FINITELY GENERATED COMMUTATIVE SEMIGROUPS
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Since all the semigroups considered in this paper are commutative, we shall use the terms
“ semigroup ” and “ group ™ where we actually mean * commutative semigroup” and
* commutative group ”’. Some basic results from the theory of semigroups are required and
will be used without explicit mention; these results may be found in [1, § 4.3). We shall denote
the additive semigroups of integers, positive integers, negative integers, positive rationals
by Z, Z*, Z~, Q™ respectively.

1. Introduction. In his book The theory of finitely generated commutative semigroups,
L. Rédei has carried out a deep analysis of the congruences on finitely generated free semi-
groups. As a consequence of this theory, one can, in principle, construct all finitely generated
semigroups. However, Rédei’s theory does not give rise to a structure theorem for such semi-
groups. In this paper we consider the problem of giving a description of finitely generated
semigroups in the spirit of the so-called *“ Fundamental theorem of finitely generated groups
[3, Theorems 10.3, 10.4]. We shall state this result as Theorem 1.1 because it serves as a
model for our results; taken with our results, it also shows where the analogy between groups
and semigroups breaks down.

THEOREM 1.1. Let G be a finitely generated group.

(I) G~ Z" x F for some non-negative integer n and some finite group F. The integer n is
unique and the group F is unique up to isomorphism.

(II) Fis a direct product of cyclic groups of prime power order.
(LI1) Each subgroup of G is finitely generated.

Any finitely generated semigroup can be uniquely expressed as the union of a semilattice
of archimedean semigroups. Hence the structure of finitely generated semigroups depends on
the structure of the archimedean subsemigroups of finitely generated semigroups. Examples
1.2 and 1.3 show that these subsemigroups need not themselves be finitely generated so that
we cannot say much, in general, about the archimedean components of finitely generated
semigroups. ([10), {11] give a construction for all archimedean semigroups, but this is very
complicated). Indeed, we have not been able to characterise those semigroups which are
archimedean components of finitely generated semigroups although some results in this
direction are given in Proposition 4.4 and Theorem 6.2.

ExampLE 1.2. Let S = F(a,b) be the free semigroup on two generators a,b. Then
S has three archimedean classes <a),(b) and K= {a"b":m,neZ*}. Since K\K*=
{ab",a"b : neZ*} is infinite, K is not finitely generated.

ExaMPLE 1.3. Let S = F(a,b; a*h* = b*). Then S has two archimedean classes {a)
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and K = {b",a"b,ab":neZ*}. Since K\K? = {b,a"b:neZ*} is infinite, K is not finitely
generated.

Proposition 1.4 sums up what we can usefully say, in general, about the archimedean
components of finitely generated semigroups.

PROPOSITION 1.4. If S is a finitely generated semigroup, then S is a finite semilattice of
archimedean semigroups. Each maximal archimedean class and each subgroup of S is finitely
generated.

Proof. Since S is finitely generated, so is its maximal semilattice homomorphic image
A; because each element of A is idempotent, this implies that A is finite. Hence S is the
union of the finite semilattice A of archimedean semigroups.

Each maximal archimedean class of S is clearly generated by those generators of S which
it contains and hence is finitely generated. It thus remains to prove that each subgroup of §
is finitely generated. In fact, by Theorem 1.1, (III), it suffices to show that each maximal
subgroup of S is finitely generated.

Let 4 be a maximal subgroup of S; then H is contained in some archimedean class S,
of S. Let D =|{J{S;:B = «} and denote by e the identity of H. Then

S,e S De=(De)ec S,e,

so that De = S,e. But, because H is a maximal subgroup of the archimedean semigroup
S, H = S,e; hence H = De. It follows that we can define a mapping 0: S — H° by

{xe if xeD,

x0 = )
0 otherwise.

Since D is the complement of a prime ideal of S [6, Lemma 1.3], it is clear that 6 is a homo-
morphism of S onto H®; thus H° is finitely generated. But H° has maximal archimedean
class H so that, by the second part of the proposition, H is finitely generated.

COROLLARY. A finitely generated semigroup is regular (i.e., is a union of groups) if and
only if it is a finite semilattice of finitely generated groups.

Although we cannot say much about the non-finitely generated archimedean subsemi-
groups of a finitely generated semigroup, finitely generated archimedean semigroups with and
without idempotents can be described in some detail; see Theorem 3.10 and Proposition 4.2.
Because of this, we shall consider semigroups which obey the ascending chain condition on
subsemigroups (A.C.C. for short). The following proposition follows by a standard argument.

PROPOSITION 1.5. A semigroup obeys the A.C.C. if and only if each subsemigroup is finitely
generated.

COROLLARY. A semigroup obeys the A.C.C. if and only if it is a finite semilattice of archi-
medean semigroups each of which obeys the A.C.C.

As a consequence of this corollary, the problem of determining the structure of all semi-
groups which obey the A.C.C. reduces to that of finding those archimedean semigroups which
obey the A.C.C. The congruences which we use to investigate the latter problem are dis-
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cussed in the next section and the problem itself is tackled in the third and fourth sections.
Separative semigroups which obey the A.C.C. are neatly characterised by Theorem 1.6;
the proof is given in § 5.

THEOREM 1.6. Let S be a separative semigroup. Then S obeys the A.C.C. if and only if it
can be embedded in a finite semilattice of groups Z x F,, where each F, is a finite group.

2. Some important congruences.
DeriNiTiON 2.1, {1] Let S be a semigroup; then
c={(a,b)eS x S:a"b=a""';ab"=b""" for some neZ*}.

PROPOSITION 2.2. [1] ¢ is the finest congruence p on S such that S|p is separative. If S
is archimedean, then S|o is cancellative; in particular, a separative archimedean semigroup is
cancellative.

DEFINITION 2.3. [6] A semigroup S is torsion free if, for a,be S, neZ*, a" = b" implies
a=b.

