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A MAXIMUM PRINCIPLE FOR BOUNDED HARMONIC
FUNCTIONS ON RIEMANNIAN SPACES

Y. K. KWON AND L. SARIO

Harmonic functions with certain boundedness properties on a given open
Riemann surface R attain their maxima and minima on the harmonic boundary
A of R. The significance of such maximum principles lies in the fact that the
classification theory of Riemann surfaces related to harmonic functions
reduces to a study of topological properties of Ag (cf. [11; 8; 3; 12].

For the corresponding problem in higher dimensions we shall first show
that the complement of Ap with respect to the Royden boundary Tz of a
Riemannian N-space R is harmonically negligible: given any non-empty
compact subset E of I'p — Ap there exists an Evans superharmonic function
v, i.e., a positive continuous function on R* = R U T'g, superharmonic on
R, withv = 0 on Ag, v = o on E, and with a finite Dirichlet integral over R.
As a consequence we then establish the following maximum principle: every
bounded harmonic function on a subregion G of R attains its supremum and
infimum on the set (G M Ag) U 3G, where 3G is the relative boundary of
G, and G stands for the closure of G in Royden’s compactification of R. For
similar consequences of the existence of v to Dirichlet-finite harmonic functions
on Riemannian spaces we refer the reader to [7].

The difficulty in the existence proof of an Evans superharmonic function
lies in that, in contrast with the case of dimension 2, we cannot form a
“‘double” of a subregion of a Riemannian space and the maximum principle
for Dirichlet-finite harmonic functions is @ priori not at our disposal.

We start by recalling in § 1 fundamentals of the function spaces M(R),
M(R), Ms(R), and Ma(R). In § 2 we prove the duality theorems of M4 (R)
and Ma(R). The existence of an Evans superharmonic function, and the
maximum principle for bounded harmonic functions are established in § 3.

1. Let R be a Riemannian N-space, i.e., a separable, connected, orientable,
C® N-manifold with a positive definite metric tensor (g;;). We designate by
(g%%) the inverse matrix and by g the determinant of (g;,).

We consider the vector lattice M(R) which consists of all continuous
real-valued functions f on R with finite Dirichlet integrals

Do) = [ e L Zay,

dx* ox’
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where dV = +/gdx' A ... A dx¥ and partial derivatives of f with respect
to the coordinate variables are assumed to exist almost everywhere on each
parametric neighbourhood in R. The subclass M(R) of bounded functions
in M(R) is, by definition, Royden’s algebra of R.

By means of M(R) we can construct Royden’s compactification R* of R,
defined by the following properties:

(i) R* is a compact Hausdorff space,

(ii) R is an open dense subspace of R¥,

(iii) every function in M (R) has a continuous extension to R¥,

(iv) M (R) separates points in R*.

In fact, M(R) separates closed sets in R* and every function in M (R) has
a continuous extension to R*. The set ' = R* — R is called the Royden
boundary of R.

We shall use two modes of convergence in M (R):

(i) f = CD-lim,f, on R if {f,} converges to f uniformly on compact
subsets of R, and Dg(f, — f) > 0 as n >0,

@ii) f = BD-lim, f, on R if f = CD-lim,f, on R and {f,} is uniformly
bounded on R.

It is known that M(R) is BD-complete and M (R) is CD-complete. The
class My(R) of functions in M(R) with compact supports in R forms an
ideal of M (R). We denote its BD-closure in M (R) and CD-closure in M (R)
by Ma(R) and M4 (R), respectively.

Let & & be the class of Riemannian spaces on which there exist no Green’s
functions. It is well known that if R € & g, then the class HD (R) of Dirichlet-
finite harmonic functions consists of constants [13]. In this case it is understood
that HD(R) = {0}.

For a detailed discussion of topics in § 1 we refer the reader to [1;9;10; 12].

2. First we establish a topological property of Ma(R).
ProprosiTiON 1. The potential subalgebra Ma(R) s complete in the
BD-topology.

