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ON A CONTINUUM PERCOLATION MODEL

MATHEW D. PENROSE,* University of California, Santa Barbara

Abstract

Consider particles placed in space by a Poisson process. Pairs of particles are
bonded together, independently of other pairs, with a probability that depends on
their separation, leading to the formation of clusters of particles. We prove the
existence of a non-trivial critical intensity at which percolation occurs (that is, an
infinite cluster forms). We then prove the continuity of the cluster density, or free
energy. Also, we derive a formula for the probability that an arbitrary Poisson
particle lies in a cluster consisting of k particles (or equivalently, a formula for the
density of such clusters), and show that at high Poisson intensity, the probability that
an arbitrary Poisson particle is isolated, given that it lies in a finite cluster,
approaches 1.

POISSON PROCESS; CLUSTER DENSITY; LARGE DEVIATIONS AT HIGH DENSITY

1. Introduction

In this paper we consider the following percolation model on Euclidean space R¢,
d =2 (with the Euclidean norm |-|). This model was introduced by Gilbert (1961).
Let g(x), x € R? be a measurable function taking values in [0, 1], such that

(1.1) g(-x)=gkx), xeRY

(1.2) 0< f g(x) dx <o,
Rd

Let 2 be a homogeneous Poisson process on R with rate p (so the expected
number of points of 2 in any region is p times the Lebesgue measure (‘volume’) of
that region). Each realization of % may be viewed as a random subset
{X1, X3, X3, - - -} of R? Think of particles being placed at X,, X,, X3, - - - by 2.
Given a realization of 2, for each pair (X, X;) of particles of ?, form a ‘bond’
between X; and X; with probability g(X; — X;), independently of all other pairs of
points of ?. Let the connected components of the resulting infinite random graph be
called clusters.

There are several reasons for studying this model (see Kesten (1987), Section
2.4). A version of the motivating model of Gilbert (1961) (see also Kesten (1987),
Section 2.4) is to set d =2 and X; to be the location of a communications station.
Two stations separated by a vector x may pass messages directly between each other
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with probability g(x). The clusters of stations which can communicate with one
another may be of interest.

Another motivating model is to consider the spread of disease in a forest, in which
trees are scattered randomly over R? by a Poisson process, and disease communi-
cates between two trees with a probability depending on their separation. Other
percolation models in polymerization and statistical mechanics also fit naturally into
a continuous context.

Generally, in these physical models the point process used consists of a large finite
number of points independently uniformly distributed over some large set in R“. It
is more convenient to consider an infinite Poisson process, which is a good
approximation to this finite point process, away from the boundary of the set.

A special case of our model has g(x)=1I,=,,, where I, denotes indicator
function, that is g(x) = 1 if |x| = ry, O if |x| > rp. In this case all the randomness of the
model is from the Poisson process. This model is equivalent to the placing of balls of
radius ry/2 around each particle X;, and examining the connected components (i.e.
clusters) of the union of these balls. Such a model (the ‘Poisson blob’ model) can be
found in Section 10.5 of Grimmett (1989), and references therein. One generaliza-
tion of the Poisson blob model is to replace the balls of fixed size by random shapes
(the ‘Boolean model’). See Hall (1985), (1986), (1988), and Stoyan et al. (1987).
The model here is an alternative generalization.

In this paper we derive three facts about this model. First, we show that the
critical intensity p, of the Poisson process, at which the mean cluster size becomes
infinite, and the critical intensity p, at which an infinite cluster appears, are
non-trivial in the sense that 0 < p; <o (i =1, 2). This is one difference between our
model and the Boolean model, in which p; may be 0 (Hall (1985)).

Second, we look at the cluster density (number of clusters per unit volume) and
show it is a well-defined continuous function of the parameter p. This is known as
the ‘free energy’ in the physics literature. Our results are the continuum analog of
the results of Grimmett (1976).

Third, we show that under some extra conditions on g, one of which is that g have
bounded support, when p becomes large, the expressions for the density of finite
clusters, and for the proportion of the particles not in an infinite cluster, are
dominated by terms from the isolated particles. In other words, when p is large,
‘most of the finite clusters are 1-clusters’ (a 1-cluster is one that consists of a single
Poisson unit). The argument of this result can be extended to some cases of the
Boolean model.

2. The cluster at the origin

Suppose now that we add a point X,=0 to the Poisson process
{X,, X3, X3, -} =%?. The resulting point process, given by PU{0}=
{Xo, X1, X5, -+ -}, is a Poisson process ‘conditioned to have a point at (’, in the
sense of Palm measures (see for example Daley and Vere-Jones (1988), and
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references therein). Indeed, if we condition ? to have a point in a small
neighborhood of 0, the conditional distribution of the points of % outside that
neighborhood is still a Poisson process. In the terminology of Hall ((1985), (1986)),
we are considering an ‘arbitrary point of the Poisson process’, which is without loss
of generality assumed to lie at 0.

Given a realization of ?, form bonds between points of U {0} by the same rule
as before. That is, form a bond between X; and X; (0 =i <j <) with probability
g(X; — X;), independently of all other pairs (X;, X;).

Denote by C(0) the ‘cluster at the origin’, that is C(0) is the union of {0} and the
set of X; for which there exists n =1 and i(0), i(1), - - -, i(n) with i(0) =0, i(n) =i
and X, bonded to X;4.1, 0=k <n. Denote by #[C(0)] the number of points
(including 0) in C(0), so that #[C(0)] is a random variable taking values in
{=,1,2,3,---}. Let g(p) denote the probability, when # has intensity p, that C(0)
consists of k points. That is,

4 (p) =P(#[C(0)]=k), k=1,2,3,---.
Also, for any N € R, define the function fy(p) by

fulp) = 2 K. (0).

