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VARIATIONAL FORMULATION OF HIGHER ORDER
ELLIPTIC BOUNDARY VALUE PROBLEMS

A.J. PRYDE

Let A be an elliptic (partial) differential operator of order
2m on a compact manifold M with boundary T' . Let B be a
normal system of m differential boundary operators on T .
Assume all manifolds and coefficients are arbitrarily smooth. We
construct sesquilinear forms J in terms of which there are
equivalent variational formulations of the natural boundary value

problems determined by A and B with solutions in Sobolev

spaces HS(M) , 0<s8 <2m . Such forms are also constructed
for problems with mixed boundary conditions. The variational
formulation permits localization of a priori estimates and the
interchange of existence and uniqueness questions between the

boundary value problem and an associated adjoint problem.

1. Introduction

Let A Dbe a linear elliptic differential operator of order 2m with

smooth (complex) coefficients on a smooth n-dimensional compact Riemannian
manifold M with boundary I . Set M= M~ T and denote by HS(M) and
H(T) the corresponding Sobolev spaces of order §

Associated with A are bounded sesquilinear forms

J:ffn(M)XF[”(M)-*C
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0
whose associated operators AJ agree with A4 on CO(M) the space of

smooth functions with compact support in M . The operator

o-m
A, M) ~ B (M)

is defined by

(AJu, v) = J[u, vl

where ¢ , ) denotes the conjugate linear pairing between H'(M) and its

o_
(conjugate) dual H (M) extending the ? inner product of smooth

functions.
For each m = J = 2m-1 1let Cj be a normal linear differential

boundary operator of order 2m - jJ - 1 with smooth coefficients.

Associated with J and the Cj are unique normal boundary operators Bj
of order J with smooth coefficients such that for wu, v smooth

2m-1
(1.1) Jlu, v] = (Au, v) - jgm (Bju, ij)

where ( , ) and ¢ , ) denote the inner products in L2(M) and L2(F)

respectively.
From the Bj and Cj one can construct various natural boundary

value problems as follows. Firstly, if X is an index set, let
E

¥ = {EJ. : g € X} when this has meaning. Then for each partition P' v @'

of {m, m#¥1, ..., 2m1} consider the problem

¢ TT #"9°%r) rina u € #"(m)
jep’

such that Au =f on M and B

(1.2) given f€L2(M) and tP'

=t ,CQ,u=O on T

P = pr

By (1.1) an equivalent variational formulation is

€ T Hm_J-%(I‘) find u € V such
Jjep!

that for all v € V , J[u, v} = (f, v) - (tp,, CP,v)

(1.3) given f€L2(M) and tp,
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where ¢ , ) denotes the pairing on | | Hm—J_%(F) x H_m+J+%(F) and
Jep'!

V={v€Hm(M) :CQ,v=0}.

The boundary conditions CQ,u = 0 are often called forced or stable,

whereas the conditions Bp,u = tP' are called natural. Since the

operators 63 , J €@' , have orders 2m-j-1 =< m-1 , inhomogeneous

boundary conditions C,,u =%

Q

can be readily replaced by homogeneous

QI
ones.

This variational approach was largely developed by Lions. See for
example [4]. 1In [1] Agmon obtained a condition on principal symbols which
characterized coercivity for the problem (1.2) when A 1is strongly
elliptic. Grubb [3] obtained a global condition on the operators, when A4

is properly elliptic and B and C are normal boundary operators,

P' QI

which characterized those problems (1.2) which are associated with a
sesquilinear form J as in (1.1). 1In his book [Z], Aubin presents an
account of approximation methods for solutions of problems with variational

formulation (1.3).

In this paper we consider the problem of determining which normal
boundary value problems for an elliptic operator A have a variational
formulation via an associated sesquilinear form J . We widen slightly the
concept of variational formulations (1.3). Following Mclntosh [6] and [7]
we consider forms J defined on spaces V X W where W 1is not
necessarily the same as V . This permits the study of a wider class of
boundary conditions than the forced and natural conditions of (1.2). 1In
fact we show that all normal boundary value problems for an elliptic

operator A have equivalent variational formulations.

