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ABSTRACT 

The use of spherical functions in dynamical problems is very 
common. As a ru le , they arise in perturbing funct ions. I t is 
well known that passing from one reference frame to another is 
accompanied by a double transformation of the perturbation 
funct ion. That is why problems lose the i r s impl ic i ty and 
elegance. The problem of two so l id bodies is a typical example 
in th is respect. 

In the present paper the questions connected with the transforma­
t ion of the spherical functions when passing from one reference 
frame to another frame are considered. Tradit ional functions 
are generally unsuitable as they introduce a series of d i f f i ­
cu l t ies in the problems. That is why complex spherical functions 
are used. The transformation of spherical functions due to 
rotat ion of the coordinate frame is made by means of the Wigner's 
funct ions. When t ranslat ing the frame the Clebsch-Gordon's 
coef f ic ients are used. 

1. INTRODUCTION 

In dynamical problems d i f fe ren t modifications of the right-handed 
Cartesian-coordinate system {0 ,x ,y ,z } and connected with i t , 
spherical reference frame { r , e ,A } , are used: 

x = r sine COSA, y = r sine COSA, z = r cose, (1) 

in which the t rad i t iona l spherical functions are defined: 

Ynm(e,A) = P R ( c o s e ) { £ S } . (2) 
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In (2) Pn(cose) are Associated Legendre funct ions. 

The expression of the perturbation function by means of (2) leads 
to some d i f f i c u l t i e s and complicated transformations when passing 
from one reference frame to another. The Kaula's transformation 
(1961) is the best example of that . There the tesseral harmonics 
and Kepler o rb i ta l elements are connected wi th in the two body 
problem. When re f in ing the analysis of the planet 's gravi ta­
t ional potential one can meet the same d i f f i c u l t y (Shkodrov, 1975). 

Above a l l these d i f f i c u l t i e s re late the transformation of (2) 
connected with the t ranslat ion or rotat ion of the reference sys­
tem { r , e , A } , as well as the choice of proper Euler angles. In 
the mathematical apparatus of Quantum mechanics these d i f f i c u l t i e s 
are eliminated almost completely. At a large extent one can 
real ise i t by replacing (1) with the new complex frame, defined 
as fo l lows: 

x+ 1 = — rsinee , x0 = rcose, x = / = r sinee- 1 , (3) 

which is known as a cyc l ica l frame. The spherical functions (2) 
in (3) have the fol lowing form: 

^ n m ( e , A ) = P?J(cose)eimX, ^ n * m (e , x ) = Pm ( c o s e ) e - i m \ (4) 

where (*) means the complex-conjugated spherical funct ion, and 
P~n

m(cose) are normalised Associated Legendre funct ions. 

The formalism, based on (3) and (4 ) , does not hide the qua l i ta ­
t ive picture of the dynamical problems, and leads to greater 
elegance. The only d i f f i c u l t y in th is case is probably the nov­
e l t y of the formalism proposed, but i t seems to be not so bad, as 
complex quant i t ies are usual things in Celestial mechanics and 
have been used in i t ' s apparatus since i t was formed as a scien­
t i f i c d isc ip l ine . 

Here we have to note that in th is case our e f fo r ts to use th is 
formalism is j us t contrary to that of B. Jeffreys (1965). Our 
wish is to use i t in dynamical problems in the form close to 
that in Quantum mechanics. 

2. TRANSFORMATION OF THE COMPLEX SPHERICAL FUNCTIONS UNDER 
TRANSLATION OF THE REFERENCE SYSTEM 

Let the reference system S^Gi ,x1,yi,z1] pass into the system 
S2{G2,x2,y2>z2K due to the t rans la t ion of the vector R. As i t 
is known that under th is transformation, the coordinates of the 
point P ^ ) , given in S l s are transformed according to 
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r2 = V 'R, (5) 

where r2 is the radius-vector of P in S2. In order to obtain the 
rule for transformation of the spherical functions 

^ m ^ ^ n 2 m 2 ^ 

as a resu l t o f the t rans la t ion (5) we shall use the re la t ion 

n R 
cose2 = — cosei — - cose, (6) 

z r2
 l i"2 ^ ' 

bearing in mind that r^e^Ai and r2,e2,A2 are spherical coordi­
nates of the point P connected with the reference system Sx and 
S2, respectively, and R,e,A are spherical coordinates of G2 in 
Sls defined by t. From (6) we obtain: 

^o(e2,A2) \iQ{-Vk+h±)fy)*&k0{el,x1)@1^Je,K). (7) 

The general rule for transformation of the spherical functions 

in this case is obtained from (5), (6) and (7) by the 
method of induction. It is: 

(8) 

where CkpnJ-kq are the Clebsch-Gordon coef f i c ien ts . The summa­
t ion in (8) is made fo r a l l integer values of p and q, for which 
rP2"i2 , 4, n Lkpn2-kq r u. 