Functions of the form fy(p) are of great interest in this model. For example,
fo(p) = P[#[C(0)] <], so that fy(p) is the proportion of the particles of P, at
intensity p, which do not lie in an infinite cluster. We shall see that fy(p) is
non-increasing in p and the probability that an infinite cluster exists is 0 if f(p) =1,
1if fo(p) < 1. These facts correspond to basic results in lattice percolation (Grimmett
(1989), Section 1.4).

As another example,

pf-1(p) = pé}l (gx(p)/k)

is the cluster density; that is, the number of clusters per unit volume in a sense to be
made precise below. This quantity, also known as the ‘free energy’, is sometimes
useful (see, for example, Sykes and Essam (1964), and Aizenman et al. (1987)).

More generally, fy(p) is the Nth moment of the size of the cluster at an arbitrary
point of ?, discounting infinite clusters. That is,

n(p) = E[(# [C(O)])NI(#[C(O)]<00)])
where I, denotes indicator function.

3. Definitions and notation

Suppose we are given a measurable function g:R¢— [0, 1], satisfying (1.1) and
(1.2). On a probability space (2, #, P,), with corresponding expectation E,, set up
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?, a homogeneous Poisson process with rate p on R4 and a set of Bernoulli
(zero—one) random variables (D, ,, {x, y} € &), where the indexing set & consists
all unordered pairs {x,y} of distinct elements of R’ Using the Kolmogorov
existence theorem, arrange that for each {x,y} e «, P[D(.,,=1]=g(x —y), and
that the Dy, ,; are independent of # and of one another.

Given a realization of (P, (Dy.,, {x,y}e ), write P as a random set:
P={X,, X5, X3, - - -} cR? Define an undirected graph ¢4 with vertices at the
points of 2, by including the edge (X;, X)) if and only if D x, x, = 1. The connected
components of 4 are the clusters associated with this realization of (2, (Dy,.,)))-

We can obtain the cluster at the origin C(0) on the same probability space by
extending ¥ to a graph %, obtained by adding a vertex at 0 to 2 and including the
edge (0, X;) in % if and only if D(q x,, = 1. Define the cluster at the origin C(0) to be
the component of %, which includes 0 (or more precisely, the set of vertices of %
lying in that component). Write #[C(0)] for the cardinality of C(0).

We introduce some more notation. Suppose C = {x,, x,, - - -, X, } is a finite set of
points in R¢, and x, is another point of R“. Suppose a random graph G is formed
on the points of CU {x,} by closing the edge (x;, x;) with probability g(x; — x;)
independently of all other edges. Let g;(xo; C) denote the probability that x, is not
isolated in this random graph. That is,

k

8i(x; C)=1- H (1 —g(xo— xy))

j=1
Also, define g,(xo, X1, - * *, Xi) to be the probability that the random graph G is
connected. That is,

82(x0, X1, **+, X)) = 2 M'g(x; — x)I"(1 — g(x; — x;)),
G

where the summation ), is over all connected graphs G, on {0,1,2,---,k}, the
product IT' is over all edges (i, j) (1=i <j=k) which are in G,, and the product IT"
is over all edges (i, j) (1=i <j=k) which are not in G;.

Finally, if A is a (Lebesgue) measurable set in R let |A| denote its Lebesgue
measure. If also x € R?, let x + A denote the translated set {x +y:y € A}.

4. Statement of results

By way of practice, consider the points of % which are bonded to 0. By
proposition 3.8 of Resnick (1987), for example, the random set of points in
R4 x {0, 1}, given by {(X;, D x,), i =1}, is a homogeneous Poisson process on
R?x {0, 1} for which the expected number of points in A x {1} is p[ g(x) dx. So
the set of points of # which are bonded to 0 forms a non-homogeneous Poisson
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process on R with intensity measure pg(x) dx. In particular,

(a.1) 0:(p) = BA#H(CO) =11 =exp (=p | g(x)dx).

The next result extends this to a formula for all g;(p).
Proposition 1. (a) For any measurable Ac R? and k € {1, 2,3, - - -},
P,[#(C(0))=k and C(0)cA]

k-1

(4.2) =(kp— D1 L .. .ng((), X1, Xee1)

X exp {—pf 81(y; {0, xy, x2, -, xk—1}) dy}dx1 s dxgy.
Rd

(b) If A is a measurable set in (R?)*~" which is permutation invariant, then
P,[#(C(0)) =k and C(0) = {0, xy, x5, - - -, x,—} for some (xy, - - -, x,_;) € A]
pk—l
(4.3) (k-1

xexp{=p[ g(yi 0.5 mo P dyfdlon, - xi)

)' J;gZ(O) X1, " xk—l)

By setting A =R in (4.2), we obtain an expression for q.(p). In the special case
where g(x) = I =,,, this expression reduces to

(44 40) = (k=D [+ [exp (VO x1, -, xe-) dry--dy

where the integral is over all x,, - - -, x,_; such that the union of the radius (r,/2)
balls centered at 0, x,, - - -, x,_, is connected, and V(0, x,, - - -, x,_;) is the volume
of the union of the balls of radius r, centered at 0, x,, - - -, x,_;.
Proposition 1 shows why the integrability condition (1.2) on g(-) is needed for the
model to be non-trivial: if it fails, then with probability 1 there are no finite clusters.
The next three results are continuum reworkings of well-known facts on the
critical phenomena of lattice percolation.

Proposition 2. The function 1— f(p) (which equals P,[#(C(0)) =x]) is non-
decreasing in p. Also, E,[#(C(0))] is non-decreasing in p.

Proposition 3. The probability (under P,) that there exists an infinite cluster is 0 if

folp) =1, 1if fo(p) <1.

Theorem 1. There exist critical intensities p, and p, with 0 < p, = p, <o, such that

E[#(CO)]<»,  p<pi, EJ[#(CO)]=>  p>py,
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and

P,[an infinite cluster of ¥ exists] =0,  p <py;

P,[an infinite cluster of 4 exists] =1, 0> p,.