Proof. Let {f,}1® be a BD-Cauchy sequence in M, (R). Since M(R) is
complete in the BD-topology, there exists a function f € M(R) such that
f = BD-lim, f, on R. By the definition of Ms(R), there exist sequences
{ fam}m=1" in Mo(R) such that f, = BD-lim,, fun on R, n = 1,2, ... . Taking
subsequences if necessary we may assume that

for all m = 1 and each #.

Let {R,},” be a regular exhaustion of R. Since lim,, supg,|f, — fom| = 0
we may again assume that

SEP Ifn _fnml <1/n
for all m and =. "
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Now it suffices to show that f = BD-lim, f., on R since f,, € My(R).
Clearly, {fu:} is uniformly bounded on R. Since

DR(f _frm)% é DR(f _fn)% + DR(fn _fnn)%
< Dr(f = f)t + 1/n,

we conclude that f = D-lim, f,, on R. To prove the uniform convergence of
{ fan} to f on compact sets, take a compact subset F of R. Choose % so large
that F C R,. Then for m = n,

sup |f = fom| = sup |f = fuml

IIA

sup If = ful + sup | fo = fouml

1
< Sg}:) If_fm, +%
and f = C-lim, f,, on R. This completes the proof.

In view of the CD-completeness of M(R), we can similarly prove the
following result.

PROPOSITION 2. The sublattice Ma(R) of the vector lattice M (R) is complete
in the CD-topology.

The harmonic boundary Ag of R is, by definition, a compact subset of the
Royden boundary I'p = R* — R and consists of the common zeros of all
functions in M (R). Conversely, the potential subalgebra M (R) of M(R)
and the sublattice Ma(R) of M(R) can be characterized in terms of Apg
(cf. [12]).

Prorosi1ioN 3. The following duality relations are valid:
() Ma(R) = {f € M(R)| f = 0 on A},
(b)MA(R) = {f € M(R)| f = 0 on Ag}.

For the proof we first show the following.

LEMMA. If R € O g, then every f € M(R) can be decomposed uniquely in
the form f = u + g on R for some w € HBD(R) = {u € HD(R)| supg|u| < 0}
and g € Ma(R). In particular, u = 0 on R whenever f = 0 on R and

Dr(f) = Dr(u) + Dg(g).

Proof. Let {R,}:° be a regular exhaustion of R. Consider the sequence
{1t,}1* of continuous functions #, on R such that

u, € H(R,) and U, = f on R — R,
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for each #» = 1. Then u, € M(R) by Dirichlet’s principle. Hence by Green’s
formula,

D g(thnip — tny Unp) = Dguss (Unip — Uny Unip)

= f (un.,_,, - un) *dun+p = 0.
ORn+p

Thus Dg(Un1p — #n) = Dr(tty) — Dg(ttnyp) and {u,},° is D-Cauchy on R.
In view of supg |u,| < supg|f|] < © for all # we may assume that {u,}:”
is BD-Cauchy on R. Let # = BD-lim, %, on R. Clearly « € HBD (R) (cf. [13]).

Set g, = f — u, on R. Since {g,},” is a BD-Cauchy sequence on R and
2. € My(R), g = BD-lim, g, exists on R and belongs to Ms(R). Thus we
obtain a decomposition f = u + g on R with # € HBD(R) and g € Ma(R).
Since g, has a compact support in R, Green’s formula yields Dg(g,, #) = 0
and Dp(u + g.) = Dr(u) + Dg(g,). On letting # — o0 we obtain

Dr(f) = Dr(u) + Dr(g).
Clearly # = 0 on R whenever f = 0 on R.
It remains to prove that the decomposition is unique. Suppose that

f=u 4+ ¢ is another decomposition with the required properties. Then
v=u—u =g — g€ HBD(R) N\ Ma(R). Take v,, € My(R) such that

2 = BD-lim,, v,,
on R. Then
Dz(@) = lim Dg(v,,v) =0

m->co

since » € HBD(R) and v,, € My(R). In view of v = 0 on A we conclude
that # = 4’ and g = g’ on R, as desired.

Proof of Proposition 3. (a) By the definition of Ag, every f € Ma(R)
vanishes identically on Ag. Thus it suffices to show that every f € M(R)
with f = 0 on Ay belongs to M, (R).

