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Abstract

We determine the geometric monodromy groups attached to various families, both one-parameter and multi-
parameter, of exponential sums over finite fields, or, more precisely, the geometric monodromy groups of the
(-adic local systems on affine spaces in characteristic p > 0 whose trace functions are these exponential sums.
The exponential sums here are much more general than we previously were able to consider. As a byproduct, we
determine the number of irreducible components of maximal dimension in certain intersections of Fermat surfaces.
We also show that in any family of such local systems, say parameterized by an affine space S, there is a dense open
set of S over which the geometric monodromy group of the corresponding local system is a fixed known group.
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1. Introduction

For V a finite dimensional C vector space, G < GL(V) a Zariski closed subgroup whose identity
component G° is semisimple, and (a, b) a pair of non-negative integers, the (a, b)-moment of G acting
on V, denoted

Ma,b = Ma,b(G’ V),

is defined to be the dimension of the space (V& @ (V*)®?)C of G-invariants.
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By Larsen’s Alternative [Ka3, 1.1.6], one knows that if M, ,(G,V) = 2, then either G is finite or
G° = SL(V). If V is endowed with an orthogonal autoduality and G < O(V), and if M>, = 3, then
either G is finite or G° = SO(V).! If V is endowed with a symplectic autoduality, dim(V) > 4, and
G < Sp(V), then M, = 3 implies that either G is finite or G = Sp(V).

The cases of Larsen’s Alternative in which G is finite and dim(V) > 5 are completely determined
in [GT2, Theorem 1.5]. Two natural questions then occur. Which of these finite groups can be obtained
as the geometric monodromy group of a hypergeometric sheaf on G,, in characteristic p > 0? Which
of these finite groups can be obtained as the geometric monodomy group of a family of one-variable
exponential sums?

The kinds of families of one-variable exponential sums in a given characteristic p > 0 we have in
mind are these. We fix a prime £ # p and a nontrivial additive character ¢ : F,, — 1,,(Q¢). [In down
to earth terms, we embed Q(¢,,) into Qg, which amounts to choosing a place of Q(¢ p) over {. The
expressions we will write down will lie in Q(¢},), but we need to view them as lying in Qp in order to
apply £-adic cohomology.]

We are given a finite extension k /F,, a polynomial f(x) € k[x], say

f(x) = Z A,

of degree d > 1 which is Artin-Schreier reduced (meaning that A; = 0 whenever p|i). Let
I<a<b

be prime-to-p integers. Suppose that either deg( f) > b orthatdeg(f) < b.Inthe case whendeg(f) < b,
we require that f is not a constant multiple of x¢. Another way of expressing this last condition is that
the polynomial sx® + tx” + f(x) contains monomials of least 3 different degrees, a condition which is
automatic if deg(f) > b.

Let y be a multiplicative character of k*. When deg(f) > b, consider the local system

F(f.a,b,x)

on A2 /k whose trace function is given as follows: for L/k a finite extension, and s, ¢ € L,

Trace(Frobys. .11 ) = —= 3 yr(sx + 13 + £(1) 2 (),

V#L xX€L

with the usual convention that y; (0) = 0 for y # 1, but y(0) = 1 for y = 1. When deg(f) < b, we
consider the same local system, but on A! x G,,, since we need  to be invertible in this deg(f) < b
case. These families are pure of weight zero, and lisse of rank max(deg(f), ) — 1 when y = 1 and of
rank max(deg(f), b) when y # 1. They are geometrically irreducible precisely when

ged(a, b, {i with A; #0}) = 1,

which we will assume in what follows.

As we will see in Theorems 2.3 and 2.6, the M3 for the Ggeom Of this local system is given by
the answer to what should be an easy question about intersections of Fermat surfaces in P3, with
homogeneous coordinates x, y, z, w, or equivalently about intersections of their affine cones in A%
Although this question is motivated by its applications to the determination of monodromy groups, it
turns out that its answer comes from the a priori determination of certain monodromy groups.

1f dim(V') = 2 in this orthogonal case, G must be finite, because SO, is not semisimple.
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Let us first elaborate the Fermat surfaces intersection question, and then make explicit the local
systems to whose monodromy this question is related. For an integer n > 1, denote by Z,, proj C P3 the
locus

Tproj 1= X"+ Y =" —w" =0} c P?
and denote by X, := %, .5 C A% the locus
o=+ Yyt = —wh =0} c A

In what follows, when no confusion is possible, we also denote the polynomial x™ + y" — z"* —w” by X,,.
The intersection X, N X, has dimension two. [Equivalently, X proj N Zp proj has dimension one. Here is
one argument. Because each of a, b is prime to p, each of X ,0j and Zp, proj is @ smooth, geometrically
connected surface. The intersection, viewed as lying in X, ;. is either one-dimensional or it is all of
Zp proj- The second case could only occur if the polynomial %, is divisible by X;,, which cannot happen,
because a < b. A second argument is this. If the intersection had dimension 2, it would be equal to both
24, proj and to Xy proj, and we would get the conclusion that X, proj = Zp proj> impossible because their
Q¢ Euler characteristics differ.]
Denote by (£, a, b) the intersection in A* /E of the following affine Fermat threefolds:

X4, Zp, and every Z; with A; # 0.

We define Eproj( f>a, b) to be the intersection in P3 of the projective Fermat surfaces 2 proj» 2, proj
and every X; proj With A; # 0. Then M is the number of reduced irreducible components of dimension
one of Xy (f, a, b) or, equivalently, the number of reduced irreducible components of dimension two
of X(f,a,b).

The loci 2(f,a,b) and X,i(f,a, b) depend only on the set S of degrees of the Fermat surfaces
being intersected. Given a set S of prime-to-p positive integers with #S > 2, let us denote

Zproi (8) = [ | i projs Z(8) 1= ] e (1.0.1)

ieS i€eS

Recall that by assumption, the set S of degrees occurring in Zp.i( f, a, b) satisfies gcd(S) = 1: this is
equivalent to the geometric irreducibility of the family.

Every Fermat surface X pj contains the two lines (x = z,y = w) and (x = w,y = z). If a is odd,
2, proj contains the third line (x = —y, z = —w). One knows that in any odd characteristic, the intersection
21 proj N X2,proj consists precisely of the two lines (x = z,y = w) and (x = w, y = z); cf. [Ka3, p. 117].
And one knows that in any characteristic p # 3, the intersection X1 proj N X3 proj consists precisely of the
three lines (x =z,y =w), (x =w,y =2), and (x = —y,z = —w); cf. [Ka4, 3.11.3].

Thus, the question breaks into two natural parts: First, for which sets S with gcd(S) = 1 consisting
only of odd degrees will X, (S) have precisely three reduced irreducible components of dimension
one (which would necessarily be the three known lines). There may also be zero-dimensional reduced
irreducible components (i.e., finitely many closed points) outside these lines; these do not affect M5 5.
Second, for which sets S with gcd(S) = 1 of degrees, at least one of which is even, will X,;(S) have
precisely two reduced irreducible components of dimension one (which would necessarily be the two
known lines). Again, having finitely many points outside the two known lines does not affect M> 5.

Our original idea was to attack directly this algebro-geometric question about intersections of Fermat
surfaces, and then use its solution to help determine monodromy groups. But in fact, we turn this
idea on its head: after a good deal of work, we determine the monodromy groups and then use their
determination to give a complete solution to the algebro-geometric question; cf. Theorem 9.2. As one
can see from the solution, the ‘generic’ value of M; > — equivalently, of the number of one-dimensional
irreducible components of the corresponding intersection of Fermat surfaces — is 2 or 3. Nonetheless,
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there are still infinitely many cases with a different value of M, >: each of these cases comes out of
specific representations of specific finite groups of Lie type and would have looked mysterious (perhaps
even hidden) had one tried to approach the problem only by algebro-geometric means.

Let us explain how this works. Given a set S of prime to p integers with#S = r+1 > 3 and ged(S) = 1,
enumerate the elements of S, say

A>Bi>...>B, 21, ptA[|Bi, ged(A,By,....B,) =1, (1.0.2)

and consider the corresponding universal family of monic one-variable polynomials whose allowed
degrees are precisely S:

-
XA+ Z tl-xB".
i=1

We obtain a local system JF(S) on A" /F, whose trace function is given as follows. For k/F,, a finite
extension, and (¢1,...,t,) € A" (k),

-1 r
Trace(Frob;,. 1)kl F(S) = — » (x®+ > £;xB).
E WD

xek i=

Given a multiplicative character y of some finite extension ko /F,, we also have the local system
F (S, x) on A" [ ko whose trace function is given as follows. For k / k¢ a finite extension, and (¢, ... ,t,) €
A"(k),

r

-1 )
Trace(Frob,.....,.x 17 (S.1)) = —= Do+ P e (x).

xek i=1

In this notation, the above F(S) is just (S, 1).
The local system F (S, y) is geometrically irreducible, lisse of rank

D :=A-061,,

and pure of weight 0. Its geometric monodromy group Ggeom, 7(s,y) iS a Zariski closed subgroup
of GLp/Q, whose identity component is semisimple. On the one hand, M, of the local system
F (S, x) is the number of reduced irreducible 2-dimensional components of X(S) over E, on which
Ly (xy) ® Ly(zw) is geometrically trivial; cf. Theorem 2.4. On the other hand, M ; is the M for the
given D dimensional representation V := F (S, x )7 of G := Ggeom 7 (S,y)-

The key point is that we can explicitly determine the group Ggeom, 7 (s, y)- This task, in the case the
group is finite, was done in [KT6, Theorem 11.2.3]. One of the main results of this paper, Theorem 7.8,
completes the task in the infinite case. In turn, this allows us to determine M> > for Ggeom, 7 (s,y), and
thus solve the aforementioned algebro-geometric question about intersections of Fermat hypersurfaces,
in Theorem 9.2.

Once we have these results in hand, a new question arises. Suppose given an S as in (1.0.2),
A > By > ... > B,, with r > 3. Pick two indices in {By,...,B,},saya :== B; < b := B; < A, and
denote by

C = {A’Bla-"’Bl"} \ {Bl7Bl}
with C enumerated as

A>Ci>...>Cr.
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Suppose further given a finite extension k/ko and elements ¢; € k* fori = 1,...,r — 2. Consider the
local system on A?/k obtained from F(S, x) by specializing the coefficient of x<i to ¢;. Call it

]:(f a, b X)z]:(f7Bi’Bj’X)7

¢ (1.0.3)

where f(x) :==x +er eix®™, withe; #0, 1 <i<r-2.
This is the local system on A?/k whose trace function is given as follows. For K /k a finite extension,
and (s,7) € A%(K),

Trace(Frob s ) k | F(f.a.b. x)) = Z Wi (F () + 5x + 1xP) e (x),

VH#K {ox (1.0.4)
subject to (1.0.3).

By Theorem 2.3 and Corollary 2.5, each such system F(f, B;, Bj, x) has the same M, > as the system
F(S, x). Because F(f, B;, B}, x) is a pullback of 7 (S, x), we have the a priori inclusion

Ggeom,f(f,Bi,Bj,)() < Ggeom,?(&x%

In the case when Ggeom, 7 (s, y) is a (known!) finite group, we wish to classify those of its subgroups
which in the given D-dimensional representation have the same M, ,. We succeed entirely when the
known finite group is (the image of) one of Sp,, (¢), n = 1, or SU, (g), n > 3, in a Weil representation,
by showing that, with very few exceptions, the only subgroups with the same M, » are the whole group
itself; see Theorems 8.2 and 8.4. This gives Theorem 11.9. A striking aspect of part (ii) of Theorem
11.9 is that it applies to the relevant F(f,a, b, x) for any f all of whose coeflicients are nonzero and
any (a, b).