Let s be an integer, 1 <s < 2m-1 , and P v @ a partition of
(0,1, ..., 2n-1} , each of P and @ having m elements. If X =P or

Q@ let X' =xXn{s, s+l, ..., 2m1} and X" =X~ X' . Let B, be a
normal system of differential boundary operators Bj of order J§ with

smooth coefficients. Then we consider the following problem
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(1.4) given f € L2(M) and t;, € T Hs’j‘%(r) find u € B (M)

Jep'

such that Au = f on M and BP,u =t

P’ k] B

P w4

Extend B, to a normal system {Bj : 05§ < 2m1}

b

B.
Jd

=0 on T .

of order J

with smooth coefficients. Without additional conditions, we construct a

boundary system {Cj : 04 = 2m—l} of normal operators

2m - j - 1 with smooth coefficients, and a bounded form

I B (M) x B » ¢
such that, for smooth wu, v ,

2m-1
(1.5) Jlu, v] = (Au, v) - Y (Bju, ij) .

J=m

Let V= {u € H(M) : Bou = o} and W= {v ¢ gon-s

Problem (1.4) has the equivalent variational formulation

C.
J

of order

(M) : CQ,v = O} .

(1.6) given f € L(M) and tpr € 11 #°-9"%TI) find u € V such

jep!

that for all v € W , J[u, v] = (f, v) - (tP,, CP,v) .

An important reason for having variational formulations of boundary

value problems, especially in the general case where coercivity fails, is

that extimates can be localized. Consider for example the following

estimate for problem (1.h4):

(1.7 lully = e (laull #liBgull+liull,_,) for a1 u € H°(M) such that

Au € L2(M)

The norms are the appropriate Sobolev space norms. If A

elliptic, B_ normal and covering A , then (1.7) is satisfied.

p

is properly

To prove

this (see Lions and Magenes [5]) a similar estimate is proved for s = 2m ,

and then for s = 0 by duality, and finally for O < s < 2m by

interpolation.

The reason for the indirect approach when 0 < 8 < 2m

is the

difficulty of localizing the estimate. Freezing the coefficients of A
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for example is awkward because the space of functions on which (1.7) is to
be proved depends on these coefficients. However, with the variational
formulation this difficulty is removed and the estimate can be proved
directly. Moreover, less smoothness is required of the coefficients of

A - smoothness of order m + |s—m| is sufficient, instead of order 2m
as required by the interpolation argument. This will be the content of a
forthcoming paper in which we solve the problem [5, 2.11.2)] posed by Lions
and Magenes of finding a proof of (1.7) that avoids interpolation.

.

Further, using the variational formulation, the question of existence
for the boundary value problem can be transferred to the usually simpler
question of uniqueness for an adjoint problem. This technique is well-

known. See for example Schechter [11] or Lions and Magenes [5].

The results of this paper will also be used in our work on higher
order elliptic equations with mixed boundary conditions. For, suppose

{Bj :0=4g = 2m—l} is a system of normal differential boundary operators,

Bj of order J with smooth coefficients. Then we can construct the
adjoint system {Cﬁ : 0<J < 2ml} and the form J satisfying (1.5).

Suppose Fl and F2 are disjoint open subsets of T with common smooth

boundary w satisfying T = Fl v F2 vw . Take P and @ as before.
For 1 =g =2 let rj denote restriction to Fj . For 1 =8 =2m1 ,

: 2
consider the mixed boundary value problem (1.8) given f € L°(M) ,

tpr € T1 #°797%(r) ana
jep'
tgr € | | HS'J_%(I’:Z] , find u € H2(M) such that Au = f on
JjeqQ’
M, rBhu-= tP' and rlBP"u =0 on Fl s rQBQ,u = tQ’ and
rQBQ"u =0 on F2 .

