g : T — X* such
that ||g(-)||x- € E* where two functions g; and g, in E*(X*) are identified if

(x,810)) = (x,820))

p-almost everywhere for all x € X. The following theorem characterizes the
dual of some E(X)-spaces.
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THEOREM 3 [1]. Let E be a Kéthe space with an order continuous norm. The
map

U:EXX*) — EX)*

defined by
Ue)(f) = / (frg)du forf € EX)

is an isometry between the spaces E(X*) and E(X)*.

Finally, two more definitions. A Kéthe space E has the Fatou property if
whenever 0 < u, T u and u € E, then ||u,|| T ||x||. A Banach space X is locally
uniformly rotund if, for each € > 0 and each x € X with |x|| = 1, there exists
8(x,€) > 0 such that if y € X with ||y|| = 1 and ||x — y|| 2 €, then

o +y)/2] = 1—6(x,¢).

Lemma 4. A locally uniformly rotund Kéthe space with the Fatou property
has an order continuous norm.

Proof. In order to obtain a contradiction, let (f,) be a sequence in the Kothe
space E which decreases almost everywhere to 0 but with

inf ||f,]| > 6 for some & > 0.

Setting

produces a sequence in the unit ball of £ which increases almost everywhere to
fi/llfill. Thus, by the Fatou property, ||g,|| increases to 1. Since g, < fi/||fill
almost everywhere,

L2 [[en+fi/IlAID/2] 2 llgnll — 1

and the local uniform rotundity of E implies that (g,) converges to fi /|| fi]| in
norm. But

llgn =i/ WA = WAl/IAT > 8/1LA] >0,

a contradiciton. Thus inf || f,]| = 0 and the proof is complete.

We are now in position to characterize the locally uniformly rotund E(X)-
space in the setting that E has the Fatou property.
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THEOREM 5. If E has the Fatou property then the space E(X) is locally uni-
formly rotund if and only if both E and X are locally uniformly rotund.

Proof. Suppose the function space E and the range space X are both locally
uniformly rotund. Let € > 0 and f in E(X) with ||f|| = 1 be given. For each
n €N, set

A, ={tesuppf 1 x(fO/IfDll;e/8) = 1/n}.

By the upper semicontinuity of dx (-, e/8) (see e.g. [13]), A, is a measurable set.
The local uniform rotundity of X implies that the sequence

Af Oxral

decreases a.e. to 0. Lemma 4 then yields a natural number ny = 2 such that

“fXT\A,,0 | = e/64.

Let g be a norm-one function in E(X) satisfying ||f — g|| 2 €. Define
B={teT:|f®)—g®l = (c/Hmax{[fO],lg®I}}.
Since it is clear that
I(F = lnell = /2,
it follows that
I(f —&)xall = €/2.
Let
n = (1/2)min{e/8,1/no}.
Partition the set B into four sets:

Bi={reB: g0l < —-nlfol}
By={teB:A—n|fol =0l = |lfOl}
By={teB:(1—-nlg0l =I[lfOl = llg0ll}
Bi={reB:|lfO] < -=nlg®l}

Then

I(f —g)xall = €/8 for somei=1,2,3,4.
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For ¢ in the sets B; or By, the norms of f(f) and g(¢) differ by a “large”
amount; here things are easy. For example, assume

I(f — &)xa, Il 2 €/8,

then, by the definition of By, ||fxs,|| 2 €/16 and thus,
IAFOI=lgODlle 2 ne/16.

The local uniform rotundity of E then yields that

£ +&)/2 = IO+ OID/2lle = 1 =8|, ne/16).

In the setting

”(f _g)||XB4” 2 6/87

an analgous result occurs.
For ¢ in the sets B, and B3, the norms of f(¢) and g(¢) differ only by a “small”
amount. Ass_ume

I(f = &llxa || = €/8.