We also consider one-parameter specializations of such F (S, y) — that is, systems F(f, a, y) with
trace function as follows: for K/k a finite extension and ¢ € K,

Trace(Frob, x | F(f,a, x)) = Z Uk (f(x) +1x%) vk (x), subject to (1.0.3). (1.0.5)

V# xEk

In Theorem 11.9, we prove that for given a, the local system F(f,a, y) will have the same Ggeom as
F (S, x) for f in a dense open set of the affine space of allowed f’s.

In the cases when y = 1, and G geom, 7(s,1) is an extraspecial normalizer, we do not classify subgroups
with the same M, ». Nonetheless, we prove that for given (a, b), the local system F( f, a, b, 1) will have
the same G geom as F (S, 1) for f in a dense open set of the affine space of allowed f”’s; see Theorems 11.7
and 11.8. Again, in this case, we have the same ‘dense open set’ result for one-parameter specializations
F(f,a,1), with the added wrinkle that the case a = 1 behaves quite differently in the extraspecial
normalizer case. In each of the Theorems 11.7, 11.8 and 11.9, there are unknown dense open sets.
It would be of some interest to determine them explicitly.

The main results of this paper include Theorems 7.8, 9.2, 10.1, 11.7, 11.8, 11.9.

2. Moments and point counting
We begin this section with the basic fact about approximating moments by large L limits.

Theorem 2.1. Let k be a finite field of characteristic p, € a prime € # p, X[k a smooth, geometrically
connected scheme of dimension d > 1, and F a lisse Q¢ sheaf on X which is t-pure of weight zero for a
chosen field embedding « : Q; — C. For integers a,b > 0, the moment M, p, of G geom, F LS

Map = lim sup Z (Trace(Frob,. 1 | F))“ (Trace(Frob, | F"))?|.
finite extensions L/k #X(L) xex (L)
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Proof. In terms of the auxiliary sheaf
G:= (P @ (F),

which is t-pure of weight zero, and hence geometrically semisimple (cf. [De2, 3.4.1(iii)]), we have
Mg = dim H2Y (X7, ).

Our asserted formula for this dimension is

lim sup
finite extensions L/k

| 1

Ti Frob, |
X (D) race(Froby, 1|G)

x€X (L)
By the Lefschetz trace formula, this is

| . .
lim sup ‘m ;(—1)’Trace(FrobL|Hé(XE, g))‘.

finite extensions L/k

By Deligne’s fundamental estimate [De2, 3.4], H. is -mixed of weight < i, while H>¢ is t-pure of
weight 2d. But #X (L) = (#L)? + O((#L)?'/?), and hence, the H. summands with i < 2d contribute
0 to the lim sup. So we must prove that dim Hgd(XE, g)is

lim sup Trace(Froby, |H§d(Xz, aNnl.

finite extensions L/k #X(L)

If this H2¢ vanishes, we are done.

If Hgd is nonzero, the eigenvalues of Froby on this Hgd are each of the form (#k)dcyi, for
i=1,...,dim Hfd, and each of these a; has complex absolute value |@;| = 1. Thus, for L/k a finite
extension, we have

m Hgd

di
#L)4
Trace(FrobL|H£d(X;,g))= (#L) Z (ai)deg(”k).
i=1

1
#X(L) #X(L)

For any L/k, this last expression visibly has absolute value at most
(1/#X (L)) (#L)?dim H*.
deg(L/k) o dee(L/k)

1 >0 Pdim H2Y

(1,...,1), while the ratio #X (L)/(#L)< has limit 1 as L grows. O
g

As L/k grows, the tuple (@ ) will, infinitely often, come arbitrarily close to
We next give a lemma on counting geometrically irreducible components.

Lemma 2.2. Let k be afinite field, and X [ k a separated k-scheme of finite type, of dimension d > 0. Then

limsup  #X(L)/(#L)?

finite extensions L/k

is the number of geometrically irreducible components of Xz of dimension d.

Proof. Each geometrically irreducible component of X7 is defined over some finite extension of %,
so at the expense of replacing k by a finite extension of itself, we reduce to the case where each
geometrically irreducible component Z is defined over k (i.e., is a geometrically irreducible k-scheme of
dimension ez < d). The result then follows from the Lang-Weil estimate, that for each such component
Z,#Z(L) = (#L)% + O((#L)#~1/2). O
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Theorem 2.3. Let k be a finite field of characteristic p > 0, and f(x) € k[x], say f(x) = ¥; Aix’, of
degree d > 3 which is Artin-Schreier reduced. Let 1 < a < b < deg(f) be prime to p integers, x a
multiplicative character of k*, and consider the local system F, on A?/k whose trace function is given
as follows: for L]k a finite extension, and s,t € L,

Trace(Frob s 1), | Fy) = Z Yo (sx® +1x” + f(x) xr(x),

-1

VH#L x€eL
with the convention that 1;,(0) = 1, but x1.(0) = 0 for x nontrivial. Consider the set £ of exponents
which occur in f:

E={icZ A #0}

and the affine locus Z(S) as defined in (1.0.1) with S := {a, b} U E. Then

. #2(S)(L)
Moo (Fy) £ Map(Fy) = lgzljl:op WL

Moreover, if x> # 1 and all integers in S are odd, then
Mso(Fy) < Moo (Fa).

More precisely, M, (F1) is the number of geometrically irreducible components of dimension one in
Zoroj (S), while M 5(F)) is the number of those components on which x (xy)i(zw) is geometrically
trivial.

Proof. Recall that X; denotes the Fermat form x¢ + y¢ — z¢ — w9 for any d € Z-;. By Theorem 2.1,
M >(F)) is the limsup over L of the sums

1
P )y UL(F) + £ = F(2) = FOn)n (o) e (aw)
(x,y,z,w)€A*(L), £,=2,=0
1
T (#L)? Z 4 L(Z AiZi(x,y, 2, w)xL (xy) X (zw).
(x,y,z,w)€A*(L), £,=X=0 ie€

The key observation is that the affine variety
Za,b = {Za =2p = O}

in A% is homogeneous, the affine cone over the projective variety Zab,proj C P3 defined by these same
equations. We may omit the origin (0, 0,0, 0) € A* without changing the large L limit. Then we choose,
for each point in X, 5 poj(L), a representative (xo, Yo, 20, Wo) € 2Zq,»(L). Then every point (x, y, z, w)
inX, 5 (L) \ {0} is uniquely of the form (rxg, ryo, rzo, rwo) with r € L* and (x¢, yo, 20, wo) € Za.5(L)
a chosen representative. Moreover,

xr(xy) L (zw) = xr(x0y0) XL (z0w0)-

Thus, we are looking at the limsup over L of the sums

: Z xr (xoyo) L (zowo) Z ¢/L(ZAizi(xo,yo,zo,WO)ri)~

(#L)? _
(x0, 0, 20, wo) relLx ieE
chosen rep. over L
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12

The innermost sum is O (#L) "/~ so long as the polynomial

Z A% (x0, Y0, 20, wo) 1
ie€

in r is not Artin-Schreier trivial. The number of L-valued points on X, 5 proj is O (#L), so the Artin-
Schreier nontrivial cases contribute O ((#L)3/2)/(#L)? to the sum, and hence contribute 0 to the large
L limit.

Because f(x) is Artin-Schreier reduced, the only way the polynomial

Z AiZi(x0, Y0» 20, Wo)T*
ie€

in r can be Artin-Schreier trivial is for every X;(xg, yo, 20, wo) with i € £ to vanish, in which case the
inner sum is #L — 1. Thus, our large L limiting sum is

1 —_

(#L)? Z (#L = Dxr(xy)xr(zw).
(x,y,z,w) € P3(L),

$,=2%,=0,%=0,Vie&

We break the domain of summation into finitely many closed points and the one-dimensional
geometrically irreducible components Z of the projective variety X;(S) defined by

X,=2%,=0, % =0, Vief,

each of which is defined over some finite extension of k. At the expense of enlarging k, we may assume
each Z is defined over k. Then

#Z(L) = #L + O(VEL).

So our lim sup is the lim sup of the sum

Z #114 Z (#L = D xr(xy) yr(zw).

(#L)?
1-dim irred. compt’'s Z (x,y,z,w)eZ(L)

When y (xy) ¥ (zw) is geometrically trivial on (the dense open set where xyzw # 0 of) Z, this sum over
Z contributes 1 to the lim sup, while if y(xy) x(zw) is geometrically nontrivial on (the dense open set
where xyzw # 0 of) Z, it contributes O to the limsup. Thus, we have

. #2(5)(L)
M M =1 —_—
22(Fy) < Mz (F1) M SUp = )2

So M, (F1) is the number of geometrically irreducible components of dimension one in X (S),
while M> > (F,) is the number of those components on which y (xy) i (zw) is geometrically trivial.

Now assume that all integers in S are odd. Then X;;(S) contains the line x + y = 0 = z+ w. For any
character y of k%, the sum of yz (xy) iz (zw) over this line is #L — 1 if x> = 1 and 0 otherwise. Thus,
if x> # 1, this line is an irreducible component on which y (xy) ¢(zw) is geometrically nontrivial, and
hence the asserted inequality

Mo (Fy) < My (F1)
if y% # 1. o

For ease of later reference, we given a slight generalization of this last result.
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Theorem 2.4. Let k be a finite field of characteristic p > 0, and f(x) € k[x], say f(x) = ¥; Aix’, of
degree d > 3 which is Artin-Schreier reduced (meaning that A; = 0 if pli). Let n > 2, and let

1<by<by<...<b, <deg(f)

be prime to p integers, x a multiplicative character of k*, and consider the local system F,, on A" [k
whose trace function is given as follows: for Lk a finite extension, and (ty, . ..,t,) € L",

-1 )
Trace (Frob,, ..a,,L1Fy) = <= ) Wr(Zitix” + f(x)xe(x),

V#L xeL

with the convention that 1;,(0) = 1, but x;.(0) = 0 for x nontrivial. Consider the set £ of exponents
which occur in f:

E={ieZ A; #0}
and the affine locus X(S) as defined in (1.0.1) with S := {by,...,b,} UE. Then

. #2(8)(L)
M M =1 =
22(Fy) < Mo (Fa) imsup =T

Moreover, if x> # 1 and all integers in S are odd, then
My o (Fy) < Moo (Fr).

More precisely, M, (F1) is the number of geometrically irreducible components of dimension one in
Xproj(S), while Ms 5(F,) is the number of those components on which x (xy)i(zw) is geometrically
trivial.

Proof. The proof is essentially identical to that of the previous Theorem 2.3, which is the case n = 2.
Let us denote

B := {bl,...,bn}.

The role of X, ; there is played by Xp := N;X, here. The affine variety Xp is homogeneous, the
affine cone over the projective variety Xp pro; defined by the same equations. Because n > 2, the
projective variety Xp proj has dimension at most one (i.e., all its geometrically irreducible components
have dimension < 1), so over any finite extension, L/k has O(#L)L-valued points. From here on, the
proof is identical. O

Corollary 2.5. In the setting of Theorem 2.3, with S := € U {a, b}, write S as
A>By>...>B, >1

withr > 2. Consider the local system F (S, x) on A", whose trace function is given as follows: For k [ kg
a finite extension, and (ty, . ..,t,) € A" (k),

-1 r
Trace(Frob(,, 1)kl F(S,x) = — > yu(x®+ )y 1:xP) yie(x).
SR,

xek i=

It is lisse of rank D := A — 61, and pure of weight zero. [It is geometrically irreducible if and only if
gcd(S) = 1, but that is irrelevant here.] Then F(f, a, b, x) has the same My 2 as F (S, x).