Let V= {u e B(mM) : v Bpi = 0, T Bou = o} and

_ 2m-s . _ _
W= {v €H (M) : rch,v =0, rle,v = 0} . Then (1.8) has the

equivalent variational formulation

https://doi.org/10.1017/500049727000267198 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700026198

140 A.J. Pryde

-7k
(1.9) given f € L2(M) s tpr € 1T # 2(I‘l] and
Jep!

.
tgr € T #°973(r,) . £ind w €V such that for all v €W ,
jeq’
Jlu, vl = (F, v) - <tP" CP,D) - (tQ,, CQ,v> .
The last two brackets denote respectively the pairings on
ik — i+k —j-% - ]
TT #7973(0) x F27%5(0) ana TT #°777%(r,) « 5°77%5(r))
Jjep' JjeqQ’
2. Existence of associated forms
We make the following assumption on the manifold M :

(2.1) M 1is an open subset of an n-dimensional compact smooth
Riemannian manifold M' without boundary in which M has

(n-1)-dimensional smooth boundary T and closure M .

Let p(p) denote the signed geodesic distance from [' of point p
in M' near T . We take p >0 in M and p< 0 in M’ ~M . For
some € > 0 there is a neighbourhood Ue ={p €M : e <plp) e} of T

with a finite covering by coordinate patches UZ: with coordinates of the
form x = (x’, xn] vhere zx' = [xl, ey xn—lJ is a coordinate system in
I' and z, =P -

Define a vector field on Ue by

nip) = % €z
P

For p €T , n(p) is the unit inward normal to I . Define the unit

inward conormal at p € T to be the unigue covector n(p) ¢ Tl’)‘M’ which

annihilates TpI‘ and is unity on n{p)
The trace operators Yj for jJ = 0 are defined as usual by
You = u|I' and Y4 = YOD;:”lu where D = (1/2)(3/3p)

We assume that
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(2.2) A = A(p, D) is a linear elliptic partial differential operator
of order 2m with smooth coefficients on M’

and

(2.3) B, = Bj(p, D) for each 0 = J < 2m-1 is a normal linear

J
partial differential boundary operator of order J with smooth

coefficients on T .
1f O(Bj, P, E) denotes the principal symbol of Bj at
(p, &) € T*(M') , then Bj normal means that O(Bj, p, n{p)) is non-zero
for each p €T .

Let A' = A'(p, D) bve the formal adjoint of 4 . That is, A’ is

the unique elliptic operator satisfying
o«
(2.4) (Au, v) = (u, A'v) for all u, v € CO(M)
According to Green's theorem (see for example Lions and Magenes [5,

Theorem 2.2.1]) there is a uniquely determined adjoint system of

differential boundary operators 03 = Cﬁ(p, D) of orders 2m - j - 1 ,

0 =gJ =2m1 , such that, for smooth u, v ,
2m-1

(2.5) (Au, v) - (u, A'v) = Y (B.u, C.v) .
j=0 J J

Furthermore, we prove the following result.

THEOREM 2.6. Let 4, Bj and M satisfy conditions (2.1), (2.2) and

(2.3), and let s be an integer, 1 =s < 2m-1 . There exists a bounded
sesquilinear form J on (M) x Hem—s(M) such that, for smooth u, v ,
2m-1
Jlu, vl = (4u, v) - jgs (Bju, Cju) .

Before proving the theorem we require the following
LEMMA 2.7. imder the conditions of Theorem 2.6 there exists a

bounded sesquilinear form J on B (M) x Hzm_s(M) and normal differential
boundary operators Fj of order § and Gj of order 2m - j -1 for

0=J = 2ml, with smoth coefficients, such that, for smooth u, v ,
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2m-1
(2.8) Ilu, v} = (4u, v) - Jés (Fu, 6v)
Sil
= (u, A'"v) + F.u, Gv) .
T (g o)

Proof. Using a partition of unity, the problem is reduced to

A
constructing J, Fj’ Gj on a coordinate patch U = U  near the boundary

€
[ee) —_—
and showing that (2.8) holds for u, v € Co(u oM .