3. TRANSFORMATION OF &m(e,\) UNDER ROTATION OF THE REFERENCE 
SYSTEM 

In order to obtain the rule for transformation of Jz^nm(e,A) due 
to rotat ion of reference frame l e t us define the Euler angles a, 
6 and y. After (Edmonds, 1957) we ca l l a a rotat ion about the 
z-axis, bringing the frame of axes from the i n i t i a l posi t ion S 
into the posit ion S1, and g a rotat ion about the y-axis of the 
frame S' cal led the l i ne of nodes. The resu l t ing posi t ion of the 
frame of axes is denoted by S", and y a rotat ion about the 
z-axis of the frame S " . That is the f i na l posi t ion of the frame. 
For that selection of Euler angles, the spherical functions 
<^nm(e'^) a r e transformated as fo l lows: 
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nm'(ei>Ai) = j L n . ^ J 9 ' ^ i ' ( « . B . Y ) . (9) 

where e,x are the spherical coordinates in i n i t i a l reference 
frame S, and 61,X: are the spherical coordinates in the new ro­
ta t i ng system S ^ The angles e,x and e^X j are related by: 

:io) cosQ! = cosecosg + sinesingcos(x-a), 
ctg(x'+y) = ctg(x-a)cosB-ctgesingsin_1(x-a). 

The inverse transformation (S<=Si) is: 

^nm(e^) = m . L n ̂ nm 1 (e' »x' )D™' la>&>^ • t11) 

Wigner's D-functions, or generalised spherical funct ions, are 
complex functions of three real arguments. They have the fo l low­
ing s t ructure: 

r.n / „ \ - i m a . n / N - i m ' y / 1 0 \ 
D m m . ( a , e , Y ) = e d m m . ( B ) e \ (12) 

where the real function d I(B) may be defined: 

; i3) 

(14) 

^n (D\ - r(n+m' ) i (n-m' )l-ih w n + m w n - m w -,\n-m-a 
d ™ , ( 3 ) - C (n+m)!(n-m)( ] £ (n-m-a^ ° ^ ' ] ) 

X cos 2 a - m ' + m ( | - ) s i n 2 n - 2 o - m , - m ( | ) 

In a par t icu lar case when m=0, or m'=0 we have: 

D O V ^ ^ Y ) = (-Dm'(2n+l)_i'2^n*,(B,Y), 

Dmo(a,B,Y) = ( 2 n + l ) _ J 2 ^ n * ( B , a ) . 

J f m=m'=0, then 

DQ0(a,6,Y) = Pn(cose). (15) 

4. CLEBSCH-GORDON COEFFICIENTS 

The Clebsch-Gordon coef f ic ients are of great importance for our 
coordinate transformations. In the theory of groups the repre­
sentation of the elements of a group by l inear functions of an 
i r reducib le representation is real ized by means of these coe f f i ­
c ients. They are real and sat is fy the condit ions: 

cJi+J2m1+m2 cjm _ _ > 0, C ^ W ^ 2 = 1. (16) 
J i m 1 j 2 m 2 J1IH1J2-J1 J1J1J2J2 
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and differ from zero if mi+m2 = n, j+ j i+ j 2 is even. 

The fol lowing Clebsch-Gordon ser ies: 

B ( e . x ) ^ (e,A) = n i i n 2 

n i m i "21112 rtaxdii+n^iHi+ri,} 
(17) 

x c£m1+m2 cJio <5fi , s 
n1m1n2m2 n!on2o Ami+m2 ' 

may be of great importance for the dynamical problems. The 
Clebsch-Gordon series may be obtained using the recurrence rela­
tions of spherical functions (Shkodrov, 1975). 

5. CONCLUSION 

The formalism briefly stated here considerably facilitates the 
transformation of the perturbation function when passing from one 
frame to another. The fact, that the functions of Wigner and the 
Clebsch-Gordon coefficients are perfectly mastered in Quantum 
mechanics, is an additional advantage. The attempt in (Shkodrov, 
Gechev, 1979, 1980; Shkodrov, 1980, 1980a) to use this mathemati­
cal formalism in different problems of Celestial mechanics 
showed, that it brings elegance and makes the solutions simpler. 
Its effectiveness is specially evident in the problem of two 
solid bodies. Due to this formalism a simple representation of 
the force function is obtained. In the two planet problem and in 
the two body problem the use of (7) leads to all known expres­
sions for the transformations of the perturbation function. 
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