PROPOSITION 2.4. [6] Let S be a semigroup and let
t={(a,b)eS x S:a”=b" for some neZ*}.
Then 1 is the finest congruence p on S such that S|p is torsion free. Further ¢ < 1.

COROLLARY 1. Let S be a semigroup. Then the following are equivalent:
(a) S has an idempotent;

(b) S/o has an idempotent;

(¢) S/t has an idempotent.

If, further, S is archimedean, then (a), (b), (¢)-are equivalent to

(d) there exist x,ye S with x = xy.

Proof. Clearly (a) implies (b) and (b) implies (c). Hence, to prove the equivalence of
these three statements, it remains to show that (¢) implies (a). Suppose that (c) is satisfied and
let xe S be such that (x%,x)et. Then x" = (x?)" = (x")? for some neZ*; hence x" is idem-
potent.

In any semigroup with an idempotent e, there exist x ( = ¢), y ( = €) such that x = xy.
Therefore (a) implies (d), without any restriction on S. If S is archimedean, then S/o is
cancellative so that x = xy gives (y,y*)€s; thatis, S/o has an idempotent. Hence (d) implies

®).
COROLLARY 2. If S is an archimedean semigroup, then S|t is cancellative.
Proof. S/t is clearly separative. Hence, by Proposition 2.2, S/t is cancellative.

DEFINITION 2.5. Let S be a semigroup. Then, for each a€ S,

pa={(x,y)eS x S : xa"=ya™ for some m,neZ*}.
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P, is Dubreil’s reversible congruence P,,, where {a} is the semigroup of S generated by
a. Hence we have the following proposition.

ProrosITION 2.6 [2], [9]. Let S be a semigroup. Then, for each a€sS, p, is the finest
congruence p on S such that S|p has identity ap".

If S is archimedean, then p, is the finest congruence on S such that S|p is a group with
identity ap".

CoROLLARY. Let S be a semigroup and let S =\ J{S,: A€ A} be the expression of S as the
union of a semilattice A of archimedean semigroups S,. Suppose that A has a minimum member
o. Then, for each a€ S,, p, is the finest congruence p on S such that S/p is a group with identity

]
ap'.
If 6 is a homomorphism of S onto a group G, there exists ac S, such that p, S 00071,

Proof. A straightforward argument shows that p, is the finest group congruence p on S
whose quotient has identity ap®.

Suppose that 8 is a homomorphism of S onto a group G. Then, since S, is an ideal of S,
S.0 is an ideal of G; since G is a group, this means that G = S,0. In particular, there exists
a€ S, such that af is the identity of G. By the first part of the proposition, p, = 026~ for
this a.

ProrosITiION 2.7. If S is an archimedean semigroup without idempotents, then

o =1Np,
for each ae S.

Proof. By Proposition 2.6, S/p, is a group and so is separative; hence ¢ < p,. But, by
Corollary 2 to Proposition 2.4, ¢ = 1. Thus we have ¢ < p,N7.

Conversely, let (x,y)ep,nt. Then x" =" and xa" = ya® for some n,r,seZ*. These
equations give x"a™ = x"a™ and, since S has no idempotents, it follows that r = s. But then
xd’ = ya" and so, since Sfo is cancellative, (x,y)es. Hence p,nt S 0.

Proposition 2.7 is useful for describing the structure of finitely generated archimedean

semigroups which are cancellative. To characterise those that are not cancellative, we require
another congruence.

DeriNITION 2.8. Let S be a semigroup. Then, for each ae S,
to=AU{(x,y)eSxS: x=au,y=av,du=da"v forsome u,veS', mneZ},
where A is the identity congruence on S.

PROPOSITION 2.9. Let a be an element of a semigroup S. Then y, is the finest congruence
on S which contains (a, a%).

Proof. This is straightforward.

PROPOSITION 2.10. Let S be an archimedean semigroup without idempotents. Then, for
each ae S, p,nt = A,, where

L=AU{(x,y)eSxS: x=au, y=av, du=a"v forsome u,veS', neZ"}.
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Proof. Suppose that (x,y)e 4, but x# y. Then, for some u,ve S*, neZ*, x =au,y = av
and a"u = d"v. Since a’u = a"v, we certainly have (a"u, a"v)e 1 but, by Corollary 2 to Proposi-
tion 2.4, S/t is cancellative so that this implies that (au,av)et; that is, that (x,y)er. Hence
A, € 7. Further, from the definitions of y,, 4,, it is clear that 4, = u,; it follows that A, € y,Nr.

Conversely, suppose that (x, y) € ,n7 and that x # y. Then, for some u,veS*,n,r,seZ",

x"=y" x = au, y=av and a'u=a’.

It follows, from the first three of these equations, that a"u" = 4"v" and therefore that a™u" =
a™" = au". By hypothesis, S is archimedean without idempotents; therefore, by Corollary
1(d) to Proposition 2.4, r =s5. Thus (x,y)€d,. Since (x,y)el, if x =y, this shows that
u,Nnt = A, and so completes the proof of the proposition.

CoRrOLLARY. Let S be an archimedean semigroup that has no idempotents. Suppose that
a€ S has the property that a®w = az implies aw = az for w,ze S'. Then p,nt = A.

We shall use the congruences p,, 7 in the next section to study the structure of finitely
generated archimedean semigroups that have no idempotents. As the final result of this sec-
tion, we prove that these are almost the only congruences on such semigroups. The proof of
this result requires the structure theory given in the next section. However this seems the best
place to give the result.

PROPOSITION 2.11.  Let S be a finitely generated archimedean semigroup without idempotents
and let p be a congruence on S. Then

(i) S/p has an idempotent if and only if p & 1;
(ii} if p = 1, then p = tn@, where @ is a congruence such that ¢ & .

Proof. (i) Since S admits no idempotents, it follows, from Corollary 1 to Proposition
2.4, that $/z is without idempotents. Hence, if p < 1, S/p does not have an idempotent.

