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VARIATIONAL FORMULATION OF HIGHER ORDER
ELLIPTIC BOUNDARY VALUE PROBLEMS

A.J. PRYDE

Let A be an ell iptic (partial) differential operator of order

2m on a compact manifold M with boundary T . Let B be a

normal system of m differential boundary operators on T .

Assume all manifolds and coefficients are arbitrarily smooth. We

construct sesquilinear forms J in terms of which there are

equivalent variational formulations of the natural boundary value

problems determined by A and B with solutions in Sobolev

spaces H {M) , 0 < s < 2m . Such forms are also constructed

for problems with mixed boundary conditions. The variational

formulation permits localization of a priori estimates and the

interchange of existence and uniqueness questions between the

boundary value problem and an associated adjoint problem.

1. Introduction

Let A be a l i nea r e l l i p t i c d i f fe ren t ia l operator of order 2m with

smooth (complex) coefficients on a smooth n-dimensional compact Riemannian

manifold M with boundary T . Set M = M ~ V and denote by fi(M) and

H (F) the corresponding Sobolev spaces of order s .

Associated with A are bounded sesqui l inear forms

J : d"(M) x ff(M) •+ C
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CO

whose associated operators A agree with A on £"n(^) the space of

smooth functions with compact support in M . The operator

AT : lf(M) +frm{M)

is defined by

, v) = J[u, v]

where ( , ) denotes the conjugate linear pairing between H (M) and i t s

(conjugate) dual H (M) extending the L inner product of smooth
functions.

For each m 5 j 5 2m-1 le t C. be a normal linear differential
J

boundary operator of order 2m - j - 1 with smooth coefficients.
Associated with J and the C. are unique normal boundary operators B.

0 3
of order j with smooth coefficients such that for u, V smooth

(1.1) J[u, v] = (Au, v) - £ (B.u, C.v)
j=m 3 °

2 2
where ( , ) and ( , ) denote the inner products in L (M) and L (F)
respec t ive ly .

From the S . and C. one can construct various natural boundary
3 3

value problems as follows. Firs t ly, i f X is an index set , le t
EY = \E . : j (. X] when this has meaning. Then for each partition P' u Q'A 3
of {m, m+1, . . . , 2m-l} consider the problem

(1.2) given / € L2(M) and t , £ Y~[ //"~J'~V) find u Z ff(M)

such that Au = f on M and Bp,u = t , , C ,u = 0 on F .

By ( l . l ) an equivalent variational formulation is

(1.3) given / € L2(M) and tp, € J T ^"^"^(F) find u € V such

that for all V £ V , J[u, v) = (/, v) - (tpl, Cp,v)
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w h e r e ( , > d e n o t e s t h e p a i r i n g o n | f a " (V) x H (T) a n d

V = Iv € ff(M) : CQ,V = o\ .

The boundary conditions C.,u = 0 are often called forced or stable,

whereas the conditions Bplu = t , are called natural. Since the

operators C. , j € Q' , have orders 2m-j-l < m-1 , inhomogeneous
0

boundary conditions CQIU = *oi c a n *>e readily replaced by homogeneous

ones.

This variational approach was largely developed by Lions. See for

example [4] . In [/] Agmon obtained a condition on principal symbols which

characterized coercivity for the problem (1.2) when A is strongly

e l l ip t i c . Grubb [3] obtained a global condition on the operators, when A

is properly e l l ip t ic and B , and C, are normal boundary operators,

which characterized those problems (1.2) which are associated with a

sesquilinear form J as in ( l . l ) . In his book [2] , Aubin presents an

account of approximation methods for solutions of problems with variational

formulation (1.3).

In this paper we consider the problem of determining which normal

boundary value problems for an e l l ip t ic operator A have a variational

formulation via an associated sesquilinear form J . We widen slightly the

concept of variational formulations (1.3). Following Mclntosh [6] and [7]

we consider forms J defined on spaces V x W where W is not

necessarily the same as V . This permits the study of a wider class of

boundary conditions than the forced and natural conditions of (1.2). In

fact we show that a l l normal boundary value problems for an e l l ip t ic

operator A have equivalent variational formulations.

