
ON A FORMULA CONCERNING STOCHASTIC
DIFFERENTIALS

KIYOSI ITO

In his previous paper [ l ] υ the author has stated a formula2) concering

stochastic differentials with the outline of the proof. The aim of this paper is

to show this formula in details in a little more general form (Theorem 6).

1. Definitions. Throughout this paper we assume that all stochastic pro-

cesses35 ξ{t, ω), y{t9 ω)9 a(t, ω), b(t, ω), etc. are measurable in variables t and ω.

A system of r one-dimensional Brownian motions independent of each other is

called an r-dimensional Brownian motion.

Given two system of stochastic processes:

(1.1) £ = {fλ(£, (o)9 λEzΛ), v~{yAt> ω)> μ£=M}.

We say that ξ has the property a with regard to >? in uύt^v, if, for any t,

the following two systems of random variables are independent of one another:

f = {?λ(r, ω)9 λEzΛ, Vu.(τ9 ω), μEzM, u^τ^t)

• — {vΛσ9 ω)~~vAt> ω)> β€zM, t^σ^v}.

Now we shall state an outline4* of a stochastic integral of the form:

(1.3) f ς(r, ω)dβ{τ9 ω), u^s^t^v, ωGJ?,,

where β(t9 ω) is a one-dimensional Brownian motion and Q\ is a measurable

subset of Ω. We shall set the two conditions on ξ

(C.I) ξ(t, ω) has the property a concerning β(t, ω) in u-ύi

(C. 2) f f( : , ω)-dτ for almost all

Received April 16, 1951.
J> The number in [ ] refers to the Reference at the end of this paper.
2> Theorem 1.1 in [1],
:ί) In the analytical theory of probability any stochastic process is expressed as a function

of the time parameter t and the probability parameter ω which runs over a probability
space Ω(P), P being the probability distribution.

41 Cf. [2] concerning the details.
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Case 1. When ξ is uniformly stepwise, that is when there exists a system

of time-points:

(1.4) U~So<Si< . . . <Sn = V

such that

f(r, fl))=f(s, -i, ω), s, -i^r<5, , ί=l, 2, . . . , n,

we define

(1.5) Γf(r, fi?)dJ9(r, α>) == Σ f (*-i, ω)(β(si9 ω)-β(si-l9 ω))
J fc '

*, ω)-/3(s, ω)) + f(s/-j, ω)(β(ί, ω)-β(s/.,, ω))

(S

2. When

(1.6) ( ί

there exists a sequence of uniformly stepwise processes ξn{t, ω), n = l , 2,

whose value at any time-point t is a immeasurable function of ξ(τ9 ω)9

such that

(1.7) f Γ(M*, ω)-fU,

We define

0.8) Γf(τ, fi))rfβ(τf ω)=lim ffw(r, ω)Jί3(r, ω).

As was proved in our previous paper [2], the sequence:

n(τ, ω)dβ(τ, ω), n = l, 2, . . . ,
Js

is uniformly convergent in u^s-ύt-^v for almost all ω, and the definition is

independent of the special choice of the sequence {ξn(t, ω)}.

Case 3. Now we shall consider the general case. Put

(1.9)

and

ξ ( t , ω), n = l, 2 , . . . .

Then ξn(t, ω) satisfies the conditions (1.6) and (C.I), and so their stochastic

integrals are well defined. Since ζn{t, ω) = ς(t> ω), u^t^v, for a sufficiently

large n for almost all ωG.Ω\ by (C. 2), we define naturally
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r, ω)dβ(τ, α))=limff?»(r, ω)dβ(τ, ω).
n Js

2. Preliminary properties of stochastic integrals. In the following Theo-

rems 1, 3, and 4 we shall assume that ξ(t9 ω) satisfies the conditions (C. 1)

and (C.2).

THEOREM 1. The stochastic integral (1.3) is continuous in s, t for almost

all ωei2j.