Zuev and Sidorenko (1985a) (see also Grimmett (1989), Section 10.5) proved that
p; = p, in the Poisson blob model (that is, when g(x) = I, =,)-

The next result says that as a function of p, the ‘cluster density’ is a well-defined
continuous function of p. Let ki(n), ky(n), - - -, ks(n) be sequences of positive
numbers, each of which converges (independently) to © as n—>x. Let B = B(n)
denote the box (—ky(n), ki(n)) X (—kx(n), ko(n)) X - - - X (—kq4(n), ks(n)). Let
K(B) denote the number of clusters contained in the box B. For a cluster which is
partially in B you may take its contribution to K(B) to be either 0 or as many
components as it splits into when particles not in B are removed, or any number in
between; the following theorem is true in all these cases.

Theorem 2. (a) [K(B(n))/|B(n)|] == pf-1(p) almost surely and in ath mean,
forall a=1.
(b) The function f_,(p) is continuous in p.

Thus it is reasonable to speak of pf_;(p) as the ‘cluster density’, and this density is
continuous in p.

The motivation for the next result is the fact that actual calculations of the value
of fu(p) (for example when N is —1 or 0) for given values of p, are sometimes of
physical interest. The definition of fy(p) by the series

4.5) fulp) = 2 Kq.(p)

suggests that we approximate to fy(p) by the sum of the first few terms in the series
(4.5). By (4.1), the first term is given explicitly by q,(p) =exp {—pJ g(y) dy}, but
in subsequent terms, the expression given by (4.2) for g,(p) rapidly becomes very
complicated.

If we sum a finite number of terms in the series (4.5), we obtain a lower bound for
fv(p); for example, fy(p) =qi(p). In the case N=—1, we can obtain an upper
bound for the cluster density by the argument of Mack (1954), (1956); combining
these upper and lower bounds, we have, for all p,

(4.6) exp {—pfwg(y) dy} =f-1(p) =exp {—(p/Z)Ldg(y) dy}-
The next result shows that at least under certain conditions on g, when p is large the

lower bound in (4.6) is much sharper than the upper bound, and in fact the first
term of the series (4.5) for fy(p) dominates (a similar statement applies when p is
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small; see Theorem 3.1 of Hall (1986), in the case of the Boolean model when p is
small).

Let us say a function g:R?— [0, 1] encloses zero if there exists a continuous
function h:S?"'— (0, ©), where S~! denotes the sphere of all unit vectors in R?,
such that:

(i) h(e) =h(—e), e S*,

(ii) g(x) =0 for almost all x € R* of the form x = Ae where A>2h(e), e € S*;
and

(iii) for some £ >0, g(x) > ¢ for all x € R? of the form x = Ae, where |A — h(e)| <
g, eeS?". In other words, g is bounded away from zero in some open
neighborhood of the surface {h(e)e:e € S7'}.

Condition (ii) ensures that g has bounded support if it encloses zero. The
condition that g encloses zero is not very elegant, but it covers many natural cases.
For example, if g(x) is a decreasing function of |x| (or of some other norm on R?)
with bounded support, it encloses zero. Also, if g is the indicator function of some
annulus, it encloses zero.

Theorem 3. Suppose g encloses zero. Then for all N e R,

4.7) (v g1(p))—1 as p—oo.

We have been unable to prove (4.7) when g has unbounded support, but we can at
once obtain the following.

Corollary. Let N=0. If g(x) depends only on |x| and is a decreasing function of
|x| then
(4.8) (log fn(p)/log g:(p))—>1 as p—>oo.

In the case N=0, we can restate (4.8) as a large deviations principle for the
probability that the cluster at 0 is finite:

log R#(CO) <=1/ (o] gtr)ar) == 1.

As motivation for the proof of Theorem 3, consider first the case g(x) = I, <,-
At high density the exponential term in (4.4) makes it very beneficial, in terms of
maximizing probabilities, to make the volume V(0, x,, - - -, x,_;) of the region
which must be empty for {0,x;, -, x;_,} to be a finite cluster, as small as
possible. This is done by setting k£ = 0.

S. Proof of Proposition 1

(a) It suffices to prove (4.2) for bounded Borel A c R“. Let E(k, A) denote the
event that #[C(0)]=k and C(0)c A. To find its probability, condition on the
number of points of ? in A. Conditional on there being r points of ? in A, where
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rZk—1, we may denote the positions of these points as X, X,, - - -, X,, where
Xy, -+, X, are independent and uniformly distributed over A. The set of points
other than 0 in C(0) is then equally likely to be any size k —1 subset of
{X, -+, X,}. So

P,[E(k, A) | 2 places r points in A]

(CRY) _ (kil) lAl—rL dx, - - .de,Q[C(O)= {0, x4, -+, X1},

where Q[ ] denotes probability when points at 0, x,, - - -, x, are superimposed on a
rate p Poisson process on R“\A, and the points of the resulting point process are
bonded by the usual rule (points at x and y are bonded with probability g(x — y),
independently of all other pairs of points).

But the probability that a point at y is bonded to at least one of
{0,x1, x5, - -+, xp—q} is 84(y; {0, x4, - - -, x4—;}) by definition. By the same argu-
ment as in the proof of (4.1), the probability that no point of a homogeneous rate p
Poisson process on R%\A is bonded to any of 0, x;, -+, x4 IS

v [-p[ 80505, D]
RAA
Hence

O[CO)=A{0,xy, - =+, xx—1}] =820, xy, - -+, xp—1)
xexp|<p[ gi0ri O o) |1 A= g1t 03+ xe))

Substituting in (5.1), we have
P,[E(k, A) N {2 places r points in A}]=exp (—p |A])p'[(k — 1! (r — (k — 1))!]!