Let f = u 4+ g be the decomposition in the above lemma. We shall prove
that # =0 on R. Then f =g € Ma(R). Clearly u = f —g=0 on Apg.
For any € > 0 set

E ={g€ R*u(g) 2 ¢.

Then Ag M E = . For each ¢ € E choose a function f, € Ma(R) such that
fa(@) > 1. Then g, = f, U 0 € Ma(R), g,{(q) > 1, and g, = 0 on R. Since E

is a compact subset of R*, there exists a finite subset {gi, ..., ¢.} of E such
that

EC 191 {g € R*| g,i(q) > 1}.

Therefore g = 377-1 g, € Ma(R) and g > 1 on E. Set M = supz|u|. Clearly
u—¢e¢— Mg € M(R) and 4« — ¢ — Mg < 0 on R. Since

u—e— Mg= (u— e+ (—Mg)
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is the decomposition of # — ¢ — Mg in the above lemma, ¥ — ¢ < 0 on R.
On letting ¢ — 0 we obtain # < 0 on R. The same argument for —u yields
#=0on R.

(b) Let f € Ma(R). There exists a sequence { f,}:° in Mo(R) such that

f = CD-lim f,

n—->co

on R. Clearly (f, Na) U (—a) € My(R) for a > 0 and
(fNa)U (—a) = BD-lim (f, Na)\J (—a)

on R. Hence (fMa) U (—a) is in Ma(R) and vanishes identically on Ag
by (a). Sincea > 0, f = 0 on Apg.

Conversely, let f € M(R) be such that f = 0 on Ag. For each # = 1 set
fo= (Nn)y\Y (—n)on R. Then f, € Ma(R) by (a) and

f = CD-lim f,

n->c0

on R. Since f, € MA(R) and MA(R) is CD-complete, fis in MA(R), as desired.

3. We are ready to establish the existence of an Evans superharmonic
function. It will in turn be essential for the proof of the maximum principle
for bounded harmonic functions.

We claim the following result (cf. [2]).

THEOREM 1. Let E be an arbitrary non-empty compact subset of T'r — Ap.
Then there exists a positive continuous superharmonic function v on R such that
v=0o0n Ag, v =0 on E, and v is a Dirichlet finite Tonelli function on R.

Proof. Let K be a distinguished compact subset of R*, i.e., a subset of R¥*
with K = (K N R) and with a smooth d(K M R), such that KN A =0
and K contains E in the interior.

Choose f € M(R) with the properties f=1 on K, f=0 on A, and
0 £ f =1 on R* For a regular exhaustion {R,}:* of R set K, = K — R,.
Consider the continuous functions #,,, on R such that

Uy € HRy — K,) and #pw =f on R — (R, — K,)

for m, n = 1. Since

D g (tn,mip — Unms Un,mip) = Drn +p—Kn(un,m+p — Unmy Un,m+p)

= (Un,mip — Unm) *QUnmip = 0,
3(Rm +p—Kn)

Dg(tymip — tam) = Dr(thum) — D g(thn mip) and the sequences {unn}m-1™ are
D-Cauchy on R for all # = 1. Clearly 0 < supg #mm = supgf = 1 for all
m, n = 1. Hence we may assume that the sequences {#,n}mn=1" are BD-Cauchy
on R. Set u, = BD-lim,, #,, on R. Then u, € HBD(R — K,) and u, = f
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on K, Since gum = f — tum € M¢(R) and the sequences {gm}n—1” are
BD-Cauchy on R, g, = BD-lim,, g,, exists on R and g, € Ma(R). By
virtue of u, = f — g, we have

u, € HBD(R — K,), Uy, = f
on K, \U Az and

on R.
On the other hand, Dz (tyipm — %nm) = Drp(tum) — Dg(tniym) as before.
Thus the sequences {#,,},—1" are D-Cauchy on R for all m = 1. In view of
1 1 1 1
DR(uner - un)z é DR(urer - un+p,m)2 + -DR(unrkp,m - unm)z + DR(unm - un)zy
we obtain, on letting m — 0,