THEOREM 2. If each of ξ(t9 ω) and η(t, ω) satisfies (C.I) and (C.2), and

if the system {ξ(t, ω), y(t9 ω)} has the property a with regard to the Brownian

motion β, then ζ(t, ω)=aξ(t9 ω) + b η(t9 ω) (a, b being constants) satisfies (C.I)

and (C. 2) and we obtain

(2.1) f(β?(r, ω) + bη(τ, ω))dβ(τ, ω)=aΫξ(r, ω)dβ(τ, ω)+b\'φ, ω)dβ(τ, ω)
Js JΦ Js

for u^t^s^v for almost all

THEOREM 3. We have

(2.2) Γf(r, ω)rfj9(r, ω) + Γg(r, ω)dβ(τ, ω) = (%(r, ω)dβ(τ, ω)

for u*=S]^S2^$z^v for almost all

THEOREM 4. If (1. 6) is satisfied, then we have

(2.4) ~Prl sup τ , ω)dβ(τ, ω ) \ ^

sup I f ξ(τ, ω)dβ(τ, ω)\ ^
^&υ \ Ju I

THEOREM 5. If each of ξn(t, ω), n = l, 2, . . , , satisfies (C.I) and (C.2)

and if the system {ξn(t, ω), n = l, 2, . . . , oo} has the property a with regard to

β in u^t^v, and further if

(2.5) £ ( ? w ( * ' *>)-£-& ω))*dt-*Q

for almost all ω&Ώi9 then

(2.6) sup n(τ9 ω)dβ(τ9 ω ) ~ Γ ^ ( r , ω)dβ(τ, ω)\
Js '

tends to 0 in probability over Ωi.

Since Theorems 1, 2, 3 and 4 follow at once from the properties of the

stochastic integral established in [-2], we shall here prove Theorem 5 only.
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Since we have

Ju Ju
dt

for almost all ω&Ωi by the assumption (2.5) and since there exists M=M{ε)

for any ε>0 such that

by the assumption that ξ*(t, ω) satisfies (C. 2), there exists iV,=iV](ε) for any e>0

(2.7) Pr^ω&Ωi, §Vξn{t, ωYdt<M,

Put

sup I ξk(τ, ωYdt)ςn(t9 ω), # = 1, 2, . . . , oo,

where ^ is defined by (1.9). Then it follows from (2.7) that

(2.8)

Since we have

ξξ(t, ω)-g(t9 ω)Ydt^[Vξn{t9 ω)-ζ«(t, ω)Ydt-* 0,

ζξ(t, ωy-dt<4M,

QJu

By Theorem 4 there exists ΛΓ2=AΓ2(ε) for any e>0 such that

u Ju Ju

we obtain

f [\tϊV, «>)-&(t, ω))m-ΛP(dω)-* 0.
JQJu

here

( 2 . 9 ) Pr{ s u p I fe(r, ) j ( , ) f

which, combined with (2.8), proves our theorem.

3. A formula concerning stochastic differentials. Let j3 =(#'(*, ω), ί=l,

2, . . . , r) be an r-dimensiohal Brownian motion, and let the system:

(3.1) {£«'(*, ω)f ι/(ί, ω), &/(/, ω), ί=l , 2, . . . , Λ, y = l, 2, . . . , r)

have the property a with regard to β in ii^-t^v. When we have

(3.2) £'Ίs, ω)-£'U ω) = fVu,

5^ We omit the summation sign 2 according to the usual rule of tensor calculus.
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for almost all ωGi?j, we write this relation in the differential form as follows:

(3.3) dξty, ω)=ai(t9 ω)dt+b/(t, ω)dβ*{t, ω), u^t^υ, ω^Ωl9 lύiέn.

THEOREM 6, Let £f"(f, ω), ί = l , 2, . . . , n9 satisfy

(3.4) d?(t, ω)=a\t9 ω)dt+b/(t, ω)dβ'\t9 ω), ί = l , 2, . . . , n,

and G be an open subset of the n-space Rn which contains all the points (ff"(f, ω).

ί = l, 2, . . . , n) for u^t^v9 ωGi2j.