Xf dx,- - f dx,_182(0, x1, - -+, X4_1) €Xp [_Pf 81(y; {0, xy, - -+, xp—1}) d)’]
A A RANA

X (J; [1—81(z; {0, xy, - - -, X1 })] dz>r_(k_1)'

Summing this last expression over r = k — 1, we obtain

P[E(r, A)] =exp (—p |A])(0"“"/(k — 1)!)

Xj dx,-- f dxk—l[gz(oy X1, ", Xg—1) EXP {_PJ 81(y; {0, xy, -+ -, x41}) d}’}
A A RAN\A

xexp{p] (1=gii 0,50, v ) e

which reduces to the desired result.
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(b) By (a), the result holds for all sets A of the form A=(A XA X---XA),
where A is a Borel set in R Unfortunately, such sets do not generate the
sigma-field of all permutation-invariant Borel sets in (R?)*~'. However, this
sigma-field is generated by the sets A of the form

A ={(xy, -, xx_y):exactly j, out of {x;, ---,x,_;} liein 4,,, 1=m=M}

where M=k -1, j,=1 1=m=M), LM _,j.=k—1, and A,, 1=m=M) are
mutually exclusive, bounded Borel sets in R“.

For sets A of this form, it is possible to prove (4.3) by conditioning on the number
of points placed by ? in A,, A,, ---, A,,. The argument is similar to the proof of
(a) above.

6. Proofs on critical probabilities

Proof of Proposition 2. Let C,(0) denote the cluster at the origin when the
Poisson process 2 has intensity p. It suffices to show that whenever p’' <p, the
random variable #[C,(0)] stochastically dominates the random variable #[C,.(0)]
(that is, P,[#(C(0)) =x] =P, [#(C(0)) =x], for all real x).

We can couple C,(0) and C,(0); place them on a single probability space by
superimposing an independent Poisson process %" of intensity p — p’ on a Poisson
process ' of intensity p’, to obtain a Poisson process 2 = %' U %", of intensity p.
To obtain C,.(0), use only points of 2’; to obtain C,(0), use all points of %, using
the same collection of Bernoulli random variables Dy, ,, in each construction. In this
coupling, every point of C,.(0) lies in C,(0), which implies the desired stochastic
domination.

Proof of Proposition 3. Let B be any cube in R% Let Ny be the number of
particles of # which lie in B and are part of an infinite cluster. Then

(6.1) E,[Ns]= p |B| (1~ fo(p))-

To see this, condition on the number of particles of 2 in B.

Hence, if fy(p) =1, then N =0 almost surely. Since B is an arbitrary cube, there
are almost surely no infinite clusters in this case.

On the other hand, if fy(p) <1, then if we set B(n) =[—n, n]?, then by an ergodic
theorem (Dunford and Schwartz (1958), Theorem VIIIL.6.9),

Ngmy/(2n)! —= p(1 - f(p)) almost surely,

n—ox

which implies the existence of an infinite cluster almost surely (there exists a more
elementary proof of this fact using the Kolmogorov zero—one law for sequences of
independent sigma-fields).

Proof of Theorem 1. Let p,=sup {p: E,[#(C(0))] <} and
p2=sup {p: F,[#(C(0)) <] =1} =sup {p:fo(p) = 1}.
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Clearly p, = p,. In view of Propositions 2 and 3, it suffices to show that p; >0 and
P2 <.

To prove that p, >0, use an adaptation of the ‘method of generations’ (Zuev and
Sidorenko (1985b), Section 4.1; also Gilbert (1961), Section 2). Here, the first
generation consists of particles bonded directly to 0. The (k + 1)th generation
consists of particles bonded to particles from the kth generation but to no particles
of earlier generations. This method shows that
k

E#CONS S [o] g0 as]

In particular, if pf g(x) dx <1, then E,[#(C(0))] <. Thus,

(6.2) P2 [ fR 8) dx]_l >0,

It remains to show that p, <o (this is immediate from the case N =0 of Theorem
3 or of its corollary, if g satisfies the extra hypotheses of those results).

Take linearly independent x; and x, such that g(x;) >0 and x; lies in the Lebesgue
density set of g (see Dunford and Schwartz (1958), Theorem III1.12.8), i=1, 2.
Then there exists é so small that for all cubes B of side at most & with x; € B,

(63) [ g0 aviB1> Gy =12,

Let B, denote the cube [— 6, 8]°. We may assume that § is so small that all the sets
of form (nx, + mx, + Bs), n, m € Z, are mutually exclusive.

If x € Bs and {X,, X,, X3, - - -, Xn} is a homogeneous Poisson process with rate
p/4 on the cube x; + Bs (or on —x;+ Bs) (i=1 or 2), then the probability that
Dy, x) =0, 1=j=N, (i.e. that x is not bonded to any of the particles
X, Xy, 00, Xn) i

exp {(—p/4)f g(y —x) dy}

xi+Bs

(6.4)

—exp{(-p/)|  g0)dy}sexp((-p/8) 6%(x),

'x+x;+B;s
where the inequality is from (6.3).

One way to construct the Poisson process 2 is as follows. For each edge e of 72,
say between (n, m) and (n', m') (where |(n —n’)| +|(m —m')|=1), place inde-
pendent Poisson processes with rate p/4, %, ,, ,, and 2, . .-, on the sets (nx;, + mx, +
Bs) and (n'x, + m'x, + B;), respectively, independently of all the other edges of Z>.
The superposition (that is, the union) of all the Poisson processes given in this way is
a rate p Poisson process on the union of all sets in R? of the form nx, + mx, + Bs,
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n, m € Z. If we superimpose a Poisson process with rate p on the complement of this
set, we end up with 2 a Poisson process with rate p on the whole of R“.

Given a realization of (%, (Dy,,;)), constructed in this way, we can construct a
discrete cluster D(0) (that is, a subset of Z%) by the following algorithm.

Step 1. Place 0 in D(0). Define X, to be the origin in R

Step 2. (ii) Consider some edge e of Z°, between (n, m) and (n’, m’), such that
(n, m) e D(0), (n', m") ¢ D(0) and e has not been considered before. If no such e
exists, stop.