DR(u,H.p — un)% é llm inf DR(un-l—p,m - Mnm)%.
m

Since {#ym}n=1” is D-Cauchy on R for each m = 1, it is easily seen from the
above inequality that the sequence {u,} is D-Cauchy on R. The family {u,}
being uniformly bounded on R we may again assume that ¥ = BD-lim, u,

existson R. Clearlyx € HBD (R). We know thatg, € Ma(R). Alsof € Ma(R)
by Proposition 3 (a). Thus u, = f — g, € Ma(R) and

u = BD-lim, u, € M (R)

by Proposition 1. Hence # € HBD(R) M Ma(R) and # = 0 on R by the
lemma in § 2. Thus we have a sequence {u,}:” of positive superharmonic
functions on R such that u, € HD(R — K,) N\ Ma(R), u, = 1 on K,, and
BD-lim, #, = 0 on R.

Let po € R be a fixed point and choose a subsequence {#,,} ;-1 of {u,},_1*
such that

U (po) =27 and  Dg(uy) = 27

Set

m o0
Uy = Zl Uy, and v = 21 Unp
k= k=

on R. Since {7,} is D-Cauchy on R and {2,,(p¢)} is convergent, we obtain

v = CD-lim v,
m—co
on R. Here each v, is a positive continuous function on R with a finite Dirichlet
integral and therefore the CD-limit v has the same properties.

On K,,(DE), v Z v, = k for all £ = 1, and therefore v = 0 on E. The
relation v]a, = 0 fq_llows immediately from Propositions 2 and 3 (b) in view
of v, € Ma(R) C MA(R).

It remains to show that v is superharmonic on R. Let $ be an arbitrary
point of R and V a parametric ball about p in R. There exists a Green'’s
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function ¢y (x, p) on V with singularity p (cf. [5; 4]). For each m = 1,

2(p) = 1(p) = — f n(s) sy (5, 9),

the second inequality being implied by the superharmonicity of ,. On
letting m — o0 we obtain

v0) 2 — | o) wday(,p)
by Lebesgue’s convergence theorem. This completes the proof.

Every non-constant superharmonic function on a subregion G of R attains
its infimum on the boundary G — G of G. It is natural to ask whether we
can replace the boundary G — G of G by a subset such that all superharmonic
functions on G assume their infima on that subset. We shall establish the
following generalization of a result of Constantinescu [2].

THEOREM 2. Suppose that v is a superharmonic (subharmonic) function on a
subregion G of a Riemannian space such that v is bounded from below (above)
on G.

If v has the property

lim inf v(p) = m <1im supv(p) = M)

PEG, D¢ PEGP>¢

forall g € (GN Ag) \J 3G, thenv =2 m (v = M) on G.

Proof. Since v is superharmonic if and only if —v is subharmonic, it suffices
to consider the case in which v is superharmonic on G.
We may assume that m > — 0. For # = 1 we consider the set

.. 1
lim info(p) = m — ;} .

E, = {q €EG—G
PEG 931
Clearly E, is a closed set in R*, contained in I' — Ag by our assumption.
If E, =0 for all # = 1, then the assertion follows from the lemma. Since
E, C E,, for each =, it is sufficient to consider the case E, # @ for all 7.
By Theorem 1 for E = E, there exists a positive continuous superharmonic
function v, on R such that v, = 0 on Ag, v, = on E,, and v, has a finite
Dirichlet integral over R. For an arbitrary ¢ > 0, v + ev, is a superharmonic
function on G and bounded from below. Since

lim inf (v + ev,) (p) = lim inf 2(p) + lim inf ev, (p) > m — 1

PEG.P>Y PEG,p PEG, D¢ n

forallg € G — G and #n = 1, we have
v+ e, >m—1/n

on G. On letting ¢ — 0 and then # — o0 we obtain the desired result.
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Observe that # is harmonic on G if and only if # is simultaneously
superharmonic and subharmonic on G. Thus as a direct consequence of the
above theorem we have the following result (cf. [8]).

COROLLARY 1. Let G be a subregion of a Riemannian space R and u a bounded
harmonic function on G such that

m = liminf u(p) = limsupu(p) = M
PEG D50 PEG,D>¢

forallg € (GN Ag) \J dG. Thenm = u = M on G.
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