Proof. That F (S, x) has its M, given by the same recipe, purely in terms of the data (S, y), as did
F(f.,a,b, ), is the special case f(x) = x4, n=r,and b; = B,,|_;, of Theorem 2.4. O
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Theorem 2.6. Let k be a finite field of characteristic p > 0, and f(x) € k[x], say f(x) = ¥; Aix,
of degree d > 1 which is Artin-Schreier reduced. Let 1 < a < b be prime to p integers, and suppose
deg(f) < b. For x a character of k*, consider the local system F, on (A x G,,)/k whose trace
function is given as follows: for L[k a finite extension, and s € L, t € L*,

Trace(Frobgs o) L1 Fy) = ——= Y ¢r(sx® + tx” + f(x))xr.(x),

-1
VAL &
with the convention that 1;,(0) = 1, but x1,(0) = 0 for x nontrivial. Consider the set £ of exponents
which occur in f:

E={ieZ A #0}
and the affine locus X.(S) as defined in (1.0.1) with S := {a, b} UE.

(i) Suppose that f(x) is not of the form (nonzero constant)x?. Then

. #2(S)(L)
Mo (Fy) £ Mao(Fy) = 1;21_5)1;1) A

Moreover, if x> # 1 and all integers in S are odd, then
My o(Fy) < Map(Fa).

More precisely, My 2(F1) is the number of geometrically irreducible components of dimension
one in Zpi(S), while My (F)) is the number of those components on which y(xy)jy(zw) is
geometrically trivial.

(ii) Suppose that f(x) = (nonzero constant)x®. If y = 1, then

L HES)(L)
Myo(Fp) =-1+1 —_—
S e AT

while for y # 1, we have

)W)
M 1 _—
22(Fy) < TS =

Moreover, if a, b are both odd, and x* # 1, we have

W)
M 1 _—
22(Fy) <mswp =y

Proof. By Theorem 2.1 and the argument of Theorem 2.3, M5 5 for F is the lim sup over L of ryrr—
times

Do Y UaGTat 00+ 0) - @)~ F) () e aw).

2
SEL,IELX( ) X,y,z,WeL

If the summation were over all (s, ) € L?, this would be

1 _
FDEL-T) x’y’z’wg’}mﬁo VL) + () = F(2) = FDxL ()L (aw),
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and just as in the proof of Theorem 2.3, we would get

, #2(S)(L)
Ms(Fy) £ My (F1) = lile_s)lolop L2

However, the summation is only over (s,7) € L x L*. So we must subtract, for each L/, the expression

Z YL(sZa + f(x) + f(y) = f(2) = FOW)xr(xy) xe(zw)

Xx,y,2,W€eL

1 _
THLZH#L 1) x’y’m;, .- L (f(x) + f(y) = f(2) = fFwW)xr(xy) L (zw).

1 1
(#L)(#L — 1) Z; (#L)?

So long as f(x) contains monomials of degree ¢; # a, the ray calculation used in the proof of
Theorem 2.3 shows that this limit (not just lim sup) vanishes. The assertion about y> # 1 is proven
exactly as in Theorem 2.3.

Suppose now that f(x) is a constant multiple of x* and y = 1. Then the term we are subtracting is
equal to

1 2

o > yr(0) =#5(L) (L) (#L - 1)),

(#L) (#L 1) x,y,z,weL, £,=0

which tends to 1 as L grows, simply because X, is the affine cone over the smooth surface X pro;.
Suppose finally that f(x) is a constant multiple of x* and y # 1. Then the sum we are subtracting is

; S XL Cry/aw).

2 _
(#L) (#L l) x,y,2,WeL, xyzw#0, £,=0

This sum will be O(1/V#L), and thus have large L limit zero, if the Kummer sheaf L (xy/zw) is
geometrically nontrivial on the dense open set U of X, proj where xyzw is invertible. Thus, U is the
open set in the affine surface x“ + y* = z + 1 where xyz is invertible, and our sheaf is £, (/) on U.
We will show that this sheaf has a geometrically nontrivial pullback.

Choose an element @ € F > \ F, and B with 8¢ = a. It suffices to show the pullback of Ly (xy /) to
the closed subscheme y = § of U is geometrically nontrivial. This pullback is £, (5x/z), on the open set
of the curve

C:x+a=z+1
where xz is invertible. But the function Sx/z on C has a simple zero at each point (0, y) with y one of

the a distinct roots of the polynomial 7 = & — 1. Hence, L, gx/;) is geometrically nontrivial on C.
So in this case when f(x) is a constant multiple of x¢ and y # 1, we have

o #R(S)(L)
M>H(F,) <1 _—
22 Fx) < s e

[Of course, in this case, the set S = {a, b}.] The argument in the proof of Theorem 2.3 shows that if a, b
are both odd, but y? # 1, then

RO
My > (F, 1 _—
22(Fy) <mswp =Ty

The following result explains the moment drop for some local systems.
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Theorem 2.7. Let k be a finite field of odd characteristic p > 0, and f(x) € k[x], say f(x) = ¥; Aix,
of degree d > 1 which is Artin-Schreier reduced. Let 1 < a < b be prime to p integers, and suppose
deg(f) # b. Consider the local system F on (A! X G,,)/k whose trace function is given as follows: for
L/k a finite extension, and s € L, t € L%,

Trace(Frob s ;)| F) = Z Wi (sx@ +1xP + f(x)).

-1

V#L xeL
Suppose further that f is odd (i.e., that f(—x) = —f(x)), that f is not a constant multiple of x°, and
that both a, b are odd. Let g(x) € k|[x], say g(x) = 3; Bix', of degree e > 1 which is Artin-Schreier
reduced. Consider the local system G on (A' X G,,) | k whose trace function is given as follows: for L]k
a finite extension, and s € L, t € L,

Trace(Frobs, ), .1G) = Z U (sx® + P+ f(x)+ g(x2)).

-1
\/ﬁ xeL
Then M3 2(G) < Mao(F) — 1.

Proof. Consider the set &5 of exponents which occur in f:
Er={ieZ, A #0}

and Sy :={a,b}U&y.
Consider also the set £ . of exponents with occur in f(x) + g(x?):

Err={i€Z, A; #0}U{2j, B; # 0}

and Sy , := {a,b} U . Then from Theorems 2.3 and 2.6, we know that

o #2(Sy) (L)
Ma2(F) = limsup —2s—

RS,
Ma2(G) =limsup —rye

As Sy C Sy 4, we trivially have M>>(G) < M, >(F). Because Sy consists entirely of odd integers,
among the two-dimensional geometrically irreducible components of X(S ) is the locus x+y = 0 = z+w.

It suffices to show that this locus x +y = 0 = z + w does not lie in X(S +). Indeed, S¢ .+ contains
some nonzero even integer 2, and hence, (S ) lies inside the hypersurface of equation x4y =
72 + w? . So it suffices to show that the locus x + y = 0 = z + w does not lie in this hypersurface. The
intersection of this hypersurface with the locus x + y = 0 = z + w is the locus in (x, z) space defined
by x%/ + (=x)% = z%/ + (=z)*/. As we are in odd characteristic, this intersection is the locus x>/ = 72/,
which is the union of 2 lines. i

3. M and resultants
We will need the following property of resultants, which is well known:
Lemma 3.1. Let R, S be commutative rings, f,g € R[x], and let ¢ : R — S be a ring homomorphism.

(1) If (Res(f,g)) # 0, then Res(¢(f), v(g)) (computed as the resultant of two polynomials in S[x])
is also nonzero.

(ii) If ¢ preserves the degree of each of f and g, then Res(¢(f), ¢(g)) # 0 implies p(Res(f,g)) # 0.

(iii) If S is an integral domain and ¢ preserves the degree of at least one of f and g, then

Res(¢(f), ¢(g)) # 0if and only if p(Res(f,g)) # 0.
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Proof. (i) Assume that ¢(Res(f,g)) # 0. Let f(x) be of degree d and with leading term ax<, and let
g(x) be of degree e and with leading term bx¢. Suppose that ¢(a) = ¢(b) = 0, so that ¢(f) € S[x] has
degree < d and ¢(g) € S[x] has degree < e. In this case, ¢(Res(f, g)) = 0, a contradiction. So we
may assume that ¢(a) # 0, so that ¢(f) € S[x] has degree d. Now, if ¢(g) has degree ¢’ < ¢, then

¢(Res(f,8)) = £p(a)* “Res(¢(f), ¢(g)), (3.1.1)

and hence, Res(¢(f), ¢(g)) # 0.
(ii) follows from (3.1.1) (with e’ = e).

(iii) follows from (i), (3.1.1), and the assumption that S is an integral domain. O
Fix a prime p. First we look at any set Q := {q; < ... < g,} of n > 1 positive powers of p, and
consider
tiorar(Q) = () (¢ € Fples™" = (-7} (3.1.2)
1<i<n

In the special case of characteristic p = 2, we have (—1)” = 1, and so

Mroral(Q) = Hged, (g:-1)- (3.1.3)

The following observation is helpful in computing p;orq;(Q)-

Lemma 3.2. Let n > 2, p any prime, ¢ = p/, q; = ¢™ for 1 <i < n, andm; < ... < m,,. Also let
e :=gcd(my,...,my). Then
qg¢ -1, p=2,
#lltotal(Q) = qe -1, p> 2and2 ¢ (mi/e)for all i,
0, p > 2 and 2|(m;/e) for some i.

Proof. The statement is obvious when p = 2, so we will assume p > 2. Replacing g by g°, we may
assume that ged(m,...,my,) = e = 1. Suppose 2|m;, 2 ¥ m;, and { € pyora1(Q). Since {‘im‘f_l =-1
and m  is odd, we see that the 2-part 2/ of the order of £ is 2(¢™ — 1), = 2(gq — 1),, twice the 2-part of
g—1.As p > 2,2/ divides (¢> — 1), which in turn divides ¢” — 1 because 2|m;, and this contradicts
the equality 4" ~! = —1.

Assume now that 2 + m; for all i, so that 2 ¥ (¢ — 1)/(¢ — 1), and choose a primitive (2¢g — 2)"
root of unity 6 € F,,. Then —1 = 99~ = 99" ~!, and hence, { € frorai(Q) if and only if (£6)7™ ! =1
for all i. There are exactly

ged (¢M = 1,..., g™ = 1) = g=40mm) 1= g -1
possibilities for such £6. O

For any a € Z>,, let
M, (a) = {A € EX |Vj, 2<j<a, (j,)((A+ 1) —A/ 1) = 0}. (3.2.1)

Note that M, (a) is finite (by looking at the condition at j = a) if p { a. In fact, M ,(2) = @if p > 2,
M, (3) = @if p > 3; more generally, M, (a) =2 if2 <a < porif p fa(a-1). As we will see in
the proof of Proposition 3.3 (see (3.3.6)), for ¢ = p/, we have

Mp(q+1) = prorar({g}) = {A € F,” | 477" = -1}
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We also set

(A+Dv+1)* = (Av+ D= (v+ 14 +1 .

F,(A,v) = e

FylA,v].
Keep the notation
Yo =x94y" =z —w? e Fpx,y,z,w].
Recall that for a positive integer n, its prime to p part n, is the prime to p integer such that n = p°n

for some ¢ > 0.

Proposition 3.3. Let 2 < b < c be integers coprime to p. For finite extensions L[F, the following
statements hold for the set (L) of L-points of the surface

T =%=2=0

0fA4(x, V,Z,W).

(i) limgr e #Z(L)/(#L)? 2 2 +#(M (D) N M, (c)).
(ii) If the resultant R(A) := Res, (Fp (A, V), F.(A,v)) of the polynomials F(A,v) and F.(A,v) in
the variable v is not identically zero as a function of A, then

Jim #Z(L)/(#L)? = 2+ #(M,(b) N M (c)).