Step 3. If there exists a point of the Poisson process 2, ,, - which is bonded to
X,..m» then choose such a point, denote it X, .., and add (n’, m’) to the set D(0).

Step 4. Return to Step 2.

If C(0) is finite, then so is D(0) and the algorithm terminates. But at Step 3 of the
algorithm, the probability of adding a new point of Z> to D(0) exceeds 1— exp
(—cp), ¢ being a finite constant, by (6.4). The critical probability for bond
percolation in Z> lies strictly below 1 (see for example Grimmett (1989), Theorem
1.10), so that for large p, the probability that the set D(0) (and hence C(0)) is
infinite exceeds zero.

7. The cluster density: proof of Theorem 2

(a) In the statement of this theorem, B(n) is a box in R“ centered at 0, whose
side lengths are 2k,(n), 2k,(n),---,2ks(n), which converge independently to
infinity as n— . Assume for now that k,(n), - - -, k,(n) are all integers.

First, we follow Section 4.1 of Grimmett (1989); see also Lemma 2.1 of Aizenman
et al. (1987). For any set B c R define K(B) by

K(B)= 2 [#(C(X))]™"

Then
(7.1) E,[K(B)]=p |B| f-1(p);

as in (6.1), this can be proved by conditioning on the number of particles of ? in B.
By an ergodic theorem (Dunford and Schwartz (1958), Theorem VIIL.6.9), as n —

(7.2) K(B(n))/|B(n)|— pf-1(p)
a.s. and in L% for all « =1. Also,
(7.3) |K(B(n)) — K(B(n))| =2N(n),

where N(n) is the number of particles X; of ? for which X; € B(n), and X is bonded
to some particle X; of 2 lying in R“\B(n). It remains to estimate N(n).

Let £ >0. Denote by (1 — £)B(n) the box {(1 — €)x:x € B(n)}. Let & denote the
(random) counting measure on R associated with 2. By the ergodic theorem
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already referred to, as n—, a(B(n))/|B(n)l—>p and =[(1-€)B(n)]/
|(1 = €)B(n)|— p so that
(7.4) 7[B(n)\(1 - £)B(n))/|B(n)|— p(1 - (1 - £)9)

as.andin L% a=1.
Now choose r, >0 to be so big that

f glx)dx<e.
1x|=Zry

For large n, each point of (1 — £)B(n) lies a distance of at least r, from all points of
R“\B(n). Hence the number of points of 2 which lie in (1 — £)B(n) and are bonded
to at least one point of R“\B(n) is at most M(n), where we define M(n) to be the
number of points X; of 2 lying in B(n) for which X; is bonded to some point X; of 2
with |X; — Xj| = r,. By conditioning on the number of particles 2 places in B(n), we
find that

E(M(n)) = p*|B(n)| g(x) dx.

1x1=rg
So by the same ergodic theorem as before, as n— «
(7.5) M)/B()| > p*|  gx)dx<p’e.
1x|=Zry

Since for large n,

0=N(n)=xa[B(n)\(1— €)B(n)] + M(n)
and ¢ is arbitrary, (7.4) and (7.5) imply that
(7.6) N(n)/|B(n)|—0

a.s. and in L%(a =1); together with (7.2) and (7.3) this implies the desired result.
Finally, we can remove the restriction that k,(n), k,(n), - - -, k,(n) be integers by

approximating to them by integers and using similar arguments to the above.
(b) By (7.1) and (7.3),

@7 I(E,[K(B(n)I/1B(n)]) = pf-1(p)| = 2E,[N(n)]/|B(n)|,

where N(n) is as in (7.3). By conditioning on the number of points of #? lying in
B(n), or otherwise, we have

E,[N(n)]=p [1 —exp {—p

B(n)

EPZI (f g(y—x)dy)dx,
B(n) \YRAB(n)

IR‘},\B(n)g(y —x) dy}] dx
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so that (E,[N(n)]/|B(n)|)— 0 locally uniformly in p as n— «. Hence by (7.7), for
continuity of pf_,(p) in p it suffices to prove that for any fixed box B, E,[K(B)] is
continuous in p. We prove this in the case where K(B) is the number of clusters
obtained when all points of % not lying in B are removed.

Let u(r) denote the expected number of clusters formed when r particles are
placed independently in B according to a uniform distribution. Clearly, 0= u(r) =r.
Then conditioning on the number of points & places in B, we have

E,[K(B)] = Z (e (p BIY Ir)u(r).

Each term in the series is continuous in p, and the tail of the series converges to 0
locally uniformly in p. Hence, E,[K(B)] is continuous in p.

8. Large density: proof of Theorem 3

Since fy(p) is an increasing function of N, it suffices to prove the theorem when N
is a positive integer. An important tool in this proof is the discretization of R“. This
technique has been used before, for example in Zuev and Sidorenko (1985a,b).

Let 6>0 and let 6Z¢ be the lattice of points in RY of the form
(6n,, 6n,, - - -, dn,), where ny, ny, - - -, n, are integers. Let Fy:R“— 87 denote
the many-to-one mapping which sends each point of R to the closest point to it of
87°. The mapping F; is well defined except on a Lebesgue-null set which we may
ignore. Then the image of C(0) under F; is a random subset of 8Z¢ which we
denote by S(0). Clearly 0e S(0) and #(S(0)) = #(C(0)), where #( ) denotes
cardinality. If #(C(0))=1, then S(0) = {0}. We shall prove the following three
lemmas which when combined prove the theorem. The first one does not require
that g enclose zero, but the other two do.

Lemma 1. If 6 is small enough, then as p— ,
> kNP,[#(C(0)) = k and S(0) = {0}]/g:(p)— 1.
k=1

Lemma 2. Suppose g encloses zero. If 6 is small enough, then for some my,>0, as
p—>®,

S 3 KBI#(CO) = k and #(SO) = m)/q,(p)—0.