on U we can write A4 in the form A = ) Dpaquq , where

D,j = (1/%) (3/3xj) and the summation is over multi-indices p, ¢ such that

lpl < 2m-s and lg| =s . Hence 4’ =Dq5qup .

o0 —
Define J on Co(UﬂM) by

T, 9 = [ T 07 (P0)

Integrating by parts we obtain

Ilu, ») = ] (40)D + % f > ? [Dt-lD(p"O)a un}Dpn— v
U Tpgtar V7 pq "
where p = (pl, cay pn] = {p', pn) . Collecting terms we obtain
_ 2m-1
Jlu, v] = IUnM (4u)s - [r jgs () Yo s 17

where Fj is a differential operator of order J with smooth

coefficients.

The coefficient of Dg‘ in F,j is iaﬁgi where P = (0, 2m-s) and
q = (0, 8) . By the ellipticity of A4 , aﬁc}' #0 on M' and so Fj is
. < s < . - ]

normal as required for s = g5 =2m-1 , as is Gj Y2m—j—1

is independent of the particular choice of boundary coordinate system, the

Since a-~
pq

partition of unity argument preserves normality.

Integrating by parts in the other direction, the second part of (2.8)
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is obtained with F} = Yj for- 0 <= J < s-1 .

2m-1

Proof of Theorem 2.6. For s < j < 2m-1 , Cj = 2; C. thm_t 1

where Cjt is a differential operator in the boundary of order ¢ - J .

We use the convention that the only differential operator of negative order

is the zero operator. By (2.5) and (2.8) we have, for smooth u, v ,

om-1 2m-1
j§=j0 (Bju, CJ.v) = jgo (Fju, ij) .

If Yju =0 for 0= J <s-1 then

N T )
Bwu, C.v Fu, G,v) :
J=s ( J J ) t=s =t ¢

2m-1
Hence Ft - Z CgtBj has normal order at most s - 1 and can be
expressed in the form 2: StrYr where Str is a differential operator in

the boundary of order ¢t - r . It follows that there exists a bounded
sesquilinear form Jl : HS(M) X H2m~s(M) + € such that, for smooth u, v ,
Jl 2m-1 s-1
[u, v] = Z L S s Yopga¥)
t=s r=0
This result is proved for the case s = m by Grubb [3, Proposition 5.11].

Her proof readily adapts to our case. If JO denotes a form satisfying

(2.8) then J = JO + Jl satisfies the claims of the theorem.

3. Variational formulation

We now turn to the problem (1.4) posed in the introduction. To use

Theorem 2.6, extend B_ to a system (B )Z"Fl

P of normal boundary

‘Zm—l

operators Bj of order J and let (C be the adjoint system

relative to A4 . Let Jl be the corresponding sesquilinear form on
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2m-s

Hs(M) x H (M) given by Theorem 2.6. If J denotes the restriction of

Jl to V X W then (1.5) holds as required and it follows that (1.L4) has
the equivalent variational formulation (1.6). We investigate this

equivalence more fully.
Let Hy(M) = {u € Ho(M) : Au ¢ I?(M)} with the usual graph norm.
s HS—j—% . .
Then Bj maps HA(M) to (T) which we abbreviate to Hj . Thus

BP : Hj(M) > HP is a bounded operator.

As the orders of B

pn are less than s , Bon : H (M) > HP" is also

bounded. Since Cj has order 2m- g -1 , if J = s then Cj maps

2m-s
(

H M) o BSYIYE(T) - m

cs S r - -
If H (M) denotes the subspace of H (M') consisting of
distributions with support in M then B (my* = H—S(M) with the pairing

Q -
on H(M) x H 8 (m) extending by continuity the ? inner product on
[=e] o o Q.
CO(M) x ¢ (M) .

Further, by the normality of Cj , the following is an exact sequence
of bounded operators

. c.,
(3.1) 0> Py L w —E5 g, >0 .