(iii) Ifb =2 < p, then limygy o #%(L)/(#L)? = 2.
(V) If b =3 < p, then limgy oo #Z(L)/(#L)? equals 2 when 2|c and 3 when 2 { c.
(v) The equality in (ii) holds if b = pf + 1.
(vi) Suppose ged ((b— 1), (c = 1),) = 1. Then R(A) # 0, and hence, the equality in (ii) holds.
(vii) Ifged(b —1,c — 1) = 1, then limy o #Z(L)/(#L)? = 2.
(viii) Ifged (b -1)p,(c=1)p)=1p>2and(b-1), = pfm (c- 1), = pl " with f,m,n € Zsy,
ged(m, n) = 1, and 2|mn, then we also have limgy _o #5(L)/(#L)* = 2.

Proof. For (i), consider any point P = (x, y,z,w) € X(L). Then x + y = z + w. Certainly, X contains
the two planes

(x=z,y=w)and (x =w, y=2)

which contribute 2(#L)? — #L points to 2(L). So we have to count the points P € (L) for which
Z # x,y. For these points, we can use the parametrization

x=(A+1)z—-Ay=(A+Du+y, z=y+u, w=Az—(A-1)y=Au+y, (3.3.1)

for P in terms of A,u,y, where u :=z—y # 0and A := (x — z)/(z — y) # 0. The condition X, (P) =0
now reads

(A+Du+y)" +y" = (y+u)” — (Au+y)” =0. (3.3.2)

First, we look at such points P with y = 0. Since u # 0, (3.3.2) implies (A + 1)> — A? — 1 = 0. The
leading term of this polynomial equation in A is bA?~!. Since p t b, there are at most b — 1 such A’s,
which contributes at most (b — 1)#L points to X(L). This dies in the large L-limit.

So we may now assume y # 0, and replace (A, y,u) by (A, y,v), where v := u/y # 0. Since y # 0,
now (3.3.2) becomes

(A+Dv+1)" —(Av+ )P = v+ 1)l +1=0. (3.3.3)
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Note that the coefficient for v/ in the left-hand side of (3.3.3) is
(b) (A+1)7 - AT 1)
J
when2 < j < b,and 0 if j =0, 1. So the condition P € (L) now reads
Fy(A,v) =F.(A,v) =0. (3.3.4)
Furthermore, if A € M, (b), then (3.3.3) is vacuously true. Hence, if
A e M,(b)ynM,(c),

then (3.3.4) is vacuously true, and each A contributes (#L — 1)? points to X(L) with y, v # 0, which do
not belong to the two planes (x = z, y = w) and (x = w, y = z). This yields the lower bound in (i).

Now we look at A ¢ M, (b) N M (c), and assume that R(A) # O as a function of A. Applying
Lemma 3.1 to the specialization homomorphism A +— 7y at any point v where R(y) # 0, we see
that (3.3.4) has no solution v when A = . Thus, (3.3.4) can have solutions in v only at A = y with
R(y) = 0. This implies that the number of A for which (3.3.4) has a common solution in v is bounded
independently of L (in fact by 2bc, an upper bound for the degree of R(A)). If A ¢ M, (b) for instance,
then Fj (A, v) is a nonzero polynomial in v, and hence has at most b zeros once A is fixed. Thus, each
such A contributes at most max(b, ¢) (#L — 1) points to (L) (with y running), and again this dies in the
large L-limit. This proves the equality in (ii).

Suppose b = 2 < p. Then F>(A,v) = 2, and hence, (3.3.4) has no solutions. Furthermore,
M, (2) = @, proving (iii).

Suppose b =3 < p. Then F3(A,v) = 3((A+ 1)v +2). Hence, (3.3.4) is equivalent to (A + 1)v = -2
and (-1) = (=v=1)°=(v+ 1) +1 = 0. If 2|c, this shows that (v + 1)¢ = 1. Thus, there are at most ¢
pairs (A, v) that satisfy (3.3.4), contributing at most ¢(#L — 1) points to (L), and this dies in the large
L-limit. Suppose 2 t ¢. This argument then shows that there are exactly #L — 2 pairs (A, v) that satisfy
(3.3.4)and A, v # 0 (namely, one for each v # 0, —2). This gives (#L — 1) (#L —2) more points to (L),
proving (iv).

Next, suppose that b = g + 1 with ¢ := p/ > p. Then (3.3.3) becomes

(A9 + At =0, (3.3.5)
which shows that
A€ M, (q+1)ifand only if A7 = —1, (3.3.6)

that is, A € pr01a1({gq}). Now, if A ¢ M, (b), then (3.3.5) has no solution since v # 0, and hence,
(3.3.3), respectively (3.3.4), has no solution. If A € M, (b)\ M, (c), then we have at most b —2 = g —1
possibilities for A, for each of which F. (A, v) = 0 yields at most ¢ possibilities for v. This contributes at
most (b — 2)c(#L — 1) points to X(L), and this dies in the large L-limit. Hence, we have to count only
the A’s in M, (b) N M, (c), and hence, (v) holds.

For (vi), note that the coefficient for v/=2 in Fj, (A, v) is

1 (b S b b-1
Z(],)((A+1)J—AJ—1)zj(j)=b(j_]) (mod A)

when 2 < j < b. Hence,

b b-1
b-1)\ . 1 -1
Fh(O,v)=b§ ( )VJ—Zzbu.
= j—1 v
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Thus, the only roots of F} (0, v) are the elements of H(b-1), \ {1} (subtracted by 1). Similarly, the set
of roots of F.(0,v) is K(c=1), \ {1} (translated by —1). So the assumption ged ((b—1),, (c = 1)) = 1
implies that Fj(0,v) and F.(0,v) have no common root. Furthermore, the specialization A — 0
preserves the degree b — 2 of Fj,(A,v) (as p t b). It follows from Lemma 3.1 that R(0) # 0, and so
R(A) 0.

Note that (vi) implies (iii) and (v), since (b — 1),» =1 when b = pf +1 with f > 0.

Assume now that gcd(b — 1,c¢ — 1) = 1. If p ¥ b(b — 1), then the j = 2 condition in the definition of
M, (b) is the vanishing of

(g)((A +1)2 =A% = 1) = b(b - 1)A,

and hence, M, (b) = @, implying limg e #Z(L)/(#L)* = 2 by (vi). If p 1 ¢(c — 1), the same j = 2
condition shows that M, (c) = @, with the same conclusion that limy; . #X(L)/ (#L)? = 2 by (vi).
For (viii), note that (b — 1), = p/ ™ implies that p ¢ (ZJ’) for j = p/™ + 1. Now

(?)((A+ 1/ A1) = (?)(Aqm +A),

where ¢ := p/. Thus, M, (b) is contained in {A | A?"~1 = —1}. Similarly, M, (c) is contained in
{A ]| A?"~!1 = —1}. By Lemma 3.2, the set {A | A" ! = A9"~! = _1} is empty, and so we are done
by (vi). O

We will need the following well-known observation:

Lemma 3.4. Let p be a prime and n = Y,;son;p' and m = Y;5om;p' be the base p expansions of
integers n,m > 1. Suppose that m; < n; for all i. Then p (Zl)

Proof. The hypothesis implies that n —m = Y;5(n; — m;)p' is the base p expansion of n — m. Now for
any j > 0, we have

L L) = Y mip™ 4 3 = mp™ = 3 mp™T = 15,

i>j i>) i>j

Since ), jz()l_#J is the exponent of the highest power of p that divides n!, and similarly for m! and
(n —m)!, the above equalities imply the claim. m]

Proposition 3.5. Fix a prime p, integers n,r > 1, and consider prime to p integers
a=p"+1>b;>by>...>b, >2.
For finite extensions L|E,, consider the set ©(L) of L-points of the surface
L8 =%,=5,=...25, =0
of A*(x,y,z,w). Then exactly one of the following statements holds for

M :=limsup#X(L)/(#L)>.
#L—00
(@ p>2and M =2.
b)) p=2and M =3.
() p>2and M = p®+1 = 4, where b; = p™ +1 for 1 <i <r, and the integersnfe, mi/e,...,m,/e
are all odd for e := gcd(n,my, ..., m;).
(d) p=2and M =2°+1 =5, where b; =2" +1for1 <i <r,and e := gcd(n,my,...,m;) = 2.
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Proof. We will follow the proof of Proposition 3.3 and count the points
P=(x,y,z,w) € X(L)

that lie outside of the two planes (x = z,y = w) and (x = w,y = z), for which we can use the
parametrization (3.3.1). For these points, the condition P € X reads

Fa(Av) = Fy (Av) = ... = Fy (A,v) = 0;

cf. (3.3.4). Since ,(P) = 0 and a = p™ + 1, we have A?"~! = —1; see (3.3.5). Now the proof of
Proposition 3.3(v) can be repeated verbatim to show that

M =2+#M,(a)n ﬂ M, (b)),
i=1

where M, (a) and M ,(b;) are defined in (3.2.1).

We will assume that M > 2 if p > 2, M > 3 if p = 2, and aim to show that we are in (c) with
M =p®+1>4orin(d) with M =2°+1 > 5. Note that when p = 2, 1 € M, (b) for any integer
b > 3. Hence, our assumption implies that

Forall i, M, (b;) # @ if p > 2, and M, (b;) > {1} if p = 2. (3.5.1)

Consider the base p expansion
i>0

of ¢ := by. We already noted that M ,(c) = @ if 2 < p { c(c — 1), contrary to (3.5.1). However, if
p =2,then 2 ¢ ¢ and so p|(c — 1). Henceforth, we may assume that p|(c — 1), whence ¢ = 1.

Consider any digit ¢; > 1 of ¢, with i > 1. By Lemma 3.4, p ¢ (pfﬂ). Taking j := p’ + 1 in the

definition (3.2.1) of M (c), we get
0=(A+ )P AP 1= (AP 4 1)(A+1) - AP 1= AP + A
for A € Mp(c). As A # 0, we get
AP =, (35.2)
in particular,
AP = —A, AP Z A3 (3.5.3)

Assume in addition that ¢; > 2 (and so p > 2 as ¢; < p — 1.) Then by Lemma 3.4, we have p { (2p§+1).
Taking j := 2p’ + 1 in the definition (3.2.1) of M, (c), we get
O — (A + 1)2pi+1 _ Azpi+1 _ l
= (AP +1)2(A+1) - AP g
=(mA+D*(A+1)-A3 -1
—_A(A+1),

and so A = —1. But this is impossible by (3.5.2) (since p’ > 3 is odd in the case under consideration),
and so M, (c¢) = @, again contradicting (3.5.1).
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We have shown that any positive digit ¢; of ¢ must be equal to 1. Suppose now that ¢; = 1 = ¢; for
somei > j > 1. Then (3.5.2) holds for both A" and A”’, and so

AP = AP = A, AP 2 A3,

c

Furthermore, by Lemma 3.4, we have p ¢ (pi+pj+1). Taking j := p' + p/ + 1 in the definition (3.2.1) of

M, (c), we now get
0= (A+1)P*P+l_ qptp’+l _ g
= (AP + 1)(AP + 1) (A +1) — AP/
=(mA+1D?(A+1)-A’ -1
=—A(A+1),
and so A = —1. If p > 2, then this is again impossible by (3.5.2), and so M (c) = @, contrary to
(3.5.1).If p =2, then M, (c) C {1}, contradicting (3.5.1).

