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THE FILLING DISKS OF AN ALGEBROID FUNCTION
IN THE UNIT DISK

ZU-XING XUAN

(Received 16 July 2009)

Abstract

Using potential theory, we prove the existence of filling disks of an algebroid function of finite order
defined in the unit disk.
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1. Introduction and main result

The value distribution theory of meromorphic functions, due to Nevanlinna (see [1] for
standard references), was extended to the corresponding theory of algebroid functions
by Selberg [2], Ullrich [4] and Valiron [5] around 1930. Investigating the filling
disks of an algebroid function is a basic problem in value distribution theory. For an
algebroid function defined on the z-plane, the existence of its filling disks was proved
by Sun in [3]. Compared with the case of C, it is interesting to investigate algebroid
functions defined in the unit disk, and there are some essential differences between
these two cases. Thus we raise the following question.

QUESTION 1.1. Is there any similar result for the algebroid functions defined in the
unit disk?

This paper investigates this problem, and we confine our attention to algebroid
functions defined in the unit disk A = {z: |z] < 1}.
Let w = w(z), z € A, be the v-valued algebroid function defined by the irreducible
equation
Av@w’ + Ay (@Qw" "+ -+ Ag(z) =0, (1.1)

where A,(z), ..., Ag(z) are entire functions with no common zeros. The single-
valued domain of definition of w(z) is a v-valued covering of the z-plane,
a Riemann surface, denoted by R;. A point in R,, whose projection in the z-plane
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is z, is denoted by 7. The part of ﬁz that covers the disk {z : |z| < r} is denoted by

IZ| <r.
W) T
Sw) = //|z|<r[ +|w<z>|2} de

Define
Then S(r, w) is called the mean covering number of [Z] < r into the w-sphere under
the mapping w = w(z) and S(r, w) is a conformal invariant. Let n(r, a) be the number
of zeros of w(z) —a, counted according to their multiplicities in |Z] <r, and let
n(E, w = o) denote the number of zeros of w(z) =« in E, each zero being counted

only once.
Let
"n(, a) —n, 0,
N(r,a) = / n(t, a) — n( a) n( a) logr
v Jo t v
and )
1 1 .
s = — 1 + —_— d@, == 197
m(r, a) 270 Do ; og w,(rd®) —a 7=re

where [Z| =r is the boundary of |Z| <r. The characteristic function of w(z) is

defined by
S(t,
T(r,w)= / ( w)
Vv Jo t

In view of [5],
T(r, w)=m(r, w) + N(r, 00) + O(1).

The order of the algebroid function w(z) is defined by

. log T (r, w)
o =limsuyp ———
r—1— log1 —

In this paper we assume that 0 < p < 400, V' is the w-sphere, and C is a constant
whose value depends on the context. Let n(r, R;) be the number of the branch points
of R, in |Z| < r, counted with the branch order. Write

~ 1 ("n@, R)—nO,R R
N(I", Rz) — _/ n( ’ Z) - n(()’ Z) d[ + n(()’ Z)
0 v

log r.

In view of [4], we know that
N(@, R.) <2(v — DT (r, w) + O(1).

Valiron was the first to introduce the concept of a proximate order p(1/(1 — r)) for
a meromorphic function w(z) with finite positive order, and

1 1 p(1/(1=r))
U -
(l—r) (1—r>
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is called the type function of w(z) or T'(r, w). Then p(1/(1 — r)) is nondecreasing,
piecewise continuous and differentiable, and

1
li =0,
Jim o(755) =0

U(5)
lim lr =k” (kis a positive constant),
r—1-— U(E)
T(r, w)
im — =1,
r—>1— U(E)
(157
A D =0, O<e<p.
1—-r

For an algebroid function w(z) of finite positive order, we can apply the same
method to get its type function U (1/(1 — r)).

In this paper, we give a positive answer to the above question by proving the
following theorem.