Conversely, if p & 7, there exists (x, y) € p such that x" # y" for any neZ*. By Theorem
3.4, there exist r,se Z* such that x* = y* and, by the preceding sentence, r # 5. Since (x,y)ep
and x” = y° we have (x", x")ep. Hence S/p admits an idempotent.

(ii) In this case, S/p is finitely generated and archimedean; further, since p =1, S/p is
without idempotents. Hence, by the corollary to Theorem 3.10, there exists ae S such that
(a*x,a*y) e p implies (ax,ay)ep for x,yeS*. Let

@ = pu{(x,y)eS x S : (x,au)ep,(y,av)ep,(a"u,a™v)ep for some u,veS', m,neZ"*}.

Then it can be shown that ¢ is a congruence on S and an argument like that used in the proof
of Proposition 2.10 shows that p = ¢n1. Clearly p, € ¢ and so, since p, & 7, o £ 7.

REMARK. If p is a congruence on S with p & 1, then S/p has an idempotent and so it
follows, from Proposition 3.2 and Theorem 3.4, that S/p is finite; in particular, S/y, is finite
for each ae S. Thus each congruence on S is determined by 7, some p, and a congruence on a
finite semigroup.
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3. Archimedean semigroups without idempotents.

DerINITION 3.1 [6]. A semigroup is rational if, for each a, b € S, there exist positive integers
m, n such that g™ = b".

The semigroups described in Definition 3.1 have also been called power joined (see for
example [5]). In view of Theorem 3.5, we have preferred to call these semigroups rational.

The following simple consequence of Definition 3.1 will be used several times in this
section.

PrOPOSITION 3.2. Let S be a finitely generated semigroup. Then S is rational with an
idempotent if and only if it is a finite archimedean semigroup.

Proof. Suppose that S is rational with an idempotent e and let x,,...,x, be generators
for S. Then, for each i = 1,...,n, there exists m;e Z* such that x™ = e. It follows that S
has less than (m; +1)(m, +1)...(m,+1)2" elements; thus S is finite.

Conversely, suppose that S is a finite archimedean semigroup and let a, be S. Then there
exist m,neZ* such that g™, b" are idempotent. Since an archimedean semigroup can have
at most one idempotent, it follows that a™ = b". Hence § is rational.

Petrich [7] has proved the following result,

THeoReM 3.3. Let S be afinitely generated archimedean semigroup that has no idempotents.
If S is cancellative, then S is rational.

Proposition 2.4 allows us to generalise this theorem by dropping the assumption that S
is cancellative. This extension is of fundamental importance in this paper; we state it as
Theorem 3.4. Theorem 3.4 has also been found by Tamura and Levin (see the appendix to
[11] and also [5)).

THEOREM 3.4. A finitely generated archimedean semigroup without idempotents is a rational
semigroup.

Proof. 1f S is a finitely generated archimedean semigroup without idempotents, then, by

Corollary 2 to Proposition 2.4, S/t is a finitely generated cancellative archimedean semigroup
that has no idempotents; hence, by Theorem 3.3, S/t is rational.

Let a, be S; then, since S/t is rational, there exist m,ne Z* such that (@™, b")et. Thus
there exists re Z* such that @™ = ™. Hence S is rational.

COROLLARY. Let S be a finitely generated archimedean semigroup without idempotents.
Then S|u, is finite for each a€S.

The following theorem from [6] characterises rational semigroups in terms of their
maximal torsion free homomorphic images.

THEOREM 3.5. Let S be a semigroup without idempotents. Then S is rational if and only if
S/t is isomorphic to a subsemigroup of Q™.

COROLLARY. A finitely generated semigroup S is rational without idempotents if and only
if S/t is isomorphic to a subsemigroup of Z*.
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Proof. If S/t is isomorphic to a subsemigroup of Z*, then, by Theorem 3.5, S is rational.

Conversely, if S is rational without idempotents, then S/t is isomorphic to a finitely
generated subsemigroup of Q*. Let p;/q; (1 £ i < n) be generators for S/t where, for each i,
Pi9:€Z*. Clearly the mapping 6:x — xq, ...q, is an isomorphism of S/t onto a subsemi-
group of Z*.

We are now in a position to state a structure theorem for rational semigroups. This
theorem improves the result, stated without proof at the end of [6}, by doing away with the
factor sets.

THEOREM 3.6. Let S be a separative semigroup without idempotents. Then S is rational if
and only if S is isomorphic to a subsemigroup of Gx Q™ for some periodic group G.

Proof. If S is isomorphic to a subsemigroup of G x Q*, then, clearly, S is rational and
cancellative; further it has no idempotents.
Conversely, if S rational, it follows from Proposition 2.7 that p,nt = A for each g€S.

Hence S is isomorphic to a subsemigroup of S/p,x S/t. Since S is rational, G = S/p, is a
rational, and hence periodic, group. Further, by Theorem 3.5, S/t is isomorphic to a sub-

semigroup of Q*. Hence S is isomorphic to a subsemigroup of G x Q*.

A further consequence of Proposition 2.7 is that any finitely generated rational semigroup
is embeddable in Z* x G for some finite group G. To prove the converse of this and some
stronger results, we need deeper theory.

ProposITION 3.7. Let S be a rational semigroup that has no idempotents. Then the
Jollowing are equivalent:

(1) S has a cancellative ideal;
(ii) there exists a€ S such that a®>x = a’y implies ax = ay for x,y€S";
(i) S is isomorphic to a subsemigroup of Px Q" for some periodic semigroup P that has
a unique idempotent.

Proof. (i)=(ii). Suppose that S has a cancellative ideal C and pick ae C. Then, for
any x,y€eS!, ax, ave C. Hence, since C is cancellative, a’x = a?y implies ax = ay.