We use these facts to relate existence/uniqueness or, more generally,

Fredholm properties of (A, BP) with similar properties of the form J .

A bounded linear operator between Hilbert spaces is called left semi-
Fredholm, respectively right semi-Fredholm, if it has finite dimensional
kernel, respectively finite codimension, and closed range. The operator

is Fredholm if both left semi-Fredholm and right semi-Fredholm.

A bounded sesquilinear form J : VX W > C we will call left semi-
Fredholm, right semi-Fredholm, Fredholm, left invertible, right invertible

or invertible if its associated operator AJ : V> W* defined by

(AJU, w) = J{v, w] has the same property.
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Consider the following diagrams, where the subscript ker A denotes
the kernel of A in the mentioned space, and M has been dropped from the
names of various spaces:

(A ’BPII) 2

(3.2) 0>V L° x 1

>
kerd

o

P"

BPr (A’BP) I

o> N, +12x0, ——»1%2x1_, >0,

p! p R

A S=-
(3.3) 0+ Ve —— V — &

e

| |

0> I, -—_T;)-?W*?Hs_zm-*o.

2m

These diagrams commute and the horizontal sequences are exact. The

commutativity of (3.3) follows from Theorem 2.6 using the fact that smooth
functions are dense in H°(M), E°(M) and Hj(M) . (Lions and Magenes
[51.)

If in addition the maps (A, BP") and A are surjective, which is

the case if, for example, the Dirichlet problem for A is uniquely
solvable, or more generally if these maps are right semi-Fredholm, then we
can apply the five lemma (Pryde [9]) to relate the Fredholm properties of
(4, Bp) ana 7.

THEOREM 3.4. Let A, Bj and M satisfy conditions (2.1), (2.2) and
(2.3), and let s be an integer, 1 <s <2ml . If
c (M) » BBy x T

(4, B

P") is right semi-Fredholm, then

PII
(4, By : Hy() > L2(M) x N, is left semi-Fredholm (right semi-Fredholm)

ifand only if J : Vx W +~ C is left semi-Fredholm (right semi-Fredholm).
5 (4, BP") is onto then (4, BEJ is left (right) invertible if and only
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If J 1is left (right) invertible.

Proof. If (4, BPn) B BT is right semi-Fredholm (onto)

P"

then so too are (4, BP") : Hj > 12 x Ly (since 12 c g2 ) and
s-2m .

A : V>H (31nce V = ker BP" ] . The theorem follows from the

preceding discussion.

We remark that since A4 is elliptic, A4 : HS d Hs—2m is right semi-

Fredholm and since B is normal, B, : B> HP” is onto. It follows

pr P

from the five lemma for example that (4, BP,,} : Hi > 1% x M, is right
semi-Fredholm if and only if A4 : V > Hs-zm is right semi-Fredholm. Hence

COROLLARY 3.5. Let 4, BJ. and M satisfy conditions (2.1), (2.2)
and (2.3), and let s be an integer, 1=s = 2ml . Then (4, By} is
Fredholm if and only tf J is Fredholm.

This corollary expresses the equivalence, in terms of Sobolev spaces,
of the boundary value problem (1.4) and the variational formulation (1.6).
Analogous results can be proved to show the equivalence of problems (1.8)

and (1.9) for the case of mixed boundary conditioms.

4. Localization

Because the domain of J depends on BP" and C it is not suited

QI

to localization. We overcome this problem by replacing J with a related

form J2 whose domain is independent of the operators and which has the

same Fredholm properties.

THEOREM 4.1. Suppose H, K, X, Y are Hilbert spaces,
J i HExKkC 18 a bounded sesquilinear formand B : H > X, C : K+ Y
are bounded surjections. Let J be the restriction of I to

ker B x ker C and define J° om (B x Y*) x (K x X*) by

FPllu, 6), (v, )] = T lu, 0] +{Bu, P +(p, Cv) .
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Then J 1is left semi-Fredholm, right semi-Fredholm, left invertible or
right invertible if and only if 72 has the same property.
Proof. Let jH : ker B+ H and jK : ker C - K be the injections.