THEOREM 1.2. Suppose that w(z) is the v-valued algebroid function of finite order p
in |z| < 1 defined by (1.1). Then there exists a sequence of disks

Lyiflz —znl <rpon}, n=1,2,...,

where
n=re?, limr,=1, 0,>0 and lim 0,=0,
n—oo n—>oo

such that for each n, w(z) takes every complex number at least (1 —r)~P*en times
in Ty N A, except for those complex numbers contained in the union of 2v spherical
disks each with radius (1 — r,)?/*°, where lim, 400 &, =0, A={z:|z] < 1}.

The disks with the above property are called filling disks.

2. Two lemmas

LEMMA 2.1 [3]. Suppose that w(z) is the v-valued algebroid function in {z : |z] < R}
defined by (1.1), and a1, az, a3, . . ., az(q > 3) are distinct points given arbitrarily
in the w-sphere, and the spherical distance of any two points is no smaller than
8 € (0, %). Then for any r € (0, R),

q - 2157T40\)R
(g —2)S(r, w) < ; n(R,aj)+n(R, R;) + m

Combining potential theory with Lemma 2.1, we prove Lemma 2.2, which is crucial
to our theorem.

LEMMA 2.2. Suppose that w(z) is the v-valued algebroid function of finite order p
satisfying 0 < p < 400 in |z| < 1 defined by (1.1). For any € € (0, p),0 <R < 1,
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there exists agy € (%, 1), such that for any a € (ag, 1), we can write

2 2 1
rm=1-a" m=L nJ, 9q=—n(Q+),

1—a m

2
quz{l—ap§|z|<1—a”+2}ﬂ:|argz—9q|§—n}
m

where p=1,2,3,...,9q=0,1,2,...,m —1 and |x] stands for the integer part
of x.

Then, among the pairs p, q, there exists at least one pair pg, qo such that 1 — a?° >
R, and in Q2 4, the function w(z) takes every complex number at least a—Po=8 times
(each zero being counted only once), except for those complex numbers contained in
the union of 2v spherical disks each with radius 8§ = aPoP/40,

PROOF. We argue by contradiction. If the result is false, then there exists a sequence
{ai}2, (0 <a; < 1), where lim,_, a; = 1. For any a € {a;}, any

p>P=log(l—R)/loga and qe{0,1,2,...,m—1},

there exist 2v + 1 complex numbers that satisfy the condition that the spherical
distance of any two of the points is no smaller than § = a??/40. Let o i=aj(p,q)
for j=1,...,2v + 1. For any p, ¢ mentioned above,

n(Qpg, w=0;) < a—P=o,

Forany r > R,let T = |log(1 —r)/loga|. Then 1 —a” <r <1 —a’*!.
For positive integers N and M, set

b=a™e©, 1), yp=1-b""  1=0,1,2,...,M~1,

Lpt = {th <lz| < Vp,t-i—l},
0. — 2rq 2mj
Y m Nm’

Ngj=1lz:lzl <1—a’, 0, <argz <6, j11).

Then
M—1T-1
l—a<pzi<1-a"y=J | Lp
t=0 p=1
and
N—1m—1
lal<t1-a"t=J | 24
j=0 g=0
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Thus there exist g, jo which are related to 7. We can assume that 1o = 0, jo = 0, such

that
T-1 1
- S
D Ly, R = —-n(1 —a, Ry),
p=1
m—1 1
- ;o
D n(Bgo, Re) < on(l —a”, Ro).
q=0
Set
QO _ |, bMp+bMp+1 - | bMp+M+bMp+M+l
pq 2= el <1- 2
n 91]0 + qu <argz < 9q+1,0 + 9q+1,1
2~ 2
and o
Qpg =(1—bMP <|z| <1 = pMPTMFTIy N (9,0 <argz < 6,411}
Then

0 =
Q" cszpqcsz,,q.