(ii)= (iii). If ae S has the cancellation property described in (ii), then, by the Corollary
to Proposition 2.10, p,nt = A. It follows that S is isomorphic to a subsemigroup of S/u, x S/t.
By Theorem 3.5, S/t is isomorphic to a subsemigroup of Q* while S/, is rational with an
idempotent. But it is easy to see that a rational semigroup that admits an idempotent is
periodic with a unique idempotent. Hence (iii) holds.

(ili)= (i). Suppose that S < Q" x P, where P is periodic and has only one idempotent
and let K= SN(Q* xKerP). If a=(r,p)esS, then, for some neZ*, p" belongs to Ker P;
hence a" = (nr, p")e SN(Q™ x Ker P) so that K is non-void. Since Q7 is cancellative and Ker P
is a cancellative (in fact, a group) ideal of P, K is clearly a cancellative ideal of S. Hence (iii)
implies (i).

ExampLE 3.8. Let K be as in Example 1.3. Then X is isomorphic to a subsemigroup of
Z* x P, where P = {x, : n2 1}u{e,f} and
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. ={fifm-i—nisodd} =fl=e ef=fe=f,

X . .
men e if m+nis even

xmf={f1fm is even}, x,e ={f if mis odd} .

e if mis odd e if m 1s even

Proposition 3.7 gives a partial characterisation of rational semigroups. The next theorem
shows that this characterisation applies to all finitely generated rational semigroups that are
without idempotents. To prove the theorem we require the following lemma; the first part
of the lemma is due to Tamura [9].

LeMMA 3.9. Let S be an archimedean semigroup that has no idempotents. Pick ae S and
let T, = Sa"\Sa*** for each non-negative integer n, where xa°® = x for each xe S. Then

@) S={T,:n20};
(ii) each T, is non-void,
(i) if m=n, then T,, < T,a" ™"

Proof. (i) Tamura [9] has shown that [){Sa":n 2 0} = [J. Hence, for each x& S, there
exists 7 2 0 such that xe Sa"\Sa"*! = T,,. It follows that S = ( J{T,:n z 0}.

(ii) Since S does not have an idempotent, it follows, from Corollary 1 to Proposition 2.4,
that @"*'¢ Sa"*!. Hence a"*'€eT,.

(iii) If xe T,,, then x = a™u for some ueS. Put y =a"u; then yeSa” and x = ya™™".
Since x ¢ Sa™*!, y cannot belong to Sa"*!. Hence yeT,. This holds for any xeT,,; so we
have T,,c T,a"~".

COROLLARY. Let S be an archimedean semigroup that has no idempotents. Then S is
generated by S\Sa for each a€ S. '

Proof. By (i) and (iii) of Lemma 3.9, S = | J{Tya":n 2 0}. Since S has no idempotents,
aeT,. Hence S is generated by T, = S\Sa.

Remark. If S'is a finitely generated archimedean semigroup without idempotents, then
it can be shown that S is generated by S\S2. As we do not require this result, we omit a proof.

THEOREM 3.10. Let S be a finitely generated semigroup. Then S is archimedean without
idempotents if and only if it is isomorphic to a subsemigroup of Z™* x F for some finite semigroup
F that has a unique idempotent.

Proof. If Fis a finite semigroup that has a unique idempotent, then, by Proposition 3.7,
Z* x Fis rational. Hence every subsemigroup of Z* x F is rational.

Conversely, suppose that S is archimedean and has no idempotents; then S is rational.
We shall show that there exists ae S which satisfies (ii) of Proposition 3.7. Then, as in the
proof of that proposition, S is isomorphic to a subsemigroup of S/t x S/u,. By the corollary
to Theorem 3.5, S/t is isomorphic to a subsemigroup of Z* while, by the corollary to Theorem

3.4, F = S/u, is finite with a unique idempotent. Hence S is isomorphic to a subsemigroup of
Z* xF.
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To demonstrate the existence of such an a, we proceed as follows. Pick be.S and, for
each non-negative integer n, let T, = S#™\Sh"*!. Then, by Lemma 3.9, each T, is non-void
and |T,,| £|T,| if m = n. Hence

|2 |Thjz...2|T]2...>0.

Now |T,| =|S\Sb| < | S/Sb|, where S/Sb is a finitely generated nilpotent semigroup; since
a finitely generated nilpotent semigroup is finite, it follows that T, is finite. Hence there exists
N 2 0 such that |7,| =|Ty| for all n > N. Suppose that Ty = {t,,...,}; then, for each
nz N,
T,={t;b"N,...,t,b"""}, n

where these elements are distinct.

Let a = b" and consider x, y€ S" such that a>x = a®>y. Then ax = 1,b*, ay = t;b° for some
u,v 2 0. Since a’x = a%y, this means that #5**" = 1,p**¥. Hence, since distinct T; are dis-
joint, it follows from (1) that # = v. But then the distinctness of elements in (1) gives ¢; = ¢;.
Hence ax = ay.

COROLLARY. Let S be a finitely generated archimedean semigroup and let beS. Then
there exists ac{b) such that, for all x,yeS*, a*x = ay implies ax = ay.

Proof. If S has an idempotent, then some power of b belongs to Ker S which is a group.
This power of b satisfies the conclusions of the corollary.
If S has no idempotent, this is the major part of the proof of Theorem 3.10.

ReMARK. If F is a finite semigroup, then Z* x F is not finitely generated unless F? = F.
Thus it follows, from Corollary 2 to Theorem 4.1, that, under the conditions of Theorem 3.10,
Z* x F is finitely generated if and only if Fis a finite group.

It is an easy deduction from Theorem 3.10 that a finitely generated archimedean semi-
group S with no idempotents has a maximal cancellative ideal K. The canonical homo-
morphism ¢": S — S/o embeds K naturally in S/o. In general, this embedding is proper (see
Example 3.11). However, if S has an idempotent e, then Se is the maximal cancellative ideal
of §. Infact, Seis the group kernel of S and the maximal separative homomorphic image of S.