We have shown that b1 = ¢ has only two positive digits, co and c,,,, and both are equal to 1. Thus,
by = p™ + 1. Applying the same argument to any b;, we see that b; = p™ + 1. Hence,

Mp(b,') = {A (S E | Apmi_l = —1}
Let e := ged(n,my,...,m;). If p > 2, then it follows from Lemma 3.2 that
r
#(Mp(@) 0 M, (b))
i=1

equals p€ + 1 if all n/e and m; /e are odd, and 0 otherwise, and thus, we arrive at (c). Similarly, if p = 2,

then using Lemma 3.2, we arrive at (d). O
Corollary 3.6. Fix a prime p, a power q = p, an integer r > 1, and consider q; := g™ with
1 <my <...<mpandged(my,...,m,)=1.If p > 2, assume in addition that 2 ¥ mym, ... m,. For

finite extensions L|F,, consider the set X.(L) of L-points of the surface
2 21 :Zfll‘*'l =...=Eqr+1 =0
of A*(x,y,z,w). Then

limsup#X(L)/(#L)* = g + 1.

#L—00

Proof. Arguing as in the proof of Proposition 3.5, we have

limsup #X(L)/(#L)* =2 +# N, M, (qi + 1).
#L— 0

According to (3.3.6), NI_ M, (g; + 1) is precisely urorai(Q) for @ := {q1, ..., q,}. The statement now
follows from Lemma 3.2. |

In hindsight, Corollary 3.6 is a reflection of [KT6, Theorem 16.7(i-bis), (ii)] and the fact that SU y (g)
acting on the natural module Ff]"z, respectively Q7 (¢) acting on the natural module ]FEIN when p = 2,

has at least g + 1 orbits. (Also see Theorem 1.5 and Lemma 5.1 of [GT2].)

Theorem 3.7. Let k be a finite field of characteristic p > 0, and f(x) € k[x], say f(x) = ¥; Aix’, of
degree d > 1 which is Artin-Schreier reduced. Let 1 < a < b be prime to p integers. Suppose that we
are in one of the following two situations.
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(@) We have 1 < a < b < deg(f). We consider the local system F on A%k whose trace function is
given as follows: for L[k a finite extension, and s,t € L,

Trace(Frobs ), |F) = Z U (sx + P+ f(x)).

-1
V#L x€eL
(b) We have 1 < a < b, deg(f) < b, f(x) is not of the form (nonzero constant)x?. We consider the

local system F on (A x G,,) |k whose trace function is given as follows: for Lk a finite extension,
and s,t € L x L%,

-1
Trace(Frob ) L |F) = — Z L (f(x) + sx® +1xP).
#L xeL

Consider the set £ of exponents which occur in f:

E={ieZ]|A;#0},
and denote by S the set

S:={a,b} UE.

Choose two elements A # B in S, and enumerate the set S:

S={A,B,Cy,...,C,}.
Suppose that

gcd(A,B,Cy,...,Cr) = 1.

Then we have the following results.

(i) Suppose B =2A. Then My »(F) = 2.
(ii) Suppose B =3A. Then My 2(F) =3 ifevery s € S is odd, and M »(F) = 2 if some s € S is even.

Proof. The idea is to make use of the limsup formulas of Theorems 2.3 and 2.6 to compute M; 5.
Consider first the case when B = 2A. Then the two equations

Za=0, X4 =0,

which we view as the equations X = X, = 0 applied to the variables x*, y4, z4, w4, show that we have
an equality of sets

{xd, y4) = {24 whh

If any of x, y, z, w vanishes, this equality of sets has O (#L) solutions, so we may assume that each of
X,y,2,Wis nonzero. Then we are in one of 242 cases, as follows. For each ordered pair £, of AN roots
of unity in u4(k), either

[z,w] = [{x,ny] or [w,z] = [{x,my].

In this first case of [z, w] = [{x,ny], we use the various ¢, equations, that x¢7 + y©&i = zC +wCi,

to get

xCi 4+ yCi = fCixCi 4 nCiyCGi (ie., we have (£ — l)xl.c" + (< = 1)y“ =0).
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This equation has O(#L) solutions unless we have /¢ = n< = 1. But ged(the C;, A,2A) = 1, and
hence, ged(the C;, A) = 1. So in order to have more than O (#L) solutions, we must have

S =% =1 for each C;.

As both £, 7 are A" roots of unity, and ged(the C;, A) = 1, these equalities force £ = 1 = 7, Thus, in
this first case, we have the solution [z, w] = [x, y], with its (#L)? points, and A% — 1 other solutions,
each with #L points. The treatment of the second case, [w, z] = [£x,ny], is identical.

Consider now the case when B = 3A. Then the two equations

Xa=0, X234 =0,

which we view as the equations £; = X3 = 0 applied to the variables x4, yA, z4, wA, show that either

we have an equality of sets
Ay = owh)
or we have the relations
Ayt =0=z74+wh
Exactly as in the B = 2A discussion above, we use the fact that
ged(the C;, A) =1

to show that from the equality of sets {x*, y4} = {z%, wA} we get, up to O(#L), the (#L)? solutions
{x.y} ={z,w}.

It remains to deal with with the equation x4 + y4 = 0 = z4 + wA. Fix an A™ root 7 of —1. Then this

breaks into the A? cases y = 7£x, z = Tnw, for each pair £, n of A" roots of unity. We then use the ¢,
equations to obtain the relations

X1+ () =0, 51+ (<) =0.
In order to get more than O (#L) solutions, we must have
1+ ()% =0, 1+ ()¢ =0 for each C;.
Suppose first that A is odd. Then we take 7 := —1, and our equations become
6 = —(=1)% =% for each C;.
If all C; are odd, these are the equations
% =1=n% foreach C;.
In order to get more than O (#L) solutions, we must have =1 = 7.
Suppose next that A is odd but some C; is even, say C| is even. (This can only happen if we are in
odd characteristic, as f is Artin-Schreier reduced, and p 1 ab.) Then we have the equation
(Cr=-1=n°

But ¢ and 7 are roots of unity of odd order, so no powers of either can be —1. So in this case, we have
onlyx=y=z=w=0.
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Finally, consider the case when A is even. Then gcd(the C;, A) = 1, so there is some odd C;, say C|
is odd. Then the two equations

1+ () =0, 1+ (< =0,
rewritten as
() = ~1= (m“
and raised to the A power, give
(t)A = (-D)A =1, (A = (-1 =1,

But 4 =4 =1, so we get 741 = | = A1, But 74 = —1 and C; is odd, so we get —1 = 1, which is
nonsense. Thus, in this case as well, the only solutionisx =y =z=w =0. O
Theorem 3.8. Let k be a finite field of characteristic p > 0, and f(x) € k[x], say f(x) = ¥; Aix’, of
degree d > 3 which is Artin-Schreier reduced (meaning that A; = 0 if pli). Let 1 < a < b < deg(f) be

prime to p integers, and consider the local system F on A” |k whose trace function is given as follows:
for L/k a finite extension, and s,t € L,

Trace(Frobs ;)| F) = Z U (sx® + txP + f(x)).

-1
VAL &
Consider the set £ of exponents which occur in f:

E:={ieZ A; #0}.
Suppose that the set {a,b} U £ contains 1, ¢, and d, where 1 < ¢ < d and either of the following

conditions is satisfied.

(1) ged(e-1,d-1)=1. _ _

(i) p > 2 ged((c—1),,(d- l)p/) =1,and (c-1), = pf™ (d - D, = pl ™ with f,m,n € Z,,
ged(m,n) = 1, and 2|mn.

Then Mz,z(]‘—) =2.

Proof. The local system F is pure of weight zero, so geometrically semisimple, and of rank

deg(f)-12>2,
so has M »(F) = 2. Thus, it suffices to show that M; > (F) < 2 under the stated hypotheses. Now apply
Theorem 2.3 and Proposition 3.3(vii), (viii). m]

4. p-finite and strongly p-finite data

In this and the next section, we consider local systems F on A" /F,, defined as follows. We are given a
list of integers

A>Bi>...>B, > 1, p)(Al_[B,-, gcd(A, By, ..., B,) = 1. 4.0.1)

For L/F, a finite extension, and (t1,...,#,) € L,

r

-1 _
Trace(Frob, . 4).0|F) = \/ﬁ Z sz(xA + Z tixB').

xeL i=1
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Here, we make a choice of 4/p € @, and define V#L := \/ﬁdeg(u Fr) 'We will name this F as
F(A,By,...,B., 1)

when confusion about ‘which F?’ is possible. Recall from [KT4, 2.5, 2.6] that such an F is geometrically
irreducible.

When r = 1, these local systems were the main subject of study in Chapter 10 of [KT6]. In general, the
local systems F (A, By,. .., B,,1) with finite Ggeom (and their Ggeom) have been classified in Chapter
11 of [KT6], some of whose results can be stated using the following notion.

Definition 4.1. Data (A, By, ..., B,) with r > 1 subject to (4.0.1) is said to be p-finite if one of the
following conditions holds.

G p>2,qg=p/,A=(¢"+1)/2,and B; = (¢ +1)/2forl <i<randn>m; > ...>m, >0

are integers such that 2|nmy ...m, and gcd(n,my,...,m,) = 1.

(i) ¢ = p/ and A = ¢" + 1. Furthermore, either (r, B;,n) = (1,1,1), orr > 2 and B; = g™ + 1,
1<i<r-1,wheren>m; > ...>m,_ > 0 are integers with gcd(n,my,...,m,_1) = 1, and
B, =1.

(iii) p=2,q=2f,A=q”+1,Bi:qmi+l,1 <1 < r,where the integersn > m; > ... >m, > 1
are such that 2|nm; ...m, and ged(n,my,...,m;) = 1.

@iv) quf,A=(q”+1)/(q+1),Bl-=(qm"+1)/(q+1),1SiSr,wheren>m1 >...>m, > 1
are odd integers with ged(n, my,...,m;) = 1.

) p=2,(A,By,...,B,) = (13,3) or (13,3, 1).

vi) p=3,1<r<3,A=7,{B1,...,B,} € {4,2,1}.

(vii) p=3,1<r<3,A=5{By,...,B.} C{4,2,1}.
(viii) p=5,1<r<2,A=3,{B1,...,B,} € {2,1}

(ix) p=5,r=1,A=7,B;=1.

x) p=T,r=1,A=5,B,=2.
Definition 4.2. Data (A, By, ..., B,) with r > 1 subject to (4.0.1) is said to be strongly p-finite, if it

satisfies 4.1(i) with ¢ € {3, 5}, 4.1(ii) with r > 2 and either ¢ =2, or 2 t ¢ but 2|nm; ...m,_y, 4.1(iii)
with ¢ = 2, 4.1(iv) with ¢ = 2, or one of (v)—(x) of 4.1.

Theorem 4.3. A local system F = F(A, By,..., By, 1) in characteristic p subject to (4.0.1) has finite
Ggeom if and only if (A, By, . .., B,) is p-finite. If the data is strongly p-finite, then M, >(F) equals 2 if
2|AB; ... B,, and 3 otherwise.

Proof. The first statement summarizes Theorems 10.2.6, 10.3.13 and 11.2.3 of [KT6]. The second
statement follows from the explicit determination of Ggeom and [GT2, Theorem 1.5], if we assume in
addition that A > 9 in the cases of 4.1(ii), (iii) with ¢ = 2. Assume we are in the cases of 4.1(ii), (iii)
withg =2and A =2" +1 < 9. Now if B, = 1 (so we are in 4.1(ii) with » > 2), then M, = 3 by
Corollary 3.6. Thus, we are left with the cases where p = 2 and, moreover, (A, By, ..., B,) = (5,3),
(9,5), (9,5, 3). The third case has M» » = 3 by Theorem 3.7. The two remaining local systems of rank
8 and 4, with r = 1 and (A, By) = (9,5), (5, 3), are dealt with in the next result, which also resolves
some open cases left in [KT6, Chapter 8]. O

Theorem 4.4. Suppose p = 2. Then the following statements hold.