Since {Q pq)p.q COVErs U -1 'L po and U —0 LA 40 twice at most, we obtain
T—1m—1
— ~ 1 1 T
DY n@pg R <14+ — +— |n(1 —d", R).
M N
p=1 ¢=0

Obviously, each ﬁpq can be mapped conformally to the unit disk |[¢| < 1 such that
the center of €2, is mapped to ¢ = 0, and the image of ng is contained in the disk

|¢] < n(< 1). Since all ﬁpq, Q([),q are similar, C is independent of p, g. Since S is
conformally invariant, in view of Lemma 2.1, we obtain

Qv —1)S1 —a”, w)

<@v-1 Z Z S(QY),. w) + Qv — DS — a2, w)

p=P+1 g=
=Y S e By B+
n(qu,wzaj)+n(qu,Rz)+38—i|
P =0k i §2°(1 =)

+Q2v—1SA —aP*?, w)
11 -
<3vTma TP=o 4 (1 + —+ N)n(l —a’, R,)

22517.[40

3
my T(a TP/*%8 1 2y — DS(1 — al T2, w).

I—n
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For a sufficiently large integer
log(1 —

T(: LMJ), rell —aT, 1 —aT+1).
loga

( 1—r ) T
Qv—Ds(1- —L w)<@v-1SU-a’, w)
a

1 \"~¢/? 11 ~
< 14+ — 4+ — R 2.1
() (1 L D e

|\ 390740
ce(i) e

1—r

Thus we get

where C is a constant.
Claim. For sufficiently fixed large integer 7' (= |log(1 — r)/log a]),

i) k=0-1/04+a+a’+ --+al ")) T<@+1)/2v-2),
() 1—r<t,wherere[l—al, 1 —alth.

To prove this claim, it suffices to prove our result for (i). Leta > 1 —3/(2v + 1).
Then 2v 4+ 1 < 3/(1 — a). We have Z?io a' =1/(1 —a) < 400, so we can choose a
certain sufficiently fixed large integer 7' such that

WwH+1<30+a+a’+---+a'™h.
Thus (i) follows.

This yields
1—t
- _1_ (1_\\!
t a a 1t
1 1 1
>——|--1
“a a 1 —aTl
1 1 1
= — 1— =,
a l+a+---+a! ak

where r € [1 —a”, 1 —a”*!). Hence

N Y § P =) roosa ==t w1 - 1=
/ —( t“ )dt:/ ¢ 4 ) 9 dr
1 1

S t

1 st w)
~ ak 1—aT 1 — %
1 1—(1—r)/a S(x,
- X W) 1~ a(l — x)
X

—aT

dt

E 1—aqT-1
1 1-(1-r)/a S(x, w)

= —/ dx.
k Ji—ar-1 x
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Next, we deduce that

r 1 r 1
——dt < ——— dt
/laT (1 —n)p=e/2e — — ./1aT (1 —pypti=e/2

r 1
- S
| g

— _ 1 (1 _ t) p+s/2|
+ 2

1 1 1
VRS [(1 —rpme 2 - (- aT)]H/Z]
1 1
— % a- r)pf£/2’

IA

whenr>t>1—al.

Similarly,

r 1 1 1
P N

1—qT (1 — 1)3%0/40¢ % (1 — r)390/40
Dividing both sides of (2.2) by vt and integrating from 1 — a’ to r,

1 Ssa-Xt
Qv —-1)- Mdt
V J1—4T t

<1/" 1 di + 1_|_1+1
v Ji_ar (1 —1)Pe/2t M N

1 (" t,R.) —n(0, R 0, R
% |: / n( z) n( z) dr + n( z) 1ogr
1—aT t v

n(0, R;) ;1 C (" 1
— " og(1 — - ——di
o leg(l—a) |+ 7 /HT (1 — 1)290/40;

<1 1 1
= Vo— %1 r)P= e/2
( M _>[_/ UL Z)logr}
M v Jo 4 v
1 1\n0, R.) ry, C 1 !
_<+M+N>T (1—a)+v39éym
1 1

1 o1 -
- - 1+ —+— N R
v —g(l—r)p—8/2+( +M+N> r. )

1 1\n(@, R, C 1 1
—<1+—+—>¥ g1 —a”)+ =

M N v 39(30 a- r)39,o/40'

T—

Since T is fixed, we see that T(1 — a” !, w) is a finite constant.
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Hence,

11 p1=0=n/a g, w)
;; _/1_aT—1 t

Then
1 pmd=nia g, w)
k_l) 0 t

Under the condition

Z.-X. Xuan
1 sa-t
dt < Qv —1)— Mdt
V J1—qT
L1 +1+1+1N(§)
Tvp—5(1—rpe M N) T
1 1\n(,R,) .