Then, for t € BN A,
< _ &_ E))
B (1 ox (Hf(t)”’ 8 7o

, f@)+g()
< (1= 1/ny)|lf@)l

= (1= 1/ng)/(1 —n)

2

) lF Ol +llg@ll

2
— (1 — o O ; g
where
1
a = <——n)/(l—n)>0.
no
If ||(f — g)xa,|| = €/8, let t € ByNA,,. Then
“ f@ g0 ' o IO {0) ‘_ “ o fo )
lF@l eI Iillg®ll  lls®ll [F{G] I FAG]|
s € llsoll =70l
4 g -
> € _
=7 n
> €
=
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If follows from this that

1“ f@ g(t) “ ( £ g)
2ol Tl lf@l’ 8

for t in B3 MA,,. Thus, for ¢ in B3 NA,,,
H f@ g

iG] llf(t)lli
1(L4 (fm g)) l’mm 2(0)
2 *\Trol s IF @l Te@l
[P lg@I = IIf DIl

N 1G]

_ sl 1

2@l 2m

1 1 1
2\1—n ng

where the last equality defines o, > 0 since

A

lIA

A
|

1 no+1
<< *
n 20+ 1

Therefore, if t € B3 M A,,,

lf@O+g@)/2] = (A — )| fO

é(l—az)ﬂw;”g(%_

Thus if either

I(f —&xe.ll 2 €/8 or |I(f —8)xall = €/8,
with « = min{ay, oy, Zl} and C equaling the corresponding B,NA,, or B3NA,,,
we have

_Q)MI:_M

fO+20|
0310 0o 01

fort € C.
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We claim that C is a “large” set in the sense that || fxc|| 2 €/64. Assuming
this momentarily, how does the proof finish? Note

f er g “ < 17Ol ; gl xre+(1 = IOl ; gl " ”
< SISOl = allfFOllxell + 3
< HIFOI+ Ol = 2ol 7Ollxe) ||, 1
2 2 2

IIA

31 =81 FOll, ae/32) + §
—L5e (| FOl, ae/32).

I

Thus no matter which of the inequalities, ||(f — g)xs,|| = €/8, i = 1,2,3,4,
holds,

f+g
2

)él—é

where

6 = min {8¢(|| £ )|, ne/16), $6£(| f ]I, e /32) } .

Thus, once the claim is established, the proof of the theorem will be complete.
We now establish the claim. In the case ||(f — g)xas.|| = €/8,

C =ByNA,.
Since ||g(®)|| = ||f@)]| for ¢ in B,

£ x5l = €/16.

Then

1 X820, | Z N X8l = 1 X\, | 2 €/16 — €/64 2 €/64.

In the case ||(f — g)xa,|l = €/8,
C =B3NA,.

Here

2
e/8 = [If x|l + llgxa: |l = r_—T;foB;H < 4| fxall
by the definitions of B3 and 5. Thus

£ x8,]l Z €/32.
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Then

X8 | 2 1 x8: 0 = 1 XBo\a,, | 2 €/64.

This establishes the claim and the theorem.

Although the above proof is similar in nature to the proof of the special
case £ = L7, 1 < p < oo, given in [20], there is a difference. In [20], the
assumption that 7 is finite is actually used in the proof; in the Lebesgue-
Bochner case, this is not really a restriction since, for any o-finite measure p,
there exists a probability measure v with L?(u, X) linearly isometric to L7 (v, X).
Since the properties considered in [20] are sequentially determined, knowing
the theorems for o-finite measures quickly yields the theorems in general. In the
more general case considered above, it is unclear if knowing the theorem for all
finite measures yields the theorem for a general measure. Thus the above proof
avoids any dependence on the measure being finite. It should also be mentioned
that in the case £ = [P, | < p < oo, a shorter and easier proof has been
provided by M. Smith [19]. It is not apparent that his proof can be modified in
the more general setting considered above.

For the special case E = Lg where Lg is a Musielak- Orlicz space, the
analogous result concerning local uniform rotundity has been given in [10] but
under the assumption of separability of X. By virtue of the above theorem, the
assumption of separability of X may be avoided in [10].

A different sort of generalization of uniform rotundity is uniform rotundity in
every direction, a property that characterizes those Banach spaces in which every
bounded set has at most one Ceby3ev center. A Banach space X is uniformly
rotund in every direction if, for each ¢ > 0 and nonzero z € X, there exists
bx(— z,€) > 0 such that if x and y are norm-one elements in X with x —y = az
for some « and |jx — y|| 2 e, then

e +3)/2]] £ 1 —bx(— z,€).
There is no guarantee that a Kothe space which is uniformly rotund in every

direction has an order continuous norm. As an example, consider the space
L*[0, 1] renormed with the norm

A= /1A% + A1

It has been shown by Zizler (see e.g. [4], p. 1055) that (L*°[0, 11, [|| - ||| is
uniformly rotund in every direction and that ||| - ||| is equivalent to || - ||. Since

llxw.1/mll| Z 1 for all nin N,

IIl - Il is not order continuous. However, if a Kothe space is uniformly rotund,
then it does have an order continuous norm. This follows from the general fact
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that reflexive Banach lattices have order continuous norms (see e.g. [15, p. 27]).
Using this, we have a sufficient condition for £(X) to be uniformly rotund in
every direction.

