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Let #,(s=1, ....,q;r=1, ....,m; ¢ < m) be random variables
which have an elementary probability law p(xy, ...., 2;m). Let

m
Ssz Z xi,xj,.
r=1

The fundamental assumption is that p(zyy, . ..., x,,) is explicitly a
function of the set of s;; alone, so that
p(xll’ creey xqm)=f(8u, 812’ eee ey Sqq)- (1)
The 4¢ (¢ + 1) functions ¢; (i < j), defined by the equation
S =171, (2)
where
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and 7" is the transposed matrix of 7', are a generalisation of the
rectangular coordinates of multivariate normal samples defined and
studied by Mahalanobis and others in a joint paper!.
We have, directly from (2),
s =l by + taite; + ...+ Lty (3)
To express the ¢;in terms of the s;;, we notice from (2) that, for ¢ < j,
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1 Mahalanobis, Bose and Roy, Sunkhya, 3 (1937), 1-40. This paper will be referred
to as (M).
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whence, taking determinants,

Sn S1.i—1 Sy
.................... 2 2
: =84y - o by (4)
Si—1,1 ev 0 Si—1,i-18i-1,5
S ceee Siiol 8y
Setting 7 = j in (4) we have
11 - 815 |
2 2
........ e 2, 12, (5)
Si1 85 |
whence
1
11 S 1% | 8 81,41 ¥
O . (6)
Si S ! $i—1,1 8i—-1,i-1

Dividing both sides of (4) by the corresponding sides of (5) and using
(6) we obtain

Si—1,1 ¢+ v. 81,4181
| Sil s Si_ i—1 Sij

(3) and (7) are the relations connecting the rectangular coordinates
t;; and the product moments s; and have been derived in (M).

In the case where the elementary probability law p (24, .. .., 2,,)
is a normal one, a geometrical demonstration has been given in (M)
of the distribution of the ¢;;, Here we shall give a purely algebraic
derivation of the distribution, assuming that (1) holds true.

THEOREM. If (1) is true, the elementary probability law of the
rectangular coordinates t; defined by (2) is

q q 5 E
2q 7rémq_*qm—l){I—I F (% (772‘ - l + 1))}_] (H t?g—z)f(slla 8]2: ooy sqq)’ (8)
=1 i=1

where the arguments of f are to be regarded as the functions (3) of the t;.

Proof. By virtue of (1) we may express the elementary prob-
ability as
f(sn, 8195 e 0wy 'sqq) d.'rn [P dxqm.
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Let us write more fully as follows:

dzyy o .. Az (9)

Let the sets of variables (2o, ...., Zop), --vuy (Tg1s oo --> ZTgm) D€

subjected to the same linear transformation below whose coefficients
are functions of xyy, .. .., Zyn:

m m

2y~
ya=(ZXZ af,) ! Zlirlr Tir
=1 r=

Y

Yie ’=162r Tir ., (@ =2, ...., q), (10)
m

Yim= z Cor Xir
r=1

where the c¢’s are so determined as to make (10) an orthogonal
transformation. As the Jacobian is 1, we get the result
—m —
P
) r=1
2ty By
T .
f | Yz (,_—_.] lr) ,=1y2 dzn e dxlm dy21 cen dqu.

If for 44, .. .., 23, we substitute spherical coordinates, viz. the radius
vector, ¢, and m — 1 angles, 05, ...., 0, we obtain

2
tll

m
m ! hyn 21 Y5r !
t;nl—l{ 1_'[3 (cos ola)a—2}f ! r= “(Itu dalg . d01,,, d_’l/gl .o dqu.

| - v 2 |
i Ya Z] Yor Yar-- - 2 Yor |
{ == r= |

I

Writing ¢;; for y;, (1 =2, .... ¢) and

m
8y = Ezyir yir (6, 5=2, ....,q),
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we get

m
i { I (cos 6,)°~% X
a=3
h

2 ’
flinhe he+ s diyy .. dty, A6y . . AB1r dyss - . dygm. (11)

bty bty +8e ... 13, + 8y ‘

It is seen that, as far as the y-variables are concerned, we have

the same situation that only the product moments s’; figure in the

elementary probability law. Hence the same procedure which carries

(9) to (11) may be repeated. In doing so we introduce the following

variables: fy9, f93,.. .., 8oy; Oog,. . .., 004} 233, 2345 . - ., Zgm, tO replace the
¥’s, and write down the elementary probability:

m-lgm=2{ ﬁ (cos 0y,)7 % { ﬁ (cos B5,)273} X
a=4

a=3
th
tate 12, + 125,
Fltintis tistis + tontss 2, 4+ 12, + 835 X
bty hatig o teatyy biaty + el 87 . 1 15+ 8" qq |

dtll e . dth dtzz e dtgq d012 cies d91m d023 PR d02m d233 eo..dz ams

where

1
§y =
7

I M3

ZirZjr (1/,j = 3, e ,q)
Proceeding in this manner we finally obtain

( I em=5)¢ n o (cos 8;,)¢ "1} x
i=1

i=1 a=i+2
't%
f b lie t%z + t%z X
_tuth tiatiy + toatog - - U + 85+ ... + tgq_

A ... Abpry wdtndliy ... Al (12)

Now the functions #; introduced in the proof are precisely the
rectangular co-ordinates defined by (2) or (3). For, in each step of
transformation from (9) to (12) the change in the arguments of f is
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effected by direct substitution. Equating the arguments of f in (9)
and (12) we get

Sy =ty + lolos+ oo o+ Lty

which gives (3).
If from (12) the 6’s are integrated over the following domain:

—rS0,=7 (a=t+1;4=1,....,9q),
— =0, Zdnr (=142, ....,m; =1, ....,9,
the result is the elementary probability law (8). The proof is there-
fore complete.
One more step leads to the distribution of the product moments
s, as is done in (M). The transformation is given by (7) and the
reciprocal transformation by (3), which has the Jacobian

2048135 L. g
Dividing (8) by this Jacobian and then carrying out the substitution
we get the following elementary probability law of the s;:
‘ 811 +v. . Syq|¥m—atD
=@V T (M m—e4+ 1)) L. J(811, 812, -1 8g9)- (13)

=1
841+« Sqq

The multiplier of f (s11, S12, .. .., 8g) In (13) is well known?.

The result (12) brings out the following important fact: If
Z11, T12s - - - -5 Ty are all the observational data and if only the rect-
angular coordinates t; or the product moments s;; are utilised for
statistical purposes, the part of the observational data thus thrown
away may be regarded as a set of angles which are distributed inde-
pendently of the #; or s;; and whose elementary probability law does
not involve any of the unknown parameters that may figure in the
elementary probability law of the a’s.

1 0f. Wishart and Bartlett, Proc. Camb. Phil. Soc., 29 (1933), 271-6.
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