Let f(t9 x\ x2

9 . . . , xn) be a continuous function defined in u^t^v, (x\

x-, . . . , f ) G G , such that

(3.5)

9 X 9 ' ? X ) — ~£JJΓ

ij\t9 X , . . . 9 X ) — . . \t9 X 9 . . . 9 X )9 t9 J — I , Δ9 . .
\ 0Xι'dχ3

all continous.

Then τ?(f, ω) =f(t9 ξ>(t9 ω)9 . . . , f»(f, ω))

{3.6) dη(t9 ω) = |

+ /i(ί, S)bJ(t, ω)dβ*(t, ω),

where ξ=(ξι{t9 ω), ~2(t9 ω), . . . , £*(*, ω)).

LEMMA 1. For any stochastic process ξ(t, ω) satisfying

(3.7) [Vξ(t9 ω)2dt<oo,

ί^/β exists a sequence of uniformly stepwise stochastic processes ξn(t, ω)9 « = 1.

2, . . . e^/ίoŝ  z β/wβ αί any time-point t is a B-measurable function of ξ(τ. ω).

τ^t9 and such that

Γ I ξn(t, ω)-ξ(t9 ω) \-dt-* 0
J u

for almost all α>EΞi2j.

This Lemma follows immediately from Lemma 7.1 in [2].

LEMMA 2. Let ξ{t. ω), -η{t9 ω) be stochastic processes such that the system

{ξ(t9 ω)9 7}(t9 ω)} has the property a with regard to a one-dimensional Brotvnian

motion β{t9 ω) in u^t^v and that

t9 ω)°-dt<co,
u J u

for almost all ωei2j. Then we have
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(3.8) \"ξ(t, ω)dβ(t, ω){\(s, ω)dβ(s, ω)
Ju Jtt

( ( . s , ω)dβ(s, ω)dβ(t, ω)
U J U

(%(S, ω)[Sξ{t, ω)dβ(t, ω)dβ(s, ω)+\"ξ(t, ω)-η{t, ω)dt
u Ju Ju

for almost all.

Proof. Firstly we shall prove (3.8) in the case that both ξ(t, ω) and y(t, ω)

are uniformly stepwise. Then we may assume that

(3.9) ξ(t, ω) =£(«ί-j, ω), r/(f, ω)=v(«/-i, ω)9 Ui^t^m, ί = l , 2, . . . , n,

where

(3.10) U = U0<Ui< . . . <Un = V.

The left side of (3.8) equals the following: (uij = Ui+-iτ(ui+i — Ui))

ξ(t, ω)dβ(t, ω)\ vis, ω)dβ(s, ω)

ξ{t, ω)\ *(s, ω)dβ(s, ω)dβ(t, ω)

+ V(s9 ω)\ ξ{t9 ω)dβ{t, ω)dβ(s, ω)
J u Ju

where λn{t) is the maximum mj which does not exceed t.

As N-*oo, /, tends to the first term of the right side of (3.8) in probability

by virtue of Theorem 5, since we have

I ξ(t, ω) φ, ω)dβ(s, ω)-ξ{t9 ω)\ τ){s9 ω)dβ(s9 ω) \'dt

u Ju J u

= f I ξ(t, ω) f y(s, ω)dβ(s, ω) \'dt

ί»(*). ω)(β{t,ω)-β{λn(t), ω))\*dt-*0

for almost all ω. By the same reason we see that 72 tends to the second term

of the right side of (3.8) in probability.

y
Since Σ(/3(«ί/» ω) -β(ui, y_,? ω))2 -> Ui-w.i (in probability), 73 tends to the

3 = 1

third term of the right side of (3.8).