Let s be an integer, 1 ± s S 2m-l , and P <J Q a partition of

{0, 1, . . . , 2m-\} , each of P and Q having m elements. If X = P or

Q l e t X' = X n {s, s+1, . . . , 2m-l) and X" = X ~ X' . Let Bp be a

normal system of differential boundary operators B . of order j with
3

smooth coefficients. Then we consider the following problem
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(1.1+) given f € L2{M) and tp, i J T ^ ' " V ) find u d HS(M)

such that Au = f on M and B ,u = t , , B ,,w = 0 on F .

Extend B to a normal system \B . : 0 £ j £ 2m-l} , B . of order J

with smooth coefficients. Without additional conditions, we construct a

boundary system {C. : 0 5 j 5 2m-l} of normal operators C. of order
d 3

2m - j - 1 with smooth coefficients, and a bounded form

J : ^ ( M ) x H2m~S{M) •* C

such tha t , for smooth w, y ,

(1.5) «J[K, U] = {Au, v) - Y. {BM, C V) .

( \ ( \

Let V = \u € lf{M) : B ,JU = o[ and V = ]u € fl ~S(W) : <70,U = 0 [ .

Problem (l.lt) has the equivalent variational formulation

(1.6) given / € L2(M) and tp, I TJ flS"<7'~^i(r) find M € V such

that for all V t W , J[u, v] = (/, v) - (tpl, Cp,v) .

An important reason for having variational formulations of boundary

value problems, especially in the general case where coercivity fa i ls , is

that extimates can be localized. Consider for example the following

estimate for problem (1.1+) :

(1.7) IMIS < c(||^||0+||BpM||+||u||s_1] for al l u € if {M) such that

Au € L2(M) .

The norms are the appropriate Sobolev space norms. If i is properly

elliptic, B normal and covering A , then (1.7) is satisfied. To prove

this (see Lions and Magenes [5]) a similar estimate is proved for s 2 2m ,

and then for s 5 0 by duality, and finally for 0 < s < 2m by

interpolation.

The reason for the indirect approach when 0 < s < 2m is the

difficulty of localizing the estimate. Freezing the coefficients of A
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for example is awkward because the space of functions on which (1.7) is to

be proved depends on these coefficients. However, with the variational

formulation this difficulty is removed and the estimate can be proved

directly. Moreover, less smoothness is required of the coefficients of

A - smoothness of order m + |s-m| is sufficient, instead of order 2m

as required by the interpolation argument. This will be the content of a

forthcoming paper in which we solve the problem [5, 2.11.2] posed by Lions

and Magenes of finding a proof of (1.7) that avoids interpolation.

Further, using the variational formulation, the question of existence

for the boundary value problem can be transferred to the usually simpler

question of uniqueness for an adjoint problem. This technique is well-

known. See for example Schechter [JJ] or Lions and Magenes [5],

The results of this paper will also be used in our work on higher

order elliptic equations with mixed boundary conditions. For, suppose

{B . : 0 5 j 2 2m-l} is a system of normal differential boundary operators,
0

B . of order j with smooth coefficients. Then we can construct the
3

adjoint system {c. : 0 5 j 5 2m-l} and the form J satisfying (1.5).
3

Suppose F and V are disjoint open subsets of T with common smooth

boundary w satisfying T = T u T u w . Take P and Q as before.

For 1 < j 2 2 let r . denote restriction to T . . For 1 5 s < 2m-l ,

0 3
o

consider the mixed boundary value problem (1.8) given / € L (M) ,
t € IT *S'M(ri) and

ta> € T T flS~'7'~*(rJ , find u € H2(M) such that Au = f on
H JZQ' 2

M , rxBp,u = tpt and ^-^p,M = 0 on T^ , ^ B ^ w = t , and

= 0 on r g .

Let V = | u € rf*(M) : r^B^ju = 0, r^QIM = °J and

W = \v € H2m~S(M) : r2Cp,v = 0, r>xCQ,v = 0> . Then (1.8) has the

equivalent variational formulation
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(1.9) given f € L2(M) , t , € JJ ^ *{?-,) and

> € T T HS~^ ^ ( r J , find u € V such that for a l l v € W ,

J[u, v) = (f, v) - ( t p l , Cp,v)-(tQt, CQ,v) .