Lemma 3. Suppose g encloses zero. If 0 is small enough, then for each fixed m, as
p—>>®

2 kNP, [#(C(0)) = k and #(S(0)) =m)]/q:(p)—0.
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In the proofs which follow, ¢, c¢;, ¢, and so on denote positive finite constants
which may change from line to line. We shall prove Lemmas 2 and 3 in the case
d =2; the modifications to d =3 are not hard. To prove Lemma 1 we require the
following.

Lemma 4. If g:R?— [0, ) satisfies 0< [ g(x) dx <, then
lim inf |h|"‘f lg(x +h) — g(x)| dx >0.
1h110 R4

Proof. We prove this only in the case when g has bounded support. Consider the
vector integral

[ 6 —m - geprax = [ g~y dx - [ gryxax

=h J g(x) dx.
Here, all integrals are over R? Taking Euclidean norms, we have | |x| |g(x — h) —

g(x)|dx=|h| [ g(x)dx. Take r, so that g(x)=0 for |x|>r,. For |h|=1, both
g(x —h) and g(x) are zero for |x| > 1+ r,. Hence

1+ lglc—h) - gl dx I [ g, IS1.

This implies the desired result.

Proof of Lemma 1. Let As denote the d-dimensional cube (—8/2, §/2)%. Set
q2(p) = P,[S(0) = {0} and #(C(0))=k]. We are required to prove that for any
given N >0, .

(8.1) z,zk”q:‘?(p)/ql(p)*O as p— o

By Proposition 1 and the formula (4.1) for q,(p),
‘Il?(p)/‘II(P) = (pk_l/(k - 1)!)[‘ Tt A g2(0) X1, * xk—l)
(82) X exp <_pLdgl(y; {0) xl: e ’xk—l}) d}’)/exp (_pjg(y) dy) dx1 LICI dxk—l

S =) - [ e (o] lailyi (0,51, 1) =20 dy)
Xdxy«: - dxe_;.
Define the set A(k, 8) = (R)*~! by
Ak, 8)={(x1, - - -, Xxc1) € (As) x| Z x|, 2Sisk —1}.

https://doi.org/10.2307/1427621 Published online by Cambridge University Press


https://doi.org/10.2307/1427621

550 MATHEW D. PENROSE

The integrand on the right-hand side of (8.2) is symmetric in x,, - - -, x,_;; hence,

a0V aiP) S (k=D .- f
P (“’L., ©03 (0,31, 1)) —g ()} dy ) iy -+ dy

By definition, the integrand inside the braces equals the probability that if particles
are placed at 0, x;, x,, - -+, x,—; and y by P, the particle at y is bonded directly to
at least one of {x;, - - -, x,_;} but not to 0. Thus

81(¥; {0, xy, - -, xk1}) —8(¥) Zg(y —x)(A —g(¥)) = (g(y —x1) —g(¥))+

where (-), denotes positive part (that is, ¥, = max (u, 0)). By Lemma 4 there is a
constant ¢ such that for all x; € A5 we have

[ € -x)-800. =] I8t =2 =g dyZ el

Hence,

20 =@ k=20 --[exp(—peimi)d, - an
Ak, 8)

=(p*"'/(k —2)!) L exp (—pc Ixyl)(ey |xi|?)* 72 dxy

where c, is the volume of the unit ball in R“. Noting that r =d6 on A4, we have

dé
giP)qi(P)=ca|  (P* () TP/ (k —2)N)ePerrdt=Dpd 1 gy
(8.3) 0

ds
=c;|  (PF TN TP (k= 2))e P DT gy,
o

so that each term in the series Lx_, kVg8(p)/q:(p) converges to zero as p—> o.
Also, there exists a constant ¢ such that for k = (N +2), (KV/(k—2))=c/(k —
2— N)!. Hence, by (8.3)

oo

dd
> Kgle)ap) S e[ femerpaerion
+2 0

(8.4 x 3 (pe) M 2 - Ny dr

k=N+2

dd
=c,pN*|  exp (per? — per)rd™NtH=1 gy,
0
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Taking & to be so small that for r <dé, c;r* = cr/2, we have by (8.4) that

dd

> kNgl(p) q(p) = cp™*!|  exp (—per/2)r ™D dr
2 0

k=N+

= ch_(d_l)(N+l)f exp (—‘SC/Z)Sd(N+1)_l ds,
0

where we substituted s = pr. Thus,

N+1 ©

S+ 3 Jkaie)/aie)

= k=N+

S, ki) = (

This completes the proof of (8.1), and hence of Lemma 1.

Proof of Lemma 2. Assume d =2. Let h(e), e € S, be as in the description
immediately preceding the statement of Theorem 3 of when the function g encloses
zero. Denote by A, the open set {Ae: 0=A<h(e), e € S '}. Take 6 >0 to be so
small that 26 = h(e) for all e € S*~! and, for x on the boundary of A, and |y| <38,
g(x +y)=9d. Such a 6 can be found by compactness arguments.

Given a finite set C of points in R?, define the set W(C) = R? as follows. Let
Wy(C) be the union of all sets of the form x + A,, x € C. Let W(C) be the union of
all the squares of the form [nd, (n +1)d] X [md, (m +1)8], n, meZ, which
intersect Wy(C).

Set W = W(C(0)). Then W is a connected subset of R%. Indeed, by the definition
of h, with probability 1 for any X; and X; in ? between which a direct bond forms,
the sets X; + A, and X; + A, overlap. The exterior boundary oW of W is a closed
curve composed of edges of the lattice 7%, which we endow with its natural graph
structure. Let #(3W) denote the number of edges of 67> comprising 3W, so that
the length of OW is 6 #(3W).