ExaMpLE 3.11. Let S= F(a,b;ab*=b%ba®> =a®). Then a*h?>=qa*=>b* and S=
(byu{a,a?,a®,ab}, so that S is a finitely generated archimedean semigroup without idem-
potents. K= {b":n =2} is a maximal cancellative ideal of S but Ko" is a proper ideal of
Sle; (b,b")¢o for any n = 2, since otherwise S/¢ would have an idempotent, which would
contradict Proposition 2.4, Corollary 1.

There is a strong analogy between Part (I) of Theorem 1.1 and the structure, of finitely
generated archimedean semigroups without idempotents, described in Theorem 3.10. Our
next theorem shows that the analogue of Part (III) of Theorem 1.1 also holds for such semi-
groups.

THEOREM 3.12. Let S be an archimedean semigroup that has no idempotents. Then S
obeys the A.C.C. if and only if it is finitely generated.
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Proof. If S obeys the A.C.C., it is certainly finitely generated. Hence it remains to prove
the converse implication. To do this, we show that every subsemigroup of S is finitely
generated.

Let K be a subsemigroup of S. Then, by the corollary to Theorem 3.10, there exists
a€K such that a®x = a*y implies ax = ay for x,ye S'. Suppose that, for some x,yeK\Ka
(x,y)eu, but x#y. Then there exist u,veS", with u# v, such that x = au, y = av and
a"u = a™v for some m,neZ*. If, for example, m > n, then a"u = a"va™ " and so, because of
the cancellation properties of a, au = ava™ " which gives x = ya™™". This contradicts the
hypothesis that x, ye K\Ka. If m = n, then, by the cancellation properties of a, we get au = av,
that is, x = y. Hence distinct elements of K\Ka are distinct modulo y,. By the corollary to
Theorem 3.4, S/y, is finite; thus K\Ka is finite.

Since K is a subsemigroup of S (which is rational without idempotents) K is archimedean
and has no idempotents. Thus, by the corollary to Lemma 3.9, K is generated by K\Ka.
Hence X is finitely generated.

We can use Theorems 3.6 and 3.12 to give a complete characterisation of finitely generated
cancellative archimedean semigroups. Those with idempotents are just finitely generated
groups; those without idempotents are described in Theorem 3.13.

THEOREM 3.13. Let S be a cancellative archimedean semigroup that has no idempotents.
Then the following are equivalent:

(i) S obeys the A.C.C.;
(ii) S is finitely generated,
(iii) S is isomorphic to a subsemigroup of Z* x G for some finite group G.

Proof. Clearly (i) implies (ii). If S is finitely generated, then, by Proposition 2.7, S is
isomorphic to a subsemigroup of S/t x S/p, for each ae S, where, by the corollary to Theorem
3.5, S/t is isomorphic to a subsemigroup of Z*. Further G = S/p, is a finitely generated
rational group and is therefore finite. Hence (ii) implies (iit).

On the other hand, Z* x G is finitely generated when G is a finite group and is cancellative

and archimedean without idempotents. Hence, by Theorem 3.12, Z* x G obeys the A.C.C.
Consequently, if S is isomorphic to a subsemigroup of Z* x G, S also obeys the A.C.C.

REMARK. That (ii) implies (iii) in Theorem 3.13, has also been shown by Higgins and
Tamura (see the appendix to [11]). Their method however is different from ours.

As a corollary to Theorem 3.13, we can essentially obtain the results of Petrich [7] on
cancellative archimedean semigroups with two generators and no idempotents.

THEOREM 3.14. Let S be a cancellative rational semigroup with two generators and no
idempotents. Then $ is isomorphic to a semigroup C(n,m) constructed as follows:

Let m,n be positive integers with n < m; then C(n,m) is the semigroup of all complex
numbers of the form

Aln+pim 2rip/m
QAn+pim ul’

where A, u are non-negative integers, not both zero.
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Proof. By the corollary to Theorem 3.5, we may suppose that S/t < Z*; let a,b be
generators for S such that at* = bt*. Further, let n and m be the least positive integers r and s,
respectively, such that ¢ = b*. Then m is the order of the cyclic group generated by bp; and
n.at’ = m.bt"; the latter implies that n < m. We may thus regard S as the subsemigroup of
Z* x G generated by (at’,e) and (bt",bp}), where e is the identity of G. The mapping
S — C(n, m) generated by

(ath’ e) - 21/n’ (b‘th, bp:) - 21/m eZm'/m

is clearly an isomorphism. Hence we have the result.

Theorem 3.13 shows that a finitely generated cancellative rational semigroup S without
idempotents can be embedded in Z* x F for some finite group F. However it is easy to see
that .S need not be isomorphic to Z* x G for any finite group G. We end this section by giving
necessary and sufficient conditions on S in order that $ ~ Z* x G for some finite group G.

We require the following simple group-theoretic lemma [4, page 80, Question 1(a)].

LemMa 3.15. Let G = {a,,...,a,} be a finite group. Then (aya,...a,)* =e, where e is
the identity of G.

THEOREM 3.16. Let S be a finitely generated cancellative semigroup without idempotents.
Then S ~ Z* x G for some finite group G if and only if S* = Sa for each ac S\S>.

Proof. Let X = {a,,...,a,} be a minimal generating set for S and suppose, for example,
that a, € S%.. Then a, = a}'...a}", where r,...,r, are non-negative integers with Y r, = 2.
Since S does not have an idempotent, r;, must be zero; otherwise we should have a; = a,x
for some xe S, which, because S is cancellative, would imply that x is an idempotent. Hence
a, is a product of powers of a,...,a, This contradicts the minimality of X; so we must have
X = S\S%

Now suppose that S? = Sa for each ae S\S2. Then, in particular, a? € Sa for1<i,j<n
so that the generators of S are archimedean equivalent. Since each archimedean class of §
is a subsemigroup, it follows that S is archimedean. Further, an easy induction shows that
S™ = Sx for each x = aj'...a}, where s,...,s, are non-negative integers such that ) s; =
m—121. Also xeS™ !\S™ since otherwise x € Sx, which implies that S has an idempotent.