(i) Each of the following local systems Fs31 = F(5,3,1,1), Fs3 = F(5,3,1), and Hsz =
’Hyp(Char?, Char;) has geometric monodromy group 2'** - As, which is also the arithmetic mon-
odromy group over any finite extensions of 4. For each of them, the arithmetic monodromy group
over Fy is 214 . S5,

(ii) Each of the local systems Fos3; := F(9,5,3,1,1), Fos3 := F(9,5,3,1), Fos1 := F(9,5,1,1),
Fos := F(9,5,1), and Hos := Hyp(Chary, Chary) has geometric monodromy group 2146 Q(2),
which is also the arithmetic monodromy group over any finite extensions of Fy. For each of them,
the arithmetic monodromy group over F, is 2176 . O; (2).
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(iii) The local system Fo31 := F(9,3,1,1) has geometric monodromy group 21+¢ - SU3(2), which is
also the arithmetic monodromy group over any finite extensions of F4. Over By, the arithmetic
monodromy group is 21¢ - SU3(2) - 2.

Furthermore, all the local systems considered in this theorem have M> 5 = 3.

Proof. (a) First, we note that both Hos and Hs3 satisfy (S+) by [KT3, Theorem 3.13]. Furthermore,
each of F531, Fos31, Fos1, Fozi has Mp » = 3 by Corollary 3.6. We also use the facts that if ¢ denotes the
character of the underlying representation for the arithmetic monodromy group Ggrim,r, of any of the
listed sheaves over IF», then ¢ is irreducible of symplectic type; in particular, Z(G grith,5,) < C». (Indeed,
¢ is visibly real-valued, and its restriction to Ggeom Of Hos, respectively Hs3, is symplectically self-dual
by [Ka2, 8.8.1-2].) Furthermore, the restriction of ¢ to the arithmetic monodromy group G it r, of any
of the listed sheaves over Fy is rational-valued by [KT6, Theorem 7.1.2].

(b) Let F denote any of the systems Fos31, Fos1, Fos3, and let G denote its geometric monodromy
group. By the above, G is a finite irreducible subgroup of Spg(C) with M, = 3. Now we can apply
[GT2, Theorem 1.5] to G, and note that case (B) cannot occur because the dimension D = 8, whereas
case (D) cannot occur because ¢ is of symplectic type. It follows that we are in case (C) of [GT2,
Theorem 1.5]:

2% = E 9 G < Ngp,0)(E) = E - 05 (2), (4.4.1)

and G/E < Og (2) acts transitively on 27 (nonzero) singular vectors and on 36 nonsingular vectors of
the natural module ]Fg for O (2). In particular, 27 divides |G/E|. In fact, the observations in (a) imply
that (4.4.1) also holds for Gy, , 7, the arithmetic monodromy group of F over Fs.

Next, observe that a pullback of F yields JFos5, which is a Kummer pullback of Hgs. In particular, if
G denotes the geometric monodromy group of Fgs and H denotes that of Hos, then G <H, H/G — Co,
and G — G. Clearly, 5 divides |H|, so it also divides |G| and |G/E|. Thus, 27 - 5 divides |G/E]|.
Using the list of maximal subgroups of O (2) [Atlas], we deduce that G /E is either Qc(2) or O, (2).
In the latter case, [KT6, Proposition 8.2.4] implies, however, that |¢(g)| = V2 for some g€ G, which is
impossible by (a). Hence, we conclude that G = E - Q¢ (2), and the same holds for G, g, 7. However,
the Frobenius at (1,0, . . ., 0) over F, (where 1 is the coefficient for x°) has trace —2/ V2 and hence does
not belong t0 G 4 g, - Together with (4.4.1), this implies that G, g, 7 = E - Of (2).

(c) To identify H, the Ggeom for Hos, we recall that H satisfies (S+) by (a). First, suppose that H is
an extraspecial normalizer. Together with (a), this implies that

2% = E) < H < Ngp, o) (E1) = E1 - O5(2). (4.4.2)

We already mentioned that each of Cg and Cs injects in H, hence also in H/E; < Og(2). Again using
the list of maximal subgroups of Q. (2) [Atlas], we deduce that H/E| is either Q. (2) or O (2). In
the latter case, [K'T6, Proposition 8.2.4] implies, however, that |¢(g)| = V2 for some g € H, which is
impossible by (a). Hence, we conclude that H = E; - Qg (2) (in fact, the same holds for Guith,F,, 7o
because it normalizes O,(H) = E; and hence also satisfies (4.4.2)). In particular, H is perfect. Since
H/G — Cy, we also have G = H. Knowing now that

G < Garith,]F4,]-'95 < Ga.rith,F4,]-'951 = G,

we conclude that Gy, F,,7s = G. Next, again using the Frobenius at s = 1 of Fg95 with trace —\/E,
we see that this Frobenius is in Ggrith,F,, 7, but not in its subgroup G of index 2. This shows that
GarithFy, Fos = Guarith,Fy, Fos; = E - Og (2). As Gurith,F,, Fos 18 @ subgroup of Garith,F,, 745, Which normalizes
0,(H) = E; and hence satisfies (4.4.2), we deduce that G yith,F,, 15 = 2146 . 0 (2).
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Assume now that H is almost quasisimple, with R the unique non-abelian composition factor. Then
G = H(™ is a cover of R with center

Z(H') < Z(H) < Cy = Z(E1) = Z(E);
cf. (4.4.1), (4.4.2). However, E N G is a normal 2-subgroup of G so
ENG™ <Z(E)nG™ =Z(G™).
We also know from G < G = E - § that
G NENG™)=GYE/E <GJE =8 = SU4(2).

It follows that R is a simple subquotient of SU4(2). Using [Atlas], we readily see that R = As, Ag, or
SU4(2); in particular, Out(R) is a 2-group. Recalling that

R < HJZ(H) < Aut(R), Z(H) < C», Co — H,

we have that Cy < R. This rules out the possibilities A5 and Ag, and so R = SU4(2). But H acts
irreducibly on Hgs of dimension 8, so we must have that H = Sp,(3) - 2. This is, however, impossible
because H = O%(H).

(d) In dimension 8, it remains to determine G, the Ggeom for Fo31, which also has M » = 3. As in
the case of G, this equality implies by [GT2, Theorem 1.5] that

2% = £, 4Gy < Ngpy(c)(E2) = E> - 05 (2). (4.4.3)

Moreover, G1/E> < Og (2) still acts acts transitively on 27 (nonzero) singular vectors and on 36 non-
singular vectors of the natural module W = ]Fg for Og(2); in particular, 27 divides |G/ E>|. Using the
list of maximal subgroups of O (2) [Atlas], we deduce that G /E is either O (2), , (2), a subgroup
of M := O;(2) ¢ S3, or a subgroup of N := GU3(2) - 2 = 31+2 54 28,. The first case is impossible since
|G1| < |G| = |Ea| - |€4 (2)]. To rule out the second possibility, we make use of [KT6, Corollary 7.1.5],
which shows that

¢(x) =-1 (mod3) (4.4.4)

for any odd-order element x € G. Indeed, in this case, we have G| = G since |G| = |G| and G, < G;
in particular, G contains an element g; of order 5 which has rational trace. The latter condition implies
that ¢(g1) € {-2, 3}, violating (4.4.4). In the third possibility, we can realize M as the stabilizer of the
decomposition

W = (e1, e2)r, ® (€3, ea)r, ® {es, €6)r,,
where the quadratic form Q on W takes value
x% +X1x2 +x§ +x§ + X3X4 +x§ +x§ + X5X6 +x§
at the vector Z?zlxie,-. But then the vectors u := e; + e and v := Z?:l e; have Q(u) = Q(v) = 1 and
belong to different M-orbits, showing that M is not transitive on the non-singular vectors of W. This

leaves only the fourth possibility: G| /E> < N. In particular, G is solvable.
Now we use the embedding G1 <> G = Ggeom, 7oy, = E - ¢ (2). Then

3=M5(G1) 2 Mr>(EGy) = M>,(Spg(C)) =3,
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showing that M, >(EG:) = 3. Thus, EG/E is a solvable subgroup of €. (2) which acts transitively
on 27 singular vectors and on 36 non-singular vectors of ]Fg. Using the list of maximal subgroups of
Q. (2) as in the preceding paragraph, we see that EG/E is containegn N1 = GU3(2). Recalling E is
a2-group and G| = 02 (G1) (as the Ggeom for a local system on A2 /F>), we then have

EG/E < 0% (N)) = SU3(2) = 3,"* = Q5.
Moreover, 27 and 36 both divide |G/E»| = |G1|/|E|, so in fact, we have
31425 Cy < EG1/E < 312 % Q. (4.4.5)

Suppose that EG{/E = 312 = Cy in (4.4.5). Note that we can turn the quadratic space W = ]Fg into
the Hermitian space W) := F?‘ for SU3(2) in such a way that the set N(W) of 36 non-singular vectors
of W is exactly the set N(W;) of 36 non-singular vectors of W. Since EG/E acts transitively on
N(W) = N(Wy), the stabilizer of any w € N(W) has order 3, which implies that a fixed involution j in
EG\/E does not fix any w € N(W}). The Sylow 2-subgroups of SU3(2) are isomorphic to Qg, so any
involution in SU3(2) is conjugate to j and hence does not fix any w € N(W). But this is a contradiction,
since the stabilizer of any w € N(W) in SU3(2) is SU3(2) = Ss, which clearly contains an involution.
We have therefore shown that

EG,/E = SU3(2). (4.4.6)

Recall that a pullback of Fo3; contains the Pink-Sawin system (9, 1,1) which has 2!*6 as its
G geom by [KT6, Theorem 7.3.8]. This implies that G contains Z(E) = C,. As [E, E] = Z(E), in the
conjugation action on E/Z(E) = IFS the subgroup E acts trivially, whereas SU3(2) acts irreducibly
(indeed, no proper parabolic subgroup of GL¢(2) can contain 31*> = 03(SU3(2)) as a subgroup). So
(4.4.6) shows that G| acts irreducibly on E/Z(E). It follows that E N G| = Z(E) or E. In the former
case, (4.4.6) implies that |G| = 2|SU3(2)| = 2* - 33, which is impossible since G; contains E, of
order 27. We conclude that G| < E, and

G, = E - SU3(2)

by (4.4.6).

To identify the group Guith,F,, 5>, We note that Gt 5,, 75, = (G1,&1), where g1 = Frob(g 1) 7,.
The pullback s = 0 of Fo3; is the Pink-Sawin system F (9, 1,1), so by [KT6, Theorem 7.3.8], g% is
contained in its Ggeom, Which is contained in G|. Moreover, g; has trace -2, showing g; ¢ G;. Thus
G has 2 in G urith F,, 7o3, » Whence we also have G yrithr,, 75, = G1.

(e) Now we work in dimension 4. Let G denote the geometric monodromy group of Fs3;. Since it has
M, > = 3 and is of symplectic type, the restriction of Sym?(¢) to G is irreducible, whence G satisfies
(S+) by [GT3, Lemma 2.1].

First, we consider the case where G is almost quasisimple. Then G*) is a quasisimple irreducible
subgroup of Sp, (C). Using [HM], we then deduce that G(* is 2 - A5 or 2 - Ag. Potentially G could still
have index 2 over G ®). But using the rationality of the restriction of ¢ to G, we get G = G(®) < 2 Ag.
However, a pullback of Fs3; is the Pink-Sawin system F(5, 1, 1) which has 2'** as its G geom by [KT6,
Theorem 7.3.8]. This yields a contradiction, since 2144 cannot embed in 2 - Ag.