THEOREM 6. If a Kothe space E is uniformly rotund and if X is uniformly
rotund in every direction, then E(X) is uniformly rotund in every direction.

Proof. Let f # 0 belong to E(X) and let g € E(X) be a norm-one element
such that || f + g|| = 1. By Theorem 1 in [5], it suffices to show that

g+ 5 = 1=7() where Y(f) > 0.
Setting

A={teT:|fol z Afl/Hmax{lf@)+g0llls®l} > 0},
we have

1£xall Z 1£11/2-

Let

A, ={t €suppf :6x(— f),||f||/4) = 1/n}.

By [13], A, is a measurable set. Since £ has an order continuous norm, there
exists ny € N such that

I X\, L = 1F1/4.

So, for B = ANA,,, we have

I xsll 2 1£11/4.

Let 0 < 6 < 1/ng and define

By ={teB:[[f®O+g0l g0l |2 0max{]lf®)+g®), llg®I}}-

There are two possibilities: either

I xs I Z 171/8 or lfxsvsll = I£11/8-

If | fxs |l 2 ||f]l/8, it is easy to see that

IAfO+gOllx = lgOlolle 2 Bllf/16.

Since E is uniformly rotund,

llg + 3f1 =160 f]1/16).
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If | fxs\s 1l 2 [I£]1/8, it follows that

(1 =ymax{[[f (O +g O], eI} = min{[[f )+ @], [lg®I[}

if t € B\Bl. Since X is uniformly rotund in every direction and, for € B,
(fO)+g0))—g® “ > AN
=

‘ max{|[f &) +g O, g}

it follows that whenever ¢t € B\B,

f@)

‘g(l‘)+ TH

1 —bx(— 4
< LB TOMUD gy + g0l el
< L=1/no If @) + 2@l +llg @l
T 1-46 2
(1 — o O+l + g0
a 2

where a > 0 is defined to be 1 — (1 — 1/ng)/(1 — ). Set
u=llg)+3fOlx and v =3(fC)+gOlx +lgOlx)-
Then u and v are in the unit ball of the Kothe space E and
v(t) —u(t) 2 av(t) fort € B\B,.
Thus,
v = ull = el £]/16.

Since E is uniformly rotund,

e+ sl = |5

2

| = 1=6c@llf]/16).

Combining the two cases above completes the proof of the theorem.

As a corollary to Theorem 6, we obtain the analgous result in the context
of Lebesgue-Bochner function spaces given in [20]. Theorem 6 is not however
sharp enough to obtain the analogous results for Orlicz-Bochner spaces. In fact,
it is shown in [10] that a Musielak-Orlicz space of Bochner type Lg(X) is
uniformly rotund in every direction exactly when both Lg and X are. Moreover,
for Musielak-Orlicz spaces, the notions of uniform rotundity in every direction
and rotundity coincide and are weaker than uniform rotundity [9]. Also, if E is
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(L*, ||| ||| defined prior to the statement of Theorem 6, then E(X) is uniformly
rotund in every direction when X is. Since this particular £ is not uniformly
rotund (it is not even reflexive), Theorem 6 is clearly not the best possible.

One geometric property of Banach spaces which lies in strength between
uniform rotundity and uniform rotundity in every direction is weak uniform
rotundity. A Banach space X is weakly uniformly rotund if, for each ¢ > 0 and
x* € X* with ||x*|| = 1, there exists §(x*,€) > 0 such that if x and y are in X
with |[x|]| = || y]| = 1 and x*(x —y) 2 ¢, then

3+l S 1—6(x%e).

Weakly uniformly rotund Banach spaces need not be reflexive. In fact, ¢g, or
more generally, any Banach space with a separable dual can be renormed to be
weakly uniformly rotund [22]. The situation is different for weakly uniformly
rotund KB-spaces.