Let y=(a,...a,)? and pick aeS\S*>. Then yeS*\S¥*!=Sa*""1\§%*~!; so
y =a*a®!, where a*e S\S2. Since S is finitely generated and archimedean, S/p, is a
finite group with identity ap} and it follows, from Lemma 3.15, that (y,a)ep,, (y,a*)€p,;
thus (a,a*)ep,. But distinct elements of S\Sa = S\S? are distinct modulo p,; so we must
have a* = a. Hence y = a*" for each ae S\S?, so that all the generators of S are equivalent
modulo 7. It follows that we may assume that S/t < Z* and that at* = 1.

By Theorem 3.13, §'is isomorphic to a subsemigroup of S/t x S/p,. Under this embedding,
a; is mapped onto (1,a;p]) for each i=1,...,n. Since (S\S?)p} = Sp;, it follows that the
elements (1,a;p!) generate Z* x S/p,. Hence S~ Z* x S/p,.

Conversely, suppose that § = Z* x G, where G is a finite group. Then it is easy to see
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that S\S? = {(1,9):geG}. But, if n 2 2 is a positive integer and f, g€ G, then

(n,f) = (n_l’fg—l)(l, g)-
Hence S2 = Sa for each a = (1,g)e S\S>.

4. Archimedean semigroups with idempotents. The following interesting theorem charac-
terises finitely generated archimedean semigroups with idempotents. Note that an archi-
medean semigroup S has an idempotent e if and only if Ker S # [J; in this case Ker S = Se.

THEOREM 4.1. Let S be a finitely generated archimedean semigroup. Then KerS =
(\{S":n 2 1} (where the possibility Ker S = [ is allowed).

Proof. If Ker S = [, then certainly Ker S = ﬂ{S":n = 1}; if KerS# [, then Ker S
is the minimum ideal of S and again KerS < (}{S":n 2 1}. Hence, in both cases, KerS <
N{s*:nz1}.

Conversely, if (J{S":n21} =D, then [){S":n2 1} = KerS. Thus we may suppose
that (\{S":n 2 1} # . Let x be in this intersection and let a,,...,a, generate S. Then there
exist y,eS and NeZ" such that a¥ = xp; for i =i,...,n. Since xe S""*!, x = a}z for some
ze S and some j < n. This implies that a} = xy; = a)zy; and therefore, by Proposition 2.4,
Corollary 1, S has an idempotent e.

Since S is archimedean, e is the unique idempotent of S and Ker S = Se. Now (zy;)"e
Ker S for some meZ* and so, since a} = a)(zp;)", a} eKerS. Hence x = a)zeKer S. This
shows that (}{S":n 2 1} < Ker S and the result follows.

COROLLARY 1. Let S be a finitely generated archimedean semigroup. Then S has an
idempotent if and only if (\{S":n 2 1} # 0.

COROLLARY 2. Let S be a finitely generated archimedean semigroup. Then S is a group
if and only if §* = §.

Proof. If S? = S then, by Theorem 4.1, S = KerS. Hence S is a group. The converse
is immediate.

COROLLARY. 3. Let S be a finitely generated semigroup that satisfies S* =S. Then S
contains idempotents.

Proof. Let S, be a maximal archimedean component of S. Then S, is finitely generated
and S? = S,. By the previous corollary, S, is a group and the result follows.

COROLKARY 4. If S is a finitely generated cancellative semigroup, then S has an identity if
and only if S* = S.

COROLLARY 5. Let S be a finitely generated separative semigroup whose maximal semi-
lattice homomorphic image has no non-maximal meet irreducible elements. Then S is a union
of groups if and only if §* = S.

Proof. Under the hypotheses of the corollary, the maximal semilattice homomorphic
image of S is generated by its maximal elements. Thus, if $2 = S, each archimedean com-
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ponent of S contains an idempotent and so is a group. Thus, if S? = §, S is a union of groups.
The converse is immediate.

The results of Theorem 4.1 and its corollaries are false without the assumption that S is
finitely generated. This is seen by considering the semigroup Q* of positive rationals.

PROPOSITION 4.2. Let S be an archimedean semigroup with an idempotent. Then S is
finitely generated if and only if Ker S is a finitely generated group and S/Ker S is a finite nilpotent
semigroup.

Proof. Let e be the unique idempotent of S. Then Ker S = Se is a group. Hence, if §
is finitely generated, Ker S is a finitely generated group and S/Ker S, being finitely generated
and nilpotent, is finite. The converse is immediate.

We can use Proposition 4.2 to characterise archimedean semigroups with idempotents
that obey the A.C.C,

THEOREM 4.3. Let S be an archimedean semigroup with an idempotent. Then S obeys the
A.C.C. if and only if S/Ker S is finite and Ker S is a finite group or is isomorphic to Z x F for

some finite group F.

Proof. 1If S obeys the A.C.C., then, as in Proposition 4.2, S/Ker S is finite and nilpotent.
Further, Ker S is a finitely generated group and so is isomorphic to Z" x F, where F is a finite
group and 7 is a non-negative integer. Now Z* x Z* does not obey the A.C.C. while Ker S
does; hence we must have n £ 1. Therefore either Ker S~ For KerS ~ Z x F.

Conversely, if Ker S is finite, then S is finite and therefore obeys the A.C.C. On the other
hand, suppose that Ker S =~ Z x F, where F is a finite group and let X be a subsemigroup of S.
Then

K= {KnS\Ker S}U{Kn{0} x F}U{KNZ™* x F}u{KNZ~ X F}.

The first two factors in this expression are finite while Z* x F and Z~ x F are isomorphic and
obey the A.C.C., by Theorem 3.13. Hence K is finitely generated. By Proposition 1.5, it
follows that S obeys the A.C.C.