The las t two brackets denote respectively the pairings on

J and | | FT d[l J x J

2. Existence of associated forms

We make the following assumption on the manifold M :

(2.1) M i s an open subset of an n-dimensional compact smooth

Riemannian manifold M' without boundary in which M has
(rc-l)-dimensional smooth boundary T and closure M .

Let pip) denote the signed geodesic distance from V of point p
in M' near V . We take p > 0 in M and p < 0 in M' ~ M . For
some e > 0 there is a neighbourhood U = {p € M' : -e < p(p) < e) of T

with a f inite covering by coordinate patches ir with coordinates of the

form x - \x', x ) where x' = (a; , ..., x J is a coordinate system in

F and x = p .

Define a vector field on U by

»<P> = tp € TM> .
P y

For p € F , «(p) is the unit inward normal to T . Define the unit

inward conormal at p € F to be the unique covector n(p) € T*M' which

annihilates T T and is unity on n(p) .

The trace operators y . for j' i 0 are defined as usual by

Yow = w|T and y •" = Y Q ^ " where D^ = (l/i)(3/3p) .

We assume that
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(2.2) A = A(p, D) is a linear elliptic partial differential operator

of order 2m with smooth coefficients on M'

and

(2.3) B. = B.(p, D) for each 0 5 j 5 2m-l is a normal linear
0 0

partial differential boundary operator of order j with smooth

coefficients on T .

If o{p ., p, E,} denotes the principal symbol of B. at
' 3 ' 3

(p, 5) € T*(M') , t h e n B. n o r m a l means t h a t o[B., p, n ( p ) J i s n o n - z e r o
3 3

for each p € T .

Let A' = A'(p, D) be the formal adjoint of A . That is, A' is

the unique elliptic operator satisfying

(2.It) (Au, v) = (u, A'v) for all u, v € C™(W) .

According to Green's theorem (see for example Lions and Magenes [ 5 ,

Theorem 2.2.1]) there i s a uniquely determined adjoint system of

d i f fe ren t ia l boundary operators C. = C .{p, D) of orders 2m - j - 1 ,
3 3

0 5 j 5 2m-l , such t h a t , for smooth u, V ,

2m-l
(2.5) (Au, v) - (M, 4 ' U ) = £ (S.w, C.v) .

Furthermore, we prove the following result.

THEOREM 2.6. Let A, B. and M satisfy conditions (2.1), (2.2) and
3

(2.3)., and let s be an integer, 1 £ s s 2m-l . There exists a bounded

sesquilinear form J on if (M) x H s(M) such that, for smooth u, v ,
2m-l

J[u, v] = (Au, tf) - £ ( B . M , CM) .

Before proving the theorem we require the following

LEMMA 2.7 . Under the conditions of Theorem 2.6 there exists a

bounded sesquilinear form J on fr(M)*H S(M) and normal differential

boundary operators F. of order j and G. of order 2m - j - l for
3 3

0 5 j < 2m-l , with smooth coefficients, such that, for smooth u, v ,
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(2.8) J[u, V] = (Au, v) - £ {F u, G.v)

S-X

3=0 j ' *

Proof. Using a partition of unity, the problem is reduced to

constructing «7, F., G. on a coordinate patch U = U near the boundary
3 3

and showing that (2.8) holds for u, v € C (U r> ~M) .

On U we can write A in the form A = £ IF a IP , where

D. = ( l / i ) ( 3 /3x . ) and the summation i s over multi-indices p , q such that
J *7

| p | 5 2m-s and |c? I ^ s . Hence A' = D^a if .

Define J on C™(Ur>M) by

Integrat ing by parts we obtain

where p = ( p i , . . . , p ) = ip', P ) • Collecting terms we obtain

f , _ f ^ , ,
J[u, v] = (i4u)u - 2, 'f,-MJYpm ,-.1»

J(JnM Jf ,7=s J J

where F. is a differential operator of order j with smooth
0

coeff ic ients .

The coefficient of tP in F. i s ia— where p = (0, 2m-s) and
" J PI

q = (0, s) . By the el l ipt ici ty of A , a~~ # 0 on M' and so F. is
pq 0

normal as required for s ^ j - 2m-l , as is G. = Yp • n • Since a-~

is independent of the particular choice of boundary coordinate system, the

partition of unity argument preserves normality.