LemMA 7. Weakly uniformly rotund KB-spaces are reflexive.

Proof. Let E be a weakly uniformly rotund KB-space. If E is not reflexive,
then, from our introductory remarks, E* is not a KB-space and hence E con-
tains an isomorphic copy of /! [15]. But /' can not be renormed to be weakly
uniformly rotund (see e.g. [11] or [23]). This contradiction completes the proof
of the lemma.

The next theorem provides a characterization of some weakly uniformly ro-
tund E(X) spaces.

THEOREM 8. Let the Kithe space E be a KB-space. The space E(X) is weakly
uniformly rotund if and only if both E and X are weakly uniformly rotund.

Proof. Assume that E and X are weakly uniformly rotund. Let f and g be
norm-one elements of E(X) and let 4 be a norm-one element in £(X)* such that

Ju-ehanze

(Note by Lemma 4 that, since E is reflexive and hence has an order continuous
norm, E(X)* = E}(X*). Also note that the measurability of f and g allows us to
assume, without loss of generality, that X is separable.) Let (T,) be an increasing
sequence of measurable sets with p(T,) < oo and p(T\UT,) = O such that E|r,
injects into L'|7,. By the order continuity of the norm of E*,

x|l L O;

so there exists ng € N such that

/(f ~ g hxr, )du Z €/2.
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Let K > 0 satisfy

luxz, I = Klluxr, |

and choose § > 0 such that
€= ‘—‘te—ZBK > 0.

Setting
A, = {t € supp h: bx(h(t),0) = 1/n},

we have that A, is measurable, by the separability of X, and
lxr, cavanll L0

Thus, for some my € N and with Ty = A, N T,,, it follows that
(*) /<f — &, hXTo>d:u 2 E/4

Defining

A={reTy: (f(t)—g@),h)) 2 Im2x{||f DI, lg®]} >0,

we have

[T L —enans o ( / Qe / ngc)ndu)

< 260K.

This combines with (*) to yield
J U —eiduz e,

Fixing 6, in (0, 1 /mo) and setting

B={reA:[[fOl—-Ilg®Il =8 max{[lf Ol llg®I}},

either

/(f—g,h)duéeo/Z or / (f — g, h)du Z € /2.
B A\B
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If f,(f —g,h)du 2 €y/2 occurs, then
3 €0 f 2max{||£Ol; lg OIHIAC)] dp
<7 [ 1Ol = 1Ol | 1ada.
1 T

Thus

7O = el [H0ldn 2 b1c0/2
Letting

a(-) = sign(| F Ol = [lgO)ID
yields that

(oOILOIN = aOlgOll, [IAO) Z B1e0/4.

The weak uniform rotundity of E then implies that

15+ ©lleoo = 13AFONx + g Ololle
= [L@OIfOllx +aOllgOlxlle
§ 1 —51.(“/1()“,0160/4)

Now consider the case

/A\ (f —g,h)dp 2 €0 /2.

If t € A\B, then

(1 =0 max{[[f @l [lg@II} = min{[[f DI, [|g@II}-

Thus the weak uniform rotundity of X implies, for ¢ € A\B, that
@ +gm)] = (1 = Sx(h(), ) max{||l f Ol g 0II}
< L gz e

é(l_a)”_f(’)n‘z”_”g(’)ﬂ

where

by the choice of 8,. Setting
u() = 3fO+gOl and v = 3 FOl +lgOIDs
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we have

[lar=vonpollanz 5 [ drol+ el
T A\B

v
N[ R

[ 156 = g0l ol
A\B

a
i —g.h\d
Z/A\B<f g, h)du

! o

) €0-

Using the sign function as in the previous case, it follows that
[13(f + ©llecr) = 3 +W)le

1— 55(”}1()”, a60/4).

Combining the two cases finishes the proof of Theorem 8.

v

v

IIA

The analogous theorems in the setting of Bochner L7-spaces ([6], [20]) or
in the setting of Orlicz-Bochner spaces [11] can be obtained as corollaries of
Theorem 8.

The final generalization of uniform rotundity considered here is another no-
tion of weak uniform rotundity due to Cudia [3]. A Banach space X is weakly
uniformly rotund in the sense of Cudia if, for every ¢ > 0 and x* € X, there
exists §(x*,€) > 0 such that if x and y are in X with ||x|| = ||y]| = 1 and
|lx —y|| 2 €, then

G+ )] S 1T=50" 0.