REMARK. There is a certain parallel between the structure of finitely generated archi-
medean semigroups with idempotents and that of those without idempotents. By Proposition
4.2, the former type are ideal extensions of finitely generated groups by finite nilpotent semi-
groups. However, as noted after Theorem 3.10, the latter are ideal extensions of finitely
generated rational cancellative semigroups by finite nilpotent semigroups.

Yamada [12] has given an inductive construction for finite nilpotent semigroups. Hence,
by means of Theorem 3.10 and Proposition 4.2, one can, in principle, construct all finitely
generated archimedean semigroups.

To complete this section, we prove a result that gives a partial answer to the question of
when an archimedean semigroup with an idempotent can be embedded in a finitely generated
semigroup.

ProposITION 4.4. Let S be an archimedean semigroup with an idempotent e. If S\Se is
finite, then S can be embedded in a finitely generated semigroup if and only if S is finitely generated.

https://doi.org/10.1017/50017089500000987 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500000987

FINITELY GENERATED COMMUTATIVE SEMIGROUPS 147

Proof. Suppose that S = C, where C is a finitely generated semigroup. Then KerSis a
subgroup of C and so, by Proposition 1.4, is finitely generated. Since S\KerS = S\Se is
finite, it follows that S is finitely generated.

The converse is clear.

The following example shows that the assumption that S\Se is finite is necessary in
Proposition 4.4.

EXAMPLE 4.5. Let T = F(a,b,z : az = bz = b* = z) and let S = {b,z}ub{a). Then Sis
an infinite semigroup with S? = {z}; in particular S is archimedean. Since S\S? = S\{z} is
infinite, S cannot be finitely generated. However S is a subsemigroup of the finitely generated
semigroup T.

5. Separative semigroups that obey the A.C.C. In this section, we shall apply the theory
given in §§ 3 and 4 to characterise those separative and cancellative semigroups that obey the
ACC.

THEOREM S5.1. Let S be a separative semigroup. Then S obeys the A.C.C. if and only if
S can be embedded in a finite semilattice of groups Z, x F,, where each F, is a finite group.

Proof. If § obeys the A.C.C., then, by Theorems 3.13 and 4.3, each archimedean com-
ponent S, is either isomorphic to Z x F, or to F, or is isomorphically embedded in Z* x F,
for some finite group F,. Thus, whatever the case, S, is isomorphic to a subsemigroup of
Z x F,. Tt follows, from [1, Theorem 4.17], that S can be embedded in the finite semilattice of
groups Z x F,.

Conversely, if S is embedded in a finite semilattice of groups Z x F,, then

S=J{SNnZxF,},

where this is a finite union. But, as in the proof of Theorem 4.3, each Z x F, obeys the A.C.C.
Hence S obeys the A.C.C.

We shall use the following proposition in characterising cancellative semigroups that
obey the A.C.C.; the proposition is however of interest in its own right.

ProposITION 5.2. Let S, and Sy be distinct archimedean components of a cancellative
semigroup S. If a€S,, be Sy have infinite order, then {a,b) ~ F(a,b).

Proof. Suppose that a'b® = a"b°, where r, s, u, v are non-negative integers and (r, s) # (u, v).
Then, since S is cancellative and a,b have infinite order, r #u, s % v; so we may assume,
without loss of generality, that r>u. The cancellativity of S then gives " “b*"* =1 or
a""*=b""%according as s > vor s <v. In the first case, a and b are invertible in .S and so are
archimedean equivalent while, in the second case, it is clear that a and b are archimedean
equivalent. This contradicts the fact that S, and S; are distinct. Hence a'b* = a"b” implies
r=u,s=vand so {a,b)> = F(a,b).

COROLLARY. If S is a cancellative semigroup that obeys the A.C.C., then S has at most
two archimedean components.
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Proof. Suppose that S has three archimedean components (at least) S,, Sg, S,. Then,
since a cancellative semigroup has at most one idempotent, at least two of §,, Sg, S, contain
elements of infinite order. It follows, from Proposition 5.2, that S contains the free semigroup
F(a, b) on two generators as a subsemigroup. But, by Example 1.2, F(a, b) does not obey the
A.C.C. Hence S does not obey the A.C.C.

THEOREM 5.3. Let S be a cancellative semigroup. Then S obeys the A.C.C. if and only if
S can be embedded in Z x G for some finite group G.

Proof. Suppose that S obeys the A.C.C. Then, by the corollary to Proposition 5.2, §
has at most two archimedean components. If S is archimedean, then, by Theorems 3.13 and
4.3, S can be embedded in Z x G for some finite group G.

If § has two archimedean components, let these be S,, S;, where « < f. Since a cancel-
lative semigroup has at most one idempotent, each element of S, has infinite order. If S,
contained an element of infinite order, then, by Proposition 5.2, S would contain the free
semigroup on two generators as a subsemigroup and so would not obey the A.C.C. Hence
Sy is periodic and, since it is finitely generated, in fact, a finite group.

By Theorem 3.13, S, can be embedded in Z* x G for some finite group G and, without
loss of generality, we can assume that Z x G is the group of quotients of S,. ThenT = S;UZ x G
is the union of groups in which S is naturally embedded [1, Theorem 4.17]. Since Sj is finite,
it follows from [1, Theorem 4.11] that multiplication in T is defined by

fh if x=f,y=heS,
xy = <{(n,fO9) if x=feSpy=n9€eLxG,
(m+n,gh) if x=(m,g),y=nheZxqG,

where 8 is a homomorphism of Sj into G. Suppose that feKer8 and let (n,g)eS;. Then
f.(n,9) =(n,f09) = (n,9) = e.(n,9),

where e is the identity of S;. Hence, since S is cancellative, f = e. Thus 8 is one-to-one and
it is straightforward to verify that¢g:S — Z x G defined by

_{©,x8) if xeS,
?=1 x  if xes,

is an embedding of S into Z x G.