Then the following diagrams commute and the horizontal sequences are exact,

so the five lemma gives the result immediately:

jH B
(k.2} 0+ ker B —— H — X-+0

A, (j]"('-lJl,B] I

0+ (ker 0)* — (ker O)* x X — X >0 ,

(4.3) 0+ Yt —— H X Y4 —r H +0

|
I A, (jz?‘lJl ,B)

(ker C)* x X >0 .

*
cro) K XX g

0+ Y* (
K

In our case, 7> on [HS(M) x HQ') x [Hzm_s(M) x H*"] is defined by

le:[u’ ¢Q']’ [U, an)] = Jl[us v] + <BPnu, an) + (¢QI’ ch”) .

Write U for a typical element of HS(M) x HQ’ with norm ”u”s and

V for an element of H2m—s(M) x %  with norm ||v]|

P Let Jull,_,

2m-8

and |v]l denote the norms in the larger spaces obtained by replacing

2m-s-1
t t-1 . . R
each Sobolev space H by the larger space H in which it is compactly
embedded.
By Peetre's lemma [§, p. 7281, J2 is left semi-Fredholm if and only
if

|J2[u,v]|

(4.b) lully = e|sup Sip
2m-s

lull_y| for a1l u;
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and J2 is right semi-Fredholm if and only if

|7 [u,v]|
(4.5) Ivll,, o = ¢ sup i, Vil o y| for all v .

Using standard localization techniques, these estimates are replaced

by similar ones for homogeneous operators with constant coefficients in

IRCI_ . In Pryde [10] for example, the localized estimates are shown to be
satisfied if and only if A is properly elliptic and covered by BP .

5. Adjoint problems

Correspondences between the boundary value problem defined by an

elliptic A and normal B and the adjoint problem defined by A' and

P

C'Q are well known. See for example Schechter [11, Lemma 2.2]. Using the

form J and the five lemma, we can readily relate Fredholm properties of

2m-8
(

the two problems when solutions lie in HS(M) or H M) and

08 =2m .
THEOREM 5.1. Let A4, Bj and M satisfy conditions (2.1), (2.2) and
(2.3), and let 8 be an integer, 1 <g =<2m1 . If
-2 2m- -
(4, Bpw) : (M) » 7™ m) x Moy and (4', cQ,) c B8 () > BT (M) x e,
are right semi-Fredholm then (A, BP] : Hi(M) -+ L2(M) X IIP is left semi-
Fredholm (right semi-Fredholm) if and only if

(a', c) EmS (M) » 12(m) m

is right semi-Fredholm (left semi-Fredholm). In particular (A, BP) is

Fredholm if and only if (4, cQ) is Fredholm.

Proof. Analogous to diagrams (3.1), (3.2) and (3.3) we have the
following diagrams:

. B
(5.2) o+ B v 25 Myw >0,
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a',c..)
2m-s ( Q'
(5-3) 0 > WkerA' * HA' L x Hél
Con (A',CQ) I
0> M, —>L2><]'[é——~>L2><II6,->O ,
A’ -
(5.4) 0> Wy g — W L 58
CQ,, A; I
0+ M%, —— V*—p H°>0.
Q BQ,, T
By the same arguments as in Theorem 3.4, CQ) is right semi-Fredholm
(left semi-Fredholm) if and only if A* is right semi-Fredholm (left semi-

J
Frednolm) if and only if {4, Bp) is left semi-Fredholm (right semi-

Fredholm). For the last statement of the theorem, compare the proof of
Corollary 3.5.

With regard to the mixed boundary value problem (1.8) one can show

similarly that (4, » B, P,B) Hy(M) > 12(M) x r T, x rJl, is Frednolm

P 2°¢

Hi’"’S(M) > L2(M) x r M x r 18 ds

1 P’
. . '

if and only if LA R PZCP’ rlCQ]
Fredholm.
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