The curve W is completely determined by C(0). We examine the probability that
3W is a particular closed curve, y say, composed of edges of 6Z°. Let 7 denote the
set of points in R? which lie a Euclidean distance at most é from some point of y.
Let int (7) denote the set of points of R? which lie in the interior of y but not in 7.

If OW =y, then no point of C(0) lies in y. For if y € ¥ and y = W, then there
exists a point of the boundary of W close to y, and hence a point not in W,(C(0))
which is close to y. To be precise, there is a point z with |z —y| =26, for which
z ¢ Wy(C(0)). But for all such z, by the construction of Wy(C(0)), z is distant at least
inf {h(e):e € S*~'} from the nearest point of C(0); hence, by our choice of small 8,
y cannot be in C(0).

Let C,(0) denote the cluster including 0, obtained when we remove all bonds of
% except those between points in int (7). Let E, , denote the event that C,(0)
consists of k particles and the disposition of these particles is such that the curve
dW(C,(0)) equals y. Let E; , denote the event that no particle of 2 in ¥ is attached
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to any particle of C,(0). Given that E, , occurs, the conditional probability of E; . is
exp {—pJ;81(y; C:(0))dy} (note that the Poisson process of points in 7 is
independent of the Poisson process of points in int (7)). But for each y € 9, if E, ,
occurs, by the construction of W(C,(0)) there exists z on the boundary of Wy(C,(0))
for which |z —y|<34. Hence, again by our choice of small 6, g,(y; C,(0))=é.
Also, ¥ contains the side /2 squares centered at the center of each edge of y, which
are disjoint. Hence, the area of ¥ is at least (62/4)#(y). Hence,

P[E; . | Ex ]S exp {—p(6°/4)#(y)} = exp (—cp#(¥)),
where c is independent of y. Thus,
F,[#(C(0)) =k and oW = y] = F,[E,, N Ey,,]
= exp (—cp#(V))F,(Ex.y)-

Now #(C,(0)) =X + 1, where X is the number of points of # (in C,(0) or not)
lying in int (¥), a Poisson random variable with parameter p |int (¥)|. Since the area
enclosed by y is at most a constant (independent of y) times the square of its length,
for N=0

i kNP,[#(C(0)) = k and W = y] = exp (—cp#(y)) i k™P,[E )

Sexp (—cp#(Y))E (X + 1)V = ¢, exp (—c.p# (7)) (p[#(y)PDN.

Also, the lattice set S(0), defined earlier to be the image of C(0) under the
many-to-one mapping F;, is contained in the interior of y; hence, #[S(0)] is at most
a constant times (#(7))?, so

> k"P,[#(C(0)) =k and #(S(0)) = m,)

k=1

= > kVP,[#(C(0)) = k and #(y) = cm}]

= > > crexp (—c,om)pm?.
mécm% v:#(Y)=m
By a Peierls argument (that is, one based on enumeration; see Grimmett (1989), p.
17), the number of closed curves y along edges of 8Z2 enclosing 0, for which
#(y) = m, is at most ¢™, for some constant c. So

> kNP [#C(0) = k and #(S(0)) Z m)/q.(p)
(8.5) k=
= X ciexp(cam+cp —camp)p™m

=,
m_cmn

2N

If we take m, to be big enough, then for m = cm?,, cam = 2c4; if also p = 4c,/cy, the
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right side of (8.5) is at most ;
> ciexp (c;m — (R)eamp)p™"m*N = D, ¢, exp (—(3)camp)p™m?".
mém% m%mg
This last series is convergent; each term converges to 0 as p— , and for p large,
each term is decreasing in p. Hence, the sum of the series tends to 0 as p— .

Proof of Lemma 3. Assume d =2. Since g has bounded support, there are only
finitely many possible configurations for $(0), of cardinality m. So it suffices to show
that for any finite subset 7 of the lattice 677,

66 T KBHICOI=k and SO) = nlgi(e)=0 a5 p—o

Let C,(0) be the cluster including 0 obtained when we remove all points of % not
lying in F3'(n). Let E, , be the event that C,(0) has k points, and for each point &
of n, at least one point of C,(0) lies in F5'(§). So E,  lies in the sigma-field &,
generated by the points of 2 in F5'(n) and the bonds between them. Let H, be the
event that there is no point of ? in R*\F5'(n) which is bonded to any point of
C,(0).

"The event [#(C(0)) = k and S(0) = n] equals the event E, , N H,. The conditional
probability of H, given &, is equal to

exp {— L ,W(n)gl(y; C,(0)) dy}-

We wish to estimate this conditional probability when E, , occurs.

Write points in R? in Cartesian form as (x', x*). Write random variables in R?
similarly as (X, X?). Define the width of a set A = R to be sup {|x' —y'|: (x!, x*) €
A, (y', y®) € A}, and its height to be sup {|x* —y?|: (x', x?) € A, (y', y*) € A}.

Let 8, > 0 be small enough for the conclusion of Lemma 1 to hold. We shall take
& to be much smaller than 8,. If both the width and the height of F;'(n) are less
than 8,/2, then C(0) is contained in a side 8, square centered at 0. In this case,
Lemma 1 gives us the desired result (8.6); so we may assume without loss of
generality that the width of 7 exceeds 8,/2. Define the numbers Xz, Xrfighe, and x5,
(all of which are of the form nd, n € Z) as follows:

xbe=inf {x*:(x", x) en},  xkgu=sup{x':(x', x*)en},
x4, =sup {x?:(x!, x*) € n}.
Also, define the sets Ajeq, Arigne and Aop in R? as follows:
A= {(x', x) 1 x! <xle — 6/2}, Agigne = {(x", x*):x' > xlgn + 8/2},
Awp={(x}, x?):x> > x355 + 8/2 and Xjeq, — 6/2 = x" = X g + 6/2).