Conversely, as in the proof of Theorem 4.3, Z x G obeys the A.C.C. Hence each sub-
semigroup of Z x G obeys the A.C.C.

As a final application of the theory in §§ 3 and 4, we shall determine the structure of all
two-generator cancellative semigroups.

THEOREM 5.4. Let S be a cancellative semigroup with two generators. Then S is isomorphic
to exactly one of the following semigroups.

(1) Z;
(2) (Z/mZ) % (Z|nZ) for some non-negative integers m,n withn 2 2;
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(3) C(n, m) for some positive integers m,n with n < m and (n,m) # (1, 1);

(4) N x(Z/mZ) for some positive integer m, where N denotes the additive semigroup of
non-negative integers,

(5) F(a,b), the free semigroup on two generators a,b.

Conversely, each of these semigroups is cancellative and has two generators.

Proof. 1f S is archimedean, then, by Theorem 3.16, either S ~ C(n, m) for some m,n or
else S is a group which is generated as a semigroup by two elements. But it is easy to see that
such a group is isomorphic to Z or to (Z/mZ) x (Z/nZ) for some m, n.

If S is not archimedean, let a,b be generators for S and let S,, S; be the archimedean
components containing @ and b respectively; suppose, for example, that o £ . Then S, is
a maximal archimedean component of S and so is generated by a; thus S, is cyclic. Further,
since only the maximum archimedean class of a cancellative semigroup can contain an idem-
potent, each element of Sj, in particular b, has infinite order.

If a has infinite order, then, by Proposition 5.2, S = {a,b) ~ F(a,b). If a does not have
infinite order, then S, = <a) is a cyclic group and so S, ~ Z/mZ for some positive integer m.
Further, each element of S can be uniquely written as a’b", where r, n are non-negative integers
with 0 < r < m; an argument like that used in the proof of Proposition 5.2 shows the unique-
ness of the elements. Hence S ~ N x (Z/mZ).

The converse is straightforward.

COROLLARY. A cancellative semigroup with two generators is free or obeys the A.C.C.

6. Extending characters on finitely generated semigroups.

DEFINITION 6.1. [6] A semigroup S is said to have the character extension property if each
character of each subsemigroup of S can be extended to a character of S; by a character of
S we mean a homomorphism of S into the multiplicative semigroup of complex numbers.

In this section we shall use the structure theory obtained so far to characterise finitely
generated semigroups that have the character extension property. In [6] it is shown that a

semigroup has the character extension property if and only if each archimedean component
is rational. The following theorem characterises the cancellative rational subsemigroups

of finitely generated semigroups.

THEOREM 6.2. Let S be a cancellative rational semigroup without idempotents. Then S
can be embedded in a finitely generated semigroup if and only if S is finitely generated.

Proof. Suppose that S < C, where S is a cancellative rational semigroup and C is finitely
generated. Then, since S is rational, S = C, for some archimedean component C, of C. Let
D= J{Cs:B = a}, where C = | J{C,: e A} is the expression of C as the union of a semilattice
of archimedean semigroups, and pick aeS. It is clear that D has minimum archimedean
component C, so that, by the corollary to Proposition 2.6, G = D/p, is a group.

Define a mapping 0: S — G° as follows:

= (xa)p: if xeD,
| 0 if xeS\D.
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Since D is the complement of a prime ideal of C[6, Lemma 1.3] and since ap], is the identity of
G, it is easy to see that 6 is a homomorphism of C onto G°. Hence G° is finitely generated and
it follows from Proposition 1.4 that G is finitely generated. Since S is rational and contains
a, S8 is a periodic subsemigroup of G. Hence it follows that S0 is a finite subgroup of G.

Suppose that x, ye S\Sa are such that xf = y0; then, for some m,neZ*, xa"= ya". But,
since S is cancellative, and x,ye S\Sa, this means that x =y. Thus distinct elements of
S\Sa are mapped onto distinct elements of S; since the latter is finite, this shows that S\Sa is
finite. By the corollary to Lemma 3.9, it follows that S is finitely generated.

CorOLLARY. Q7 cannot be embedded in a finitely generated semigroup.

If S is a semigroup without idempotents, then both the other hyoptheses of Theorem 6.2
are necessary in order that the conclusions of the theorem should hold. This is shown by the
following examples.

ExaMpPLE6.3. Let K be as in Example 1.2. Then K is cancellative but not rational or
finitely generated. However K < F(a, b).

ExampLE 6.4. Let K be as in Example 1.3. Then K is rational but not cancellative or
finitely generated; yet K = F(a,b;a%b? = b?).

THEOREM 6.5. Let S be a finitely generated separative semigroup. Then S has the character
extension property if and only if each archimedean component is a finite group or can be embedded
in Z* x G for some finite group G.

Proof. 1f each archimedean component is a finite group or can be embedded in Z* x G
for some finite group G, then each archimedean component is rational. Hence, by [6, Theorem
3.5], S has the character extension property.

Conversely, suppose that § has the character extension property and let S, be an archi-
medean component of S. If S, has an idempotent, S, is a finitely generated rational group and
is therefore finite. If S, does not have an idempotent, then, by Theorem 6.2, S, satisfies the
hypotheses of Theorem 3.13. Hence S, can be embedded in Z* x G for some finite group G.

COROLLARY 1. Let S be afinitely generated separative semigroup. Then S has the character
extension property if and only if each maximal subgroup is finite and S obeys the A.C.C.

COROLLARY 2. Let S be a finitely generated cancellative semigroup. Then S has the
character extension property if and only if S can be embedded in N x G for some finite group G.

Proof. Suppose that S has the character extension property. Then, by Corollary 1, S
obeys the A.C.C. and has finite or trivial group of units. The proof of Theorem 5.3 shows
that, under these conditions, S can be embedded in N x G for some finite group G.

The converse is immediate from Theorem 6.5.
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