Integrating by parts in the other direction, the second part of (2.8)
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i s o b t a i n e d w i t h F. = y . f o r - 0 5 j ' 5 s - 1 .
3 3

2OT-1
Proof of Theorem 2 . 6 . For s < j S 2m-X , C. = £ C. y

3 t=s 2m-t-l

where C. is a differential operator in the boundary of order t - j .

We use the convention that the only differential operator of negative order

is the zero operator. By (2.5) and (2.8) we have, for smooth u, v ,

2m-l
I (BM, C v ) = I ( F u , G v ) .

3=0 J J j=0 J J

If Y-" = 0 for 0 S 3 5 s-1 then
3

2m-l 2m-l
^ (Bf,C.v)= ^ (Ftu,Gtv).

2m-l
H e n c e F.- Y C. B . h a s n o r m a l o r d e r a t m o s t s - 1 a n d c a n b e

t 3=S Jt °
s-1

expressed in the form Y, &+ Y where S. is a differential operator in
r=0 r r r

the boundary of order t - r . I t follows that there exists a bounded

sesquilinear form J1 : HS(M) x H2m~S(M) •* C such that , for smooth u, V ,

2m-l s-1
^[u, v] = I I

This result is proved for the case s = m by Grubb [3, Proposition 5.ll.

Her proof readily adapts to our case. If J denotes a form satisfying

(2.8) then J = J + d satisfies the claims of the theorem.

3. Variational formulation

We now turn to the problem (l.U) posed in the introduction. To use

_Theorem 2.6, extend 5_ to a system (5-)Q o f normal boundary

operators B. of order j and let (̂ -Jn ^e ^ne adjoint system

relative to A . Let o be the corresponding sesquilinear form on
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*? P/77_Q

H (A?) x H (M) given by Theorem 2.6 . I f J denotes the r e s t r i c t i o n of

J 1 t o V x W then (1.5) holds as required and i t follows that (l.U) has

the equivalent va r i a t iona l formulation (1 .6) . We invest igate t h i s

equivalence more ful ly .

Let f£{M) = \u € lf{M) : Au t L2(M)} with the usual graph norm.

Then B. maps HS(M) to lf~°~ (T) which we abbreviate to II. . Thus
3 "• 0

B-p : Ii.{M) -*• II i s a bounded operator.

As the orders of Bpl, are less than s , B „ : IT(M) -*• II „ i s also

bounded. Since C. has order 2m - j - 1 , i f j > s then C. maps
3 3

H2m-S(M) to r T ( / T 1 ( r ) = n* .
3

If H {M) denotes the subspace of H (M') consisting of

distributions with support in M then H (M)* = H (M) with the pairing
OQ _ q O

on H (M) x H (M) extending by continuity the L inner product on

C°Q{M) x C°(M) .

Further, by the normality of C. , the following is an exact sequence

of bounded operators

(3 .1) o * rf"-°{M) -^ w — ^ n*f - o .

We use these facts to relate existence/uniqueness or, more generally,

Fredholm properties of [A, Bp) with similar properties of the form J .

A bounded linear operator between Hilbert spaces is called left semi-

Fredholm, respectively right semi-Fredholm, if it has finite dimensional

kernel, respectively finite codimension, and closed range. The operator

is Fredholm if both left semi-Fredholm and right semi-Fredholm.

A bounded sesquilinear form J : V * W •* C we will call left semi-

Fredholm, right semi-Fredholm, Fredholm, left invertible, right invertible

or invertible if its associated operator A T : V •*• W* defined by
J

(A v, w\ = J[v, w] has the same property.
\ ej I
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Consider the following diagrams, where the subscript ker A denotes

the kernel of A in the mentioned space, and M has been dropped from the

names of various spaces:

(3.2)

(3.3)

0 •* V,

BP>

o •* n p ,

o •*• v.
ker-4

- L x nB, , -»- o ,

s-2m

-2m

These diagrams commute and the horizontal sequences are exact. The

commutativity of (3-3) follows from Theorem 2.6 using the fact that smooth

functions are dense in HS(M), 1^{M) and fl^(M) • (Lions and Magenes

[5].)

If in addition the maps [A, B_,,J and A are surjective, which is

the case if, for example, the Dirichlet problem for A is uniquely

solvable, or more generally if these maps are right semi-Fredholm, then we

can apply the five lemma (Pryde [9]) to relate the Fredholm properties of

[A, Bp) and J .