Next we shall consider the general case. By Lemma 1 we shall construct

ξn(t9 ω), w = l , 2, . . . , a n d ηn(t9 ω), n - 1 , 2, . . . f o r ξ{t, ώ) a n d η(t9 ω) r e s p e c -
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tively. Since our Lemma 2 holds for uniformly stepwise processes as is proved
above, we have

(3.11) ΓfΛ(ί, ω)dβ(t9 ω)\\n(t, ω)dβ(s9 ω)
J u J u

= [Vξn(t, ω)f Vn(s, ω)dβ(s9 ω)dβ(t, ω)
J u Ju

-f f%«(5, ω)\Sξn(t, ω)dβ(t9 ω)dβ(s, fi)) + Γf»(ί, ω)ηn(t9 ω)dt.
J U J U J UU

Put

τ)n(s9 ω)dβ(s, ω)9 ζ(t9 w) = \ y(s, ω)dβ(s, ω),

rt Λί
Pn(t, ω)= ξn(s, ω)dβ(s, ω), pit, ω)= \ τj(s9 ω)dβ(s9 ω).

J u Ju

By taking adequate subsequences we see, by Theorem 5, that ζn(t9 ω) and

pn(t, ω) converge uniformly in t to ζ(t9 ω) and p(t, ω) respectively for almost

all α>ei2j. Therefore we have

Γ ( ξn{t> ω)ζn{t9 ω)-ξ(t, ω)ζ{t9 ω)\*dt
Ju

ύΛ" I ξ»{t, ω)-ξ(t, ω) |2 \ζn(t, ω) \*dt
Jui

+ 2 f I ξ(t, ω) |2 i ζn(t, ω)-ζ(t, ω) \*dt •* 0

for almost all ωεΰi , from which follows by Theorem 5

(*£»('. <o)ζn(t, ω)dβ(t, ω)-* Γί(ί, ω)C(ί, ω)dβ(t, ω) (in probability).
Ju Ju

Similaly we have

yn(s9ω)pn($, ω)dβ(s9ω)-> \ η(s, ω)p(5, ω)dβ(s, ω) (in probability).

u J n

Further we have

I [Vξn(t, ω)r/n{t9 ω)dt~[Vξ(t9 ω)y(t9 ω)dt
1 Ju Ju

\ξn(t, ω)-ξ(t, ω))-dt

+ J["t(t, ω)dt\V(-Unit, ω)-τi(t, ω))*dt-*0.
y Ju Ju

Thus our Lemma 2 is completely proved.
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By the same way as above, we obtain the following Lemmas 3 and 4.

LEMMA 3. Let ξ(t, ω) and y{t, ω) be stochastic processes such that the system

{ξ(t, ω), η(t, ω)} has the property a with regard to the two-dimensional Brownian

motion (β(t, ω), r(t, ω)) and that

for almost all ω£Ξi?j.

Then we have

(3.12) \Vξ{U ω)dβ{t9 ω) (%(s, ω)dγ(s, ω)

(f, α»)f v(*. «>)dr(s, ω)dβ{t, ω)

f%(s, ω)[Sξ(t, ω)dβ(t, ω)dr(s, ω)

for almost all

LEMMA 4. Let a(t,ω) and b(t,ω) be stochastic processes such that the system

a(tn ω), b(t, ω) has the property a with regard to a one-dimensional Brownian

motion β(t, ω) and that

Γ \a{t9 ω)\dt<°Q, Γ \b(t9 ω)
Ju Ju

for almost all ω£i?,. Then we have

(3.13) [Va(t, ω)dt[Vb{s, ω)dβ(s, ω)
J u J u

(t, ω)[ b(s, ω)dβ(s, ω)dt+[Vb(s, ω)Va(t9 ω)dtdβ(s, ω).
Ju Ju J

LEMMA 5. Let £'(*, ω)t Γ=lf 2, . . . , n, be determined as in Theorem 6.