The following theorem summarizes what is known connecting this property with
other geometric and approximation theoretic properties.

THeoreM 9. ([7], [11], [19]). The following statements are equivalent.

(a) X is weakly uniformly rotund in the sense of Cudia.

(b) X is an E-space (in the sense of Fan and Glicksberg).

(c) X is reflexive and every point in the unit sphere of X is strongly exposed.
(d) X is reflexive and rotund and has the Kadec-Klee property.

One should note that if, in the definition of weak uniform rotundity in the
sense of Cudia, x and y are allowed to be in the ball of X and not just on the
unit sphere, an equivalent definition is obtained.

Before characterizing the E(X)-spaces which are weakly uniformly rotund in
the sense of Cudia, we need a lemma.

LemMa 10. If a Kéthe space E is weakly uniformly rotund in the sense of
Cudia, then, for every norm-one positive functional F € E* and for every e > 0,
there exists Y(F,e) > 0 such that, for all u € E and A € %, ||ul]| = 1 and
||uxall 2 € implies that

F(uxpa) = 1—=7(F,e).
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Proor. In order to obtain a contradiction, suppose that there exist a norm-one
positive functional F' € E*, ¢ > 0, and sequences (u,) and (A,) with

0=ty |uall =1, |lunxa,ll 2 €, and
F(unxp\a,) 21— %

Setting v, = upXr\a, yields
|y — vu|| 2 € and
F(3un+v) 2 Flpxra) 2 1= 1.

This contradicts that E is weakly uniformly rotund in the sense of Cudia and
the proof of Lemma 10 is complete.

Our final result is:

THEOREM 11. The space E(X) is weakly uniformly rotund in the sense of
Cudia if and only if both E and X are weakly uniformly rotund in the sense of
Cudia.

Proof. Let E and X be weakly uniformly rotund in the sense of Cudia. Again,
there is no loss of generality in assuming that X is separable. Let e > 0 be given
and let f and g be norm-one elements in E(X) with ||f — g|| 2 €. Since E is
reflexive, choose

H € EX)* = EXX™) with [|H] = 1.
Define H € E* by

Mm:fmmmo

x+dp;

H is a positive norm-one linear functional on E.
Choose 0 > 0 such that ¢y = € — 260 > 0. Setting
A, ={t€suppH : 65(H () /||H®)|,0) 2 1/n},

there exists ng € N such that

s %'Y(ﬁ, 60/6)

HH XT\Ay,
where Y(H , € / 6) is defined in the preceding lemma. Choose §; > 0 such that
(11— l/no)/(l -0 <1

and define the sets

A={teT:||f®—g®| 2 omax{|[fOl,llg®} = 0}
B={reT:||fOl-llg®| |2 6 max{||f@I,lg®I}}-
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Since
A=BU[A\B)NA,JUIA\B\AN,] and ||(f — &)xall 2 e,

we consider three cases.
If ||(f — g)xsll 2 €0/3, then

AL Ollx = lgOlOlle = Bie0/6.
Since E is weakly uniformly rotund in the sense of Cudia,
HG(f +&) S HGAFON+1IOID) = 1= 83(H, b1e0/6).

If ||(f — XA\BY4,, || 2 €0/3, the Cudia weak uniform rotundity of X yields,
similar to the proof of (**) in Theorem 8§, that

(f@0)+g@,HO) = (1 = aHOIf @I+ llg@Ih/2
for t € (A\B)N A,, where

a= (l/no -0/ —86)).
Now set

u(-) = |<%(f() + g())7H()/”H()“>|X5uppH() and
v() = S FON + g OID-

Then
lu—v| = aeo/6 and

HG(f +8))| S HGw+v)) < 1—85(H, oe /6).

Finally, if

llCf — g)X(A\B)\A,,O” = 60/3,

then

AL Ol + g ODxra, I Z €0/6.

So, by Lemma 10,

AGULON+12GDxA,) < T=7H e /6).
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Then, by the choice of ng,

Thus, no matter which case occurs,

HG(f +e)| = GO+ 18OIDxa) + [H x|
S 1-1V(H, €/6).
H(3(f + ¢))| is bounded below 1. This

completes the proof of Theorem 11.
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