THEOREM 3.4. Let A, B. and M satisfy conditions (2.1), (2.2) and

3
(2.3), and let s be an integer, 1 < s « 2m-l . If
[A, B „) : if(M) -*• if'2"1^) x n „ is right semi-Fredholm, then

[A, B D) : -»• L (M) x Jlp i s left semi-Fredholm (right semi-Fredholm)

if and only if J : V x w •* C is left semi-Fredholm (right semi-Fredholm).
If [A, B „) is onto then [A, B ) is left (right) invertible if and only
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If J is left (right) invertible.

Proof. I f [A, Bp,,) : ff3 •* if'2™ x np,, i s r ight semi-Fredholm (onto)

then so too are [A, B „) : H^ •*• L x n (since L2 c HS~2m ) and

A : V -*• HS~ (since V = ker Bpn ) . The theorem follows from the

preceding discussion.

We remark tha t s ince A i s e l l i p t i c , A : H -*• H i s r ight semi-

Fredholm and since B_,, i s normal, B „ : IT -*• U „ i s onto. I t follows

from the five lemma for example that (i4, Sp;,J : It. -*• L x lip,, i s r igh t

semi-Fredholm i f and only i f A : V -*• a i s r igh t semi-Fredholm. Hence

COROLLARY 3.5. Let A, B. and M satisfy conditions (2 .1) , (2.2)
3

and (2.3)., and let s be an integer, 1 5 s 2 2m-l . Then [A, B ) is

Fredholm if and only if J is Fredholm.

This corol lary expresses the equivalence, in terms of Sobolev spaces,

of t h e boundary value problem (l.U) and the va r i a t i ons ! formulation ( 1 . 6 ) .

Analogous r e s u l t s can be proved t o show the equivalence of problems (1.8)

and (1.9) for the case of mixed boundary condit ions.

4. Localization

Because the domain of J depends on B_,, and CQ, i t is not suited

to localization. We overcome this problem by replacing J with a related

form d whose domain is independent of the operators and which has the

same Fredholm properties.

THEOREM 4 . 1 . Suppose H, K, X, Y are Hilbert spaces,

J1 : H x K •*• C is a bounded sesquilinear form and B : H •+ X , C : K •*• Y

are bounded surjections. Let J be the restriction of J to

ker B x ker C and define J2 on (H x y*) x (x x x*) by

J2[(u, (J>), ( y , i |»)] = / [ u , v] + < B w , \l>) + <<|>, Cv) .
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Then J is left semi-Fredholm, right semi-Fredholm, left invertible or
2

right invertible if and only if J has the same property.

Proof. Let j n : ker B •*• H and j ' : ker C -*• K be the in j ec t ions .

ti K

Then the following diagrams commute and the horizontal sequences are exact,

so the five lemma gives the resu l t immediately:

(U.2) 0 ->• k e r B "H. H B
X •* 0

0 •* ( k e r C)* • ( k e r C) * x X —>• X •+ 0 ,

0 ^ y* ,. H x y* c H •*• 0

J2

0 + I* ( g * x X - 0 .

In our case, .T2 on \lf {M) x n , x fl2m"S(W) x n^,, i s defined by

Write U for a typical element of if (M) x n , with norm ||u|| and

V for an element of H2™'8(M) x JI* with norm ||v||2 . Let ||u||

and ||v|| denote the norms in the larger spaces obtained by replacing

each Sobolev space H by the larger space H in which i t i s compactly

embedded.

By Peetre ' s lemma [S, p . 728], J i s l e f t semi-Fredholm i f and only

if

(h.k) 2 c s u P llvll2m-s "8-1
for a l l U ;
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and d is right semi-Fredholm if and only if

(U.5) ^2m-s ~ ° s u p f O r ^ V •
"s

J

Using standard localization techniques, these estimates are replaced

by similar ones for homogeneous operators with constant coefficients in

IFr . In Pryde [10] for example, the localized estimates are shown to be

satisfied if and only if A is properly elliptic and covered by 5_ .