We have therefore shown that G is an extraspecial normalizer, and so

21" = E <G < Ngy,(c)(E) = E - 0, (2); 4.4.7)

note that 01(2) = Ss. Now let H denote the Ggeom for Hs3 and let G denote the Ggeom for Fs3, so that
H/G — Cs. Recall from (a) that H satisfies (S+). Assume in addition that H is almost quasisimple.
Then G = H®) is a cover of a non-abelian simple group R. But G — G, so (4.4.7) implies that
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R is a simple subquotient of Ss. It follows that R = As. We also know that H < Sp,(C) is almost
quasisimple with rational traces. Hence, H = SL;(5) in a faithful irreducible representation of degree 4;
in particular, any element of order 3 in H has trace 1 [Atlas]. Thus, any element ¢ of order 3 in /(o) has
trace 1 in ¢, and trace —1 on the tame part of Hs3. So ¢ has trace 2 on the wild part Wild of Hs3, which
means that ¢ acts trivially on Wild, a contradiction.

We have now shown that H is also an extraspecial normalizer, and so (4.4.7) also holds for H. Note
that both Cs and C3 inject in H, so 15 divides the order of H/E < Ss. Inspecting the list of maximal
subgroups of Symg [Atlas], we see that H/E = Ss or As. But H = O?(H),so H = E - As; in particular, H
is perfect. Since H/G — Cs, we also have that G = H. Now G rith F,, 75, normalizes G and O>(G) = E,
so (4.4.7) holds for Gy, r,, 7, , Which already contains the subgroup G = E - As of index 2 in E - Ss.
By [KT6, Proposition 8.2.4], E - Ss contains an element x with |¢(x)| = V2. Since ¢ is rational on
G arith,F,, Fs3» We conclude that Gt r,, 75, = G. Noting that (4.4.7) holds for G i, F,, 7245, Which has only
rational traces and contains G uith, R, 75, We deduce that Gyt g, 15, = G.

Next, G arith,,, 75, normalizes G and O2(G) = E, so (4.4.7) holds for G yith 7, 7+ - But now G yrith 7, 7,
contains the Frobenius at s = 1 with trace —V?2 that does not belong to G. Using (4.4.7), we conclude that
Garith,Fy, Fs3; = E - S5. AS Gurith, ,, Fs; €mbeds in G yrith 1,745, Which also satisfies (4.4.7) (as it normalizes
0,(H) = E), we must have that G uithF,, 75, = E - Ss.

Now, E - As = G = Ggeom,Fs; < Ggeom,Fs3 = G < E-Ssand ¢|¢ is rational-valued, so G =0G.
Repeating the same inclusions for G uith,F, , W€ g€t Garith,F,, Fs;, = G- Finally, as G arith,F,, 755, Normalizes
0,(G) = E, we have

E - S5 = GuitnFy, 753 < Gurith, 7o, 755 < E - Ss,

whence Gyt p,,75;, = E - Ss.

(f) As mentioned in the proof of Theorem 4.3, we already know M> » = 3 unless F = Fs3 or Fos.
But Ggeom, 753 = Ggeom,Fs;, according to (i) and Ggeom,Fos = G geom, Fossi» SO Fs3 and Fos both have
M; 5 =3 as well. O

5. Multiparameter local systems: Balanced pairs and Infmono(A, B)

We will now develop some framework to study the case in which r > 2 and F(A, By, ..., B,, 1) has
infinite G geom. First, we attach to the data (A, By, .. ., B,) a balanced pair (A, B = some B;) as follows.
We must distinguish three cases.

(i) If A and all B; are odd, we choose any of the B;.
(ii) If A is even, then some B; is odd, and we choose any odd B;.
(iii) If A is odd and some B; is even, then we choose some even B;.

Notice that, in all cases, at least one of A, B is odd, and hence, gcd(A, B) is odd.
We now formulate the following hypothesis infmono(A, B) for a pair (A, B) of integers A > B > 1
with p ¥ AB. For C := gcd(A, B), A = CAp, B = CBy, we have the direct sum decomposition

F(ABL) = ) F(4oBox),
x €Char(C)

where, in general, F (A, B, ) is the local system on A! /F, (y) whose trace function is given as follows:
for L/F,(x) a finite extension and ¢t € L,

Trace(Frob, 1| F(A, B, x)) = (-1/V#L) Z Y (XA +1xB) yr (x).

xeL
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The hypothesis infmono(A, B) is the following:

for each y € Char(C), Ggeom, F(Ay,Bo.y) 1S infinite,

infmono(A, B) : except for Ggeom, 7 (4, By, 1) in the special case (Ao, Bo) = (2, 1).

(5.0.1)

Lemma 5.1. For C := gcd(A, B), A = CAy, B = CBy, suppose C is odd and C > 3. Then the following
statements hold.

() If F (Ao, Bo, 1) has infinite G geom, then infmono (A, B) holds.

(ii) Suppose F (Ao, Bo, 1) has finite G geom but some summand F (Ao, Bo, x) of F(A, B, 1) has infinite
G geom- Then there is a divisor Co of C with Cy < C such that a summand F (Ao, Bo, ) of F (A, B, 1)
has infinite G geom precisely when ©€ =1 # ¢, i.e. ¢ € Char(C) \ Char(Cp).

Proof. (i) follows from [KT6, 10.2.6 and 10.3.13]. Indeed, for y a nontrivial character of odd order, if
F (Ao, Bo, x) has finite Ggeom, then F (Ao, Bo, x) is in case (ii) of either [KT6, 10.2.6(ii) or 10.3.13(ii)]
(the SU cases). In these cases, F (Ao, Bo, 1) also has finite G geom.

For (ii), let S denote the set of y € Char(C) for which F (Ao, By, x) has infinite G geom; in particular,
x € Sbut1 ¢ S.If Char(C) \ S is the singleton {1}, then the assertion holds trivially with Cyp = 1. If
not, choose a nontrivial

p € Char(C)\ S.
Then F (Ao, Bo, p) has finite Ggeom, so by [KT6, 10.2.6 and 10.3.13], we have

(Ao, Bo) = ((¢" + D)/(g+ 1), (¢" +1)/(q + 1)),

and o(p)| gcd(g + 1, C) for some power g of p and some odd integers n > m with gcd(n, m) = 1. Then
F (Ao, Bo, ) has finite Ggeom precisely for o € Char(g + 1). Thus, F(Ag, By, A) with A € Char(C)
has finite Ggeom precisely when A has order dividing Cp := ged(C, g + 1). It remains to observe that
Co < C, for otherwise C|(g + 1) and every p € Char(C) would have F(Ay, By, p) with finite Ggeom,
contradicting the hypothesis that some summand F (Ao, Bo, x) has infinite Ggeom. m]

The following statement is a consequence of Lemma 5.1(ii), but we will offer an independent proof.

Lemma 5.2. Suppose that y and p are nontrivial characters of odd order C which are Galois conjugate
under Gal(Q({c)/Q). Then F (Ao, Bo, x) has finite Ggeom if and only if F (Ao, Bo, p) has finite G geom.

Proof. The question is geometric, so we may work over extensions of F > (y, p). Over a finite extension
k/Ep2(x, p), all traces of F(Ag, Bo, x) and of F (Ao, Bo, p) lie in Q({p,{c), and point by point
their traces are conjugate under the action of Gal(Q({c,{p)/Q({p)). In both cases, finiteness of
Ggeom is equivalent to all traces being algebraic integers, a condition which is invariant under Galois
conjugation. m|

Because F is geometrically irreducible and starts life over F,, if G geom, 7 is infinite, then its identity
component G° is semisimple, by Grothendieck’s local monodromy theorem [De2, 1.3.9]. Next, we
determine Ggeom, 7 in some ‘easy’ cases.

Theorem 5.3. Consider the local system F = F(A,By,...,B,,1) subject to (4.0.1). Suppose that
F(A, B, 1) has infinite geometric monodromy group H for some balanced pair (A,B = B;) with
gcd(A, B) = 1. Then we have the following results.

(i) If2 1 AB, then G geom.7 = Sps_;.
(ii) Otherwise, SLs_1 < Ggeom,7 < {g € GLa_1|det(g)? = 1}.

Proof. Suppose first that 2 4+ AB;. Then by [KT6, Theorems 10.2.4(iii) and 10.3.21(iii)], H = Sp4_;. By
the definition of a balanced pair, the fact that 2 { AB; implies that A and all B; are odd. As F(A, B, 1)
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is a pullback of F, we have H < Ggeom, 7. But we also have an a priori inclusion Ggeom, 7 < Spy_;-
Hence, Ggeom, 7 = Sp4_; in this case.
Suppose next that 2|AB;. Then by [KT6, Theorems 10.2.4(i) and 10.3.21(i)], we have

SLa-1 < H < {g € GLa-1|det(g)” = 1}, 53.1)
infact, H=SLs_1if B# A - 1. o
As F(A, B, 1) is a pullback of F, we again have H < Ggeom, 7, and so
SLa-1 < Ggeom,7 < GLA-1

is irreducible. By [KT6, 2.3.1], we have Ggeom, 7 < {g € GL4_{|det(g)? = 1}. [To apply the cited
result, use the fact that the question is geometric, and after pullback to A"/ sz, all Frobenius traces of

F lie in Q(£p).] o

Theorem 5.4. Consider the local system F := F(A,By,...,B.,1) with r > 2 subject to (4.0.1).
Suppose G geom, F is infinite. Then we have the following results.

(i) Suppose that A = 2B; for some i. Then G;eom 7 =SLa-1.
(ii) Suppose that A = 3B; for some i. Then Ggeom,7 = Sps_; if 24 ABy ... B, and G;wm’f =SLa_;

ifand 2|AB; ... B,.

Proof. Both assertions result from Theorem 3.7. In (i), by Theorem 3.7, we have M, »(F) = 2. This in
turn implies by [GT2, Theorem 1.5] that G;eom = SLa_;.

In (ii), by Theorem 3.7, we have M »(F) =3if2 4 ABy...B,, and M, »(F) =2 if 2|AB; ... B,.
In the former case, we also have an a priori inclusion Ggeom, 7 < Sp,4_;- This in turn implies by [GT2,
Theorem 1.5] that Ggeom, 7 = Sp4_. In the latter case, we have Ggeom’}. =SL4-_1 asin (i). m|
To work with pairs (A, B) with C = gcd(A, B) > 1, we first observe the following:

Lemma 5.5. Let Ay > By be prime to p integers with gcd(Ag, Bo) = 1, and x # ¢ two multiplicative
characters. We have the following results.

(i) In all cases, F(Ay, By, x) is not geometrically isomorphic to F(Ay, By, ¢).
(ii) If AoBg is even, then F(Aq, By, x) is not geometrically isomorphic to F(Ag, Bg, ¢)".
(iii) If AoBo is even, then F (Ao, By, x) is not geometrically isomorphic to F (Ao, Bo, x)".
(iv) If AoBy is odd, the dual of F (Ao, By, x) is F (Ao, Bo, x)-
(v) If AgBy is odd, F (Ao, By, x) is not geometrically isomorphic to F (Ao, Bo, ). It is isomorphic to
the dual of F (Ao, By, ¢) only for ¢ = .

Proof. We first prove that F (Ao, By, x) is not geometrically isomorphic to F (Ao, By, ¢) (i.e., that

H*(Gyn[F . F (Ao, Bo, x) ® F(Ao, Bo, )") = 0). The dimension of this H? is the limsup, over finite
extensions L of F,, (), ¢), of the sums

1

GOE 2 2 Yl =y =y ) (e(1y)

tel x,yel*

- % Do w1 = ) x (e (1/(£x)).