Then Ajeq, Asigne and Ay, are disjoint regions of R“\F5'(n).
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From the definition of the event E, ,, if E,, occurs, then at least one point,
denoted by X; = (X}, X7) say, of C,(0), satisfies |X; — xiq| = 6/2. So if E,, occurs
we have

L 81(y; Cy(0)) dy = L g(y—X)dyz f( g(y) dy,

—20,—8) X (—e0,)

and similarly for A,;gy; s0

6 [ aicowz] sma-| 8 .

8,8)x(—,)

Also, if E, , occurs there exists at least one point, X; = (X}, X?7) say, of C,(0)
such that |x7,, — X?| = /2. So

(8.8) L 81(y; C,(0)) dy = L g(y — X;) dy.

Define the sets A, and A_ in R? by
A, =(0, 8;) X (6, ®), A_=(-6,, 0) x (6, ).

The condition that g encloses 0 ensures that

min {f g(x) dx, gx) dx} >0,
(0,81/2)x(0,) (—=81/2,0)%(0,)
so that for small enough 6 >0,
(8.9) min { f g(x) dx, f 2(x) dx} = f g(x) dx + ¢
Ay A_ (—6,0)x(—x,x)
for some ¢ >0.

Since we are assuming that the width of 7 is at least §,, it follows that at least one
of the sets X; + A, and X; + A_ is contained in A,,,. Hence, by (8.8),

(8.10) | aoscoyayzmin{[ seyan [ gw ),
Combining (8.7), (8.9) and (8.10) we have

®.11) 81 GO BN E [ g0)dy+e.

L'eﬁUAri"“ UAop

Given that E, , occurs, the conditional probability of H, is at most

exp {—p g1(y; C,(0)) dy}-

AlertUArightUA 0p
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Hence,
S KUB[#(CO) = k and SO) = 1l/ax(p)
8.12) - gl kNP [E, .« O\ H,)/exp {—p L 8() dy}

S (2 B (Bno)) exp (—pe),

where the last inequality follows from (8.11). If N=0, the first factor in the
right-hand side of (8.12) is at most

E,(number of points of ? U {0} in F5'(n))"
= E((X + 1)) (where X is Poisson (p8°#(n))) = c,p".

Thus, for small enough (fixed) 8, for each 7 the right-hand side of (8.12) converges
to 0 as p— o, as desired.

Proof of Corollary. Let C,(0) be the cluster at the origin obtained when all bonds
of length greater than r are removed. Then, for N =0,

(#[C(O)])NI(C,(O) is finite} é (#[Cr(o)])NI(C,(O) is finite} »
so that, taking expectations and applying Theorem 3,

Mo SR BECO = ~exp(-p[ g)dx) as pen

IxI=r

Hence,

(8.13) lim sup (@ aoNses ([ g ar)

|x|>r

Since fy(p) = ¢.(p) and we may let r— in (8.13), lim, .. (fn(p)/q:(p))"" = 1.
Taking logarithms,

p~'(log fx(p) —log 1(p))—>0 as p—c,
and dividing through by p~'log q,(p), which equals [ g(x) dx, we obtain

log fx(P)
log g1(p)

—1 as p—oox.

Acknowledgment

The author is grateful to George Stell and Jim Given for the hospitality they
provided during a visit to SUNY Stony Brook, and for some helpful conversation,
including Jim Given’s suggestion that Theorem 3 ought to be true.

https://doi.org/10.2307/1427621 Published online by Cambridge University Press


https://doi.org/10.2307/1427621

556 MATHEW D. PENROSE

References

AIZENMAN, M., KESTEN, H. AND NEWMAN, C. M. (1987) Uniqueness of the infinite cluster and
continuity of connectivity functions for short and long range percolation. Commun. Math. Physics. 111,
505-531.

DALEY, D. J. AND VERE-JONES, D. (1988) An Introduction to the Theory of Point Processes.
Springer-Verlag, New York.

DUNFORD, N. AND SCHWARTZ, J. T. (1958) Linear Operators, part 1. Wiley-Interscience, New York.

GILBERT, E. N. (1961) Random plane networks. J. Soc. Ind. Appl. Math. 9, 533-543.

GRIMMETT, G. R. (1976) On the number of clusters in the percolation model. J. London Math. Soc.
(2) 13, 346-350.

GRIMMETT, G. R. (1989) Percolation. Springer-Verlag, New York.

HALL, P. (1985) On continuum percolation. Ann. Prob. 13, 1250-1266.

HALL, P. (1986) Clump counts in a mosaic. Ann. Prob. 14, 424-458.

HALL, (1988) Introduction to the Theory of Coverage Processes. Wiley, New York.

KESTEN, H. (1987) Percolation theory and first-passage percolation. Ann. Prob. 15, 1231-1271.

Mack, C. (1954) The expected number of clumps when convex laminae are placed at random and
with random orientation on a plane area. Proc. Camb. Phil. Soc. 50, 581-585.

Mack, C. (1956) On clumps formed when convex laminae are placed at random in two or three
dimensions. Proc. Camb. Phil. Soc. 52, 246-256.

RESNICK, S. 1. (1987) Extreme Values, Regular Variation and Point Processes. Springer-Verlag, New
York.

STOYAN, D., KENDALL, W. S. AND MECKE, J. (1987) Stochastic Geometry and its Applications. Wiley,
Chichester.

SYKES, M. F. AND EssaMm, J. W. (1964) Exact critical probabilities for site and bond problems in two
dimensions. J. Math. Phys. §, 1117-11217.

ZUEV, S. A. AND SIDORENKO, A. F. (1985a) Continuous models of percolation theory 1. Theoret.
Math. Phys. 62, 76-86 (551-553 in translation from Russian).

ZUEV, S. A. AND SIDORENKO, A. F. (1985b) Continuous models of percolation theory II. Theoret.
Math. Phys. 62, 253-262 (171-177 in translation from Russian).

https://doi.org/10.2307/1427621 Published online by Cambridge University Press


https://doi.org/10.2307/1427621