5. Adjoint problems

Correspondences between the boundary value problem defined by an

e l l i p t i c A and normal S_ and the adjoint problem defined by A' and

CQ a re well known. See for example Schechter 111, Lemma 2 . 2 ] . Using the

form J and the five lemma, we can readi ly r e l a t e Fredholm propert ies of

the two problems when solut ions l i e in H(M) or H (M) and

0 5 6 <2«l .

THEOREM 5.1. Let A, B. and M satisfy conditions (2.1), (2.2) and

3
(2.3), and let s be an integer, 1 5 s 5 2m-l . If

[A, Bpll) : *"(«) - H8'2^) x npl, and [A', CQI) : H2m~8(M) - H~S{M) x n*,

are right semi-Fredholm then [A, S ) : ITAM) •*• L (M) x n is left semi-

Fredholm (right semi-Fredholm) if and only if

{A', CQ) : H2r^S{M) - L2{M) x II*

is right semi-Fredholm (left semi-Fredholm). In particular [A, S_) is

Fredholm if and only if [A', C ) is Fredholm.

Proof . Analogous t o diagrams ( 3 . 1 ) , ( 3 . 2 ) and ( 3 . 3 ) we have the

f o l l o w i n g d i ag rams :

R

(5.2) 0 - °lf{M) X v —^ HQl, + 0 ,
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(5-3)

( 5 . U )

ker4 ' A'

o - n*c,, - Ld * n*

0 + W,
ker/11

. n«.

x n * r + o ,

By the same arguments as in Theorem 3.1*, [A', C ) i s r ight semi-Fredholm

( le f t semi-Fredholm) i f and only i f A* i s r ight semi-Fredholm ( l e f t semi-

Fredholm) i f and only i f (4, B ) i s l e f t semi-Fredholm ( r igh t semi-

Fredholm) . For the l a s t statement of the theorem, compare the proof of

Corollary 3-5-

With regard to the mixed boundary value problem (1.8) one can show

L2similarly that [A, r±Bp, r^^ : fl^(W) -»• L2(M) x r ^ x r^.Q i s

i f and only i f [A <,

Fredholm.

(M) + L2(M) x

Fredholm

i s

References

[/] Shmuel Agmon, "The coerciveness problem for in tegro-d i f fe ren t la l

forms", J. Analyse Math. 6 (1958), 183-223.

[2] Jean-Pierre Aubin, Approximation of elliptic boicndary-value problems

(Pure and Applied Mathematics, 26. John Wiley & Sons, New York,

London, Sydney, 1972).

[3] Gerd Grubb, "On coerciveness and semiboundedness of general boundary

problems", Israel J. Math. 10 (1971), 32-95.

https://doi.org/10.1017/S0004972700026198 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700026198


150 A . J . Pryde

[4] J.L. Lions, Equations differentielles operationnelles et problems

aux limites (Die Grundlehren der mathematischen Wissenschaften,

111. Springer-Verlag, Berlin, Gottingen, Heidelberg, 196l).

[5] J .L. Lions et E. Magenes, Problemes aux limttes non homogenes et

applications, Volume 1 (Travaux et Recherches Mathematiques, 17.

Dunod, P a r i s , 1968).

[6] Alan G.R. Mclntosh, "Bilinear forms in Hilbert space", J. Math. Mech.

19 (1969/1970), 1027-10lt5.

[7] Alan Mclntosh, "Second-order properly e l l i p t i c boundary value

problems on i r r egu l a r plane domains", J. Differential Equations

34 (1979), 361-392.

[Sj Jaak Peet re , "Another approach to e l l i p t i c boundary problems", Corrm.

Pure Appl. Math. 14 (1961), 711-731.

[9] A.J. Pryde, "The five lemma for Banach spaces", Proa. Amer. Math.

Soo. 65 (1977), 37-^3.

[JO] A.J. Pryde, "Higher order e l l i p t i c boundary value problems in spaces

with homogeneous norms", J. Austral. Math. Soc. Ser. A 31

(1981) , 92-113.

[7J ] Martin Schechter, "General boundary value problems for e l l i p t i c

p a r t i a l d i f f e r en t i a l equations", Cornm. Pure Appl. Math. 12

(1959), U57-U86.

Department of Mathematics,

Inst i tu te of Advanced Studies,

Australian National University,

GPO Box 4,

Canberra, ACT 2601,

Austra Ma.

https://doi.org/10.1017/S0004972700026198 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700026198