—(14+ =+ = )—1og1 —

(+M+N) ” og(l —a”)

C 1 1

0, 39 (1 _ \390/40°

1)4_(;’(1 r)>7P

ar < 1! ! +1+1+1N(§)
— — — r’
Tvp—51—ryp-e? M N ‘
1 1\n0,R) .

—(14+ =+ = )—1og1 —
(+M+N) —log(1 —a')
¢l L vt a1
v B0 (1= n)@eA0 Tk o

N(@r, R.) < v — DT @, w) + 0(1),

(8]

we obtain
1T(1—1l w) < ! + <1+i+l>2(v—1)T(r w)
k a ') Tvp—%5 A —rpe? M N ’
;o C 1 1
+Clog(1—a)+;%m+a

where C is a constant.

Dividing both sides of the above inequality by U (1/(1 —r)) = 1/(1 — r)P(1/0=7))

we have

1—r
lT(l - a U)) -

1 (1 — r)rd/a=r)

ko UGS

“v(p—9%5)
ETREILI VYN
+( +ﬁ+ﬁ> v—1)

+C

(1 —r)r=2/2
T(r,

log(1 —a™)
(l—lr)/’“/“*’))
C

+ (ﬁ)p(l/(l—r))'
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We note that

nuiiw)ru— )Wrﬁ
U() U4 ) UG+-)
In view of the properties of the U (1/(1 — r)), we obtain
. T(l—"5w) T -5 w o UGS)
lim sup ———— > lim sup —a lim inf ;
r—1— U(m) r—1— U(l—r) r—>1— U(E)
. (- w UG
= lim sup - im 7
r—1- U(1=) r=>1-U(:=)
=a”.

Letting r — 1—in (2.2),

2 +1)1P< 1+1+1 2v—=1)
v —a — — Vv — .
ko~ M N

That is,
1 1
2v4+1< <1 + — 4+ N)Z(U — Dka™".

Lettinga - 1—, M — 400, and N — 400, we obtain

k>2v+1'
—2v-—-2

This contradicts part (i) of the claim, and the lemma is proved. O

3. Proof of the theorem

PROOF. Choose ¢, = p/2nand R, =1 —1/2".
In view of Lemma 2.2, there exist

1 27 27 (gqn) + 1

n l_an mpy
and
n DPnt2 27.[
Qpnqn—{l—an <lzl<1—ay" "}Nqlargz — 04,1 < —1¢, n=1,2,....
my
Let .
O =04, zn=(—alMe.
Then
Il>rm=lwml=1—-a">R,=1— — —1— asn— 4ooand lim al" =0.

" n——400
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Set
nt2 . ut2y 27
By =[(1—af"™) = —a]+ (1 —af"™)=—
mpy
2pn ’ 2y 27
<[d—a”™) — A —ay)]+ (1 —ay”)—
npy
2
= —aMay" + (1 —a)" )1 +a)")—
n
2w
<(1- af;")[a,‘,’" + 1+ a,f”)—]
my
Take 5
T
on=ap" + (1 +ay")—;
Mp
then
o, — 0, n— +4oo.
Put
Uy ={lz — znl < ryon}.
Then
SZPnlIn C F”
In view of Lemma 2.2, for each n, the function w(z) takes every complex number at
least a,, " (o=en) _ (1 —r,)~P*en times in I, N A, except for those complex numbers
contained in the union of 2v spherical disks each with radius al? /40 (1 — )P/,
Theorem 1.2 is proved. o
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