Then we have

(3.14) (£f(s, ω)~ξ\U ω))(ξi(s, ω)-f>(ί, ω))

ί'(r, ω)-ξi(t, ω)W(τ, o;) + (^(r, ω)-ξ\U ω))βf'(r, ω)+W(r, ω)bf/(τ9 ω)}dτ

ξ\τ, ω)-ξ\t, ω))bkj(τ, ω) + W{τ9 ω)-ξ>\t, ω))bk

i(r, ω))dβk(~9 ω)
J t

for almost all ojξ=Ωι and for ti^t-ύs^-v.
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Proof. By the assumption we have

(£«'(s, ω)-F{t, ω))(f (s, ω)-f(f, ω))

= f tf'(r, ω)rfrf a'(d9 ω)dσ + f fef"(r, ω)dβk(τ, ω)[ aJ(σ, ω)dj

+ f tf(r, ω)rfτf #'(<;, ω)dβι(σ9 ω)

from which follows (3.14) at once by virtue of Lemmas 2, 3 and 4.

LEMMA 6. Let ?'(f, ω), f=l , 2, . . . ? «, ̂  determined as in Theorem 6.

For the point-system:

Δ: ί = ίo<ίj< . . <tm^s

we put

S(J, ω ) = Σ I f(fμ, ω ) - ? ' (ίμ-i, ω) I | ^( ί μ , ω)-?>(ίμ.,, ω) |.
μ = I

ΓAβΛ ίftβrβ ^tsfs M=M(ε) independent of Δ for any ε>0 such that

(3.15) Pr{ωGΩί9 S[Δ, ω)>Λf}<s.

Proof We may consider the case that

p = i t j , k = l, 2 , . . . . w .

since, if our Lemma is established in this case, we can easily deduce our Lemma

in the general case by the definition of stochastic integral. When there is no

confusion, we omit the time parameter and the probability parameter α> in the

following.

ajdσ

Since

(Δ, ω) ΞΞ Σ I ί^ β f * 1 fμ « y * ί - m a x Γ « | - ^ fS

μ !Jίμ-i i J/μ-j ! ί^'^β'^β'Jί' Jί

for almost all ωEzΩ\ we may find Mj(s) independent of J for any ε<0 such

that ΛΓ>Mi(e) implies

(3.16) Pr{ω&Ωu S(J, ω)>M}<ε/4.

By the same way we may find M-kU) and Λf3fe(ε) independent of J for any
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ε<0 such that Af>M2*(e) or M>Ms*(e) implies

(3.17) Pr{ω&Ωi9 S2k(J, ω)>M}<ε/4r or Pr{ω&Ω», S3*(4 ω)>M}<e/4r

respectively, where

a'dσ\9

f"
Put

SuwU, ω)s
/μ-l

[Sw(J, ω)P(dco) = Σ f I ΛL |sΛ<ί»)+ Σ f i B» \*P{dω)

μvQj^μ j

f \S

JΩJt
( Γ(

ΩJt

Thus we may find M4*/(e) independent of J for any e>0 such that M>Miki(s)
implies

Pr{ωei2i, S4*/(J, ω)>M}<s/4r2.
Since

5(4

we have (3.15) by putting

Proo/ o/ THEOREM 6. By Taylor expansion of /(ί, ΛΓ1, . . . , Λ;") we have (the

probability parameter ω being omitted)

V(s9 ω)-y(t9 ω)

Έ(

y Σ

where

https://doi.org/10.1017/S0027763000012216 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000012216


FORMULA CONCERNING STOCHASTIC DIFFERENTIALS 65

Since fij{t, x\ . . . , xn) are continuous and ξ1'(t, ω), ί=l , 2, . . . , w are all

continuous in t for almost all ωZΞΩi, θ™jtk tends to 0 uniformly in m and k as

?2->oo for almost all ω&Ωi. Therefore we have

Σ O (") (") - ° ( i n Probability on fi,)

by virtue of Lemma 6.

By Lemma 5 the remainder equals the following expression:

(3.18) £t fo(*)+/i(*)e^r)+ |-^

where λm(r) denotes the maximum t™ which dose not exceed r and * denotes

(λm{τ), f J (^(r)) , . . . , ζn(λm(τ))).

But ξ'iλniτ), ω)-*ξ'(τ9 ω) uniformly in τ for almost all ω&Ωi as n-*co.

Therefore, by letting w-»oo in (3.18) we obtain

which proves our Theorem 5.
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