{eupy xeL*
The inner sum for £ # 1 has £4° # 1 (because gcd(Ag, Bg) = 1), so this inner sum is bounded in

absolute value by Ay V#L (Weil bound). For ¢ = 1, the inner sum is ¢y = x (x)¢(1/x), which vanishes
unless y¢ = 1, in which case the inner sum is #L — 1,
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We next prove that if AgBy is even, then F (Ao, Bo, x) is not geometrically isomorphic to the dual
F (Ao, Bo, ¢)". This amounts to the vanishing of the space H2(G,,/F,, F (Ao, Bo, x) ® F (Ao, Bo, ¢))-
The dimension of this H? is the limsup, over finite extensions L of Fp,(x, @), of the sums

AL DT D w6+ 3™ + (e +350)) () ().

tel x,yelX

By _

Choose a root of unity 7 with 7 —1. Then this sum is

(4L Y DT w1+ (1)) x (0)¢(r£x).

{E/u;o xelLX*

For every { € up,, we claim that ()4 # —1. Indeed, if (r{)A0 = —1, then (7¢)%0B0 = (-1)50,
but(r£)40Bo = (=1)40()A0Bo = (~1)40, and hence, (-1)4° = (=1)50, impossible as Ay and By have
opposite parities in the AgBg even case. Therefore, each inner sum is bounded in absolute value by
Ao\/ﬁ (Weil bound), and we are done in this AgB even case.

The proof of (ii-bis) is identical: the particular, y, ¢ play no role in the proof of (ii).

Assertion (iii) is obvious: the trace functions of F(Ag, By, x) and F (Ag, By, x) are complex conju-
gates of each other if AgBy is odd. Assertion (iv) then follows from (i) and (iii). ]

In view of assertion (iii) of Lemma 5.5, in the case when AB is odd, for C = gcd(A, B), we choose
a set Rep(C) c Char(C) of (C — 1)/2 nontrivial characters such that for each nontrivial y € Char(C),
precisely one of y, y lies in Rep(C).

Theorem 5.6. Let A > B > 1 be prime to p integers with 2 t gcd(A,B) = C > 1. Suppose that
infmono(A, B) holds, and write (A, B) = (CAy, CBy). Then we have the following results.

(i) Suppose that AB is even and Ay > 2. Then

G;eom,}'(A,B,Il) = SLAO—I X l_[ SLAO'
1#yeChar(C)

(ii) Suppose that AB is odd and Ay > 3. Then precisely one of x, x lies inRep(C), and G geom, 7 (A,B,1) =
SPag-1 X [Ty erep(c) SLa,-

Proof. We begin with the direct sum decomposition

F(AB1)= B F(AoBox),
x €Char(C)

Recall from [KT4, 3.10 (i) and (ii)] that, up to the same multiplicative translation, the local systems
F (Ao, Bo, x) are each geometrically isomorphic to Kummer [ Ag]* pullbacks of hypergeometric sheaves.
We have
F (Ao, Bo, 1) = [Ao]*Hsmall, A¢.Bos
and for y # 1 and any choice of p, with pﬁo = y, we have

]:(A07 BO;X) = [AO]*Hbig,Ao,B(),pX'

(i) Suppose first that AB is even, and Ag > 3. By infmono(A, B), each Ggeom, F(A,Bo.y) iS infinite.
Then by [KT6, 10.2.4 and 10.3.21], we have

o —
Ggeom,]—‘(A(),B(),Il) = SLa,-1,
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and for each y # 1, we have

G = SLy4,.

o
geom, F (Ao, Bo.x)

Now consider the direct sum of hypergeometric sheaves H(A, B, 1) defined as

H(A’ B? ]l) = 7-L_S'lﬂall,A(),B() @ @ 7-[bl'g,Ao,B(),p){'
1#y eChar(C)

Up to multiplicative translation, we have a geometric isomorphism

F(A,B,1) = [Ag]*H(A, B, 1).

As finite pullback does not change G, we have
o —
Ggeom»Hsmull,A(),B() - SLAO_] ’
and for each y # 1, we have
o —_—
Ggeom”Hhig,AoyBo:PX - SLAO :

o

ccom, H(A,B.1) 15 the asserted product

In this AB even case, it suffices to show that G

GO

geom,H(A,B,1) — SLA()*l X l—l SLA()~

X €Char(C),x#1

For this, we apply Goursat-Kolchin-Ribet [Ka2, 1.8.2]. We must show that for any character £ of

Ggeom,’H(A,B,IL),
(a) there is no isomorphism between £ ® Hmai, Ay,B, and any Hpig, ay,B,.p, OF its dual HZ:’ 40,80,y
(b) For y # ¢ both nontrivial, there is no isomorphism between £ ® Hbig,Ao,Bo,pX and either

. 1 v
Hbig.Ao.Bo.p, OF its dual ,Hbig,Ao,Bo,pq,'

The first condition holds trivially, as the ranks are different, Ay — 1 versus Ay. It suffices to show
the second condition with the stronger statement for £ any character of 75°"™" (G, /F »)- Such a
character is a Kummer sheaf £ . Indeed, as Ay > 3, either Ag — By > 1, in which case all co-slopes are
< 1, and so L is tame at oo, or Ag — By = 1, in which case there is a single slope 1 at co, but Ag — 1 > 2
slopes 0 at oo, so again £ must be tame at co.

As the ‘upstairs’ characters of Hpig . B,.p, and of both Hpig a,.8,.p, and its dual HZig,Ao,BO,W
Char(Ay), the set of all characters, the only possible £ is a Kummer £, for some y € Char(Ay).

If there were such an isomorphism, it would persist after [Ag]* Kummer pullback, which makes
the £ disappear. So in this AB even case, we are reduced to showing that for y # ¢ both nontrivial,
F (Ao, Bo, x) is not geometrically isomorphic to either F(Ag, By, ¢) orits dual F(Ag, Bo, ¢)”. Applying
Lemma 5.5, we complete the proof in the AB even case.

(i) We now treat the case when AB is odd. Then AgBy is odd, and for each nontrivial y € Char(C),
the two local systems F(Ag, Bg, x) and F(Ay, By, x) are dual. Therefore, (A, B, 1) has the same
G geom as the ‘reduced’ direct sum

are

Freaucea(A, B, 1) := F(Ag, Bo, 1) & D F(Ao, Bo, x).
X €Rep(C)

Let us explain this last point. Our situation is that we have two local systems .4 and B of ranks M and N,
respectively. We consider both the direct sum .A ® B and the direct sum A & B ® B". For the latter, an
element y € 71 (A;/F,) maps to a ‘diagonal’ element diag(Z, X,Y) in GL(A ® B & B"), This element
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satisfies the matrix equation ‘XY = Id,n. Hence, every element (Z, X,Y) in the Zariski closure also
satisfies the matrix equation ‘XY = Id, . Thus, the map

Ggeom,.AEBBeBBV - Ggeom,A@B’ (Z» X, Y) = (Z» X)
is injective: we recover Y as ‘X~!. But this projection is surjective, so we get the asserted isomorphism

Ggeom,AeaBEBBV = Ggeom,A@B .

Analogously to the AB even case, we introduce the ‘reduced’ direct sum of hypergeometric sheaves

/Hreduced(A, Bs ]l) = Hsmall,Ao,Bo 5] @ ,Hbig,AO,Bo,pX,
X €Rep(C), x#1

whose [Ag]* Kummer pullback is Fyequcea (A, B, 1). Then it suffices to prove that G;eom’Hreduced (A.B.1)
is the asserted product

o p—
chomaHreduced (A,B,IL) - SpAO_l X 1—1 SLAO '
x €Rep(C)

In view of Lemma 5.5, this is immediate from Goursat-Kolchin-Ribet [Ka2, 1.8.2]. Indeed, with the
hypothesis Ag > 3, we can instead directly apply [Ka2, 8.11.7.2] because the exclusion (1) of that result,
concerning factors of rank 2, is vacuous, as there are no such factors. O

6. Multiparameter local systems with infinite monodromy. I

We continue to work with local systems defined in (4.0.1), for which the condition infmono(A, B) does
not necessarily hold. First, we give a slight variant of Theorem 5.6.

Theorem 6.1. Given prime to p integers A > B > 1, suppose that C := gcd(A, B) is both odd and > 3.
Write (A, B) = (CAg, CBy). Let Sing, respectively Sgn, be the set of those characters y € Char(C) for
which F (Ao, Bo, x) has infinite, respectively finite, G geom. Suppose that @ # Sinr # Char(C). Then, by
Lemma 5.1(ii),

Stin = Char(Cyp) and Sinr = Char(C) \ Char(Cy)
for some divisor Cy < C of C. Denote

Fint (A, B) = ®yes,F (Ao, Bo, X)»
Fin(A, B) := @ yes;, F (Ao, Bo, x) = F(AoCo, BoCo, 1).

Then the following statements hold for G := Ggeom, 7(4,B,1) and Hpn := Ggeom, 7y (A, B)-

(i) Suppose AyBy is even. Then

° _ o ~
Ggeom,.F(A,B,Il) - Ggeom,finf(A,B) - 1_[ SLAO'
/\/Esinf

If Ao — 1 # By, then Ggeom, 7,p(A,B) = G and

o
geom, Fint (A, B)
G = Hiin X G geom, iy (A, B) -
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If Ag — 1 = By but Ay > 2, then
[G,G] = [Hfin, Hpin] X GZeom,]:inf(A,B)’

and the quotient G /|G, G] is a nontrivial finite elementary abelian p-group.
(i) Suppose AyBy is odd. Choose a subset Rep(Sint) C Sint of #Sint/2 nontrivial characters such that
for each nontrivial y € Sy, precisely one of x, x lies in Rep(Sint). Then

Ggeom,]—'inf(A,B) = l_[ SLA(): G = Hfy X Ggeom,]—'inf(A,B)~
X €Rep(Sinf)
Proof. The proof of the identification of G;wm, FABI) = G;wm’ Fur(A.B)
is a subset of the proof of Theorem 5.6 and is left to the reader.

Next, observe that G° _ is perfect and has no nontrivial finite quotient; furthermore,
geoma]:mf (A’B)

via Goursat-Kolchin-Ribet,

F(A,B, 1) = Fn(A, B) ® Finr(A, B). (6.1.1)

Assume in addition that either 2 t AgBy, or 2 | AgBp but Ag — 1 # By. Then (5.3.1) and the arguments
in the proof of Theorem 5.6 show that

_ o
G geom, Fini (A,B) = Ggeom,finf(A,B) :

Now, the action of G on the two summands in (6.1.1) projects G onto the finite group Hg, and onto
G geom, Fine (A,B) - SINCE Ggeom, 71 (A,B) has no finite quotient, an application of the classical Goursat
lemma (cf. [L, Exercise 5, p. 75]) shows that

G = Hfin X G geom, Fiys (A,B) -

Assume now that Ag — 1 = By but Ay > 2. By [KT6, Theorem 10.3.13], we have Cy = 1, and precisely
two cases:

(p, Ao, Hen) = (3,5,Sp4(3) x 3), (5,3,SLa(5) X 5). (6.1.2)

The action of G on any summand F (Ay, By, y) of F(A, B, 1) projects G onto Hs, when y = 1 and
onto an intermediate group between SL,, and SL,4, - p when x € Siyr. Hence, it projects [G, G] onto
the quasisimple group [Hsn, Han] when y = 1, and onto SL 4, when y € Siys. Again using the classical
Goursat lemma, we conclude that

[G,G] = [Hfn, Hein] X G;,eom,]-‘inf(A,B)'

Now, the above action projects G/[G, G] onto C,, on every finite summand, and onto 1 or C,, on SL-type
components, whence G/[G, G] is a nontrivial finite elementary abelian p-group. O

This last result allows a partial strengthening of Lemma 5.5(i).

Corollary 6.2. Hypotheses and notations as in Theorem 6.1, the local systems F (Ao, Bo, x) with

L ; . ) o
X € Sinf are pairwise non-isomorphic as representations of Ggeom, Fut(AB)"

o

Proof. In the case when AgBy is even, the group G
geom’}—inf(AsB)
and the constituents F (Ap, Bo, x) indexed by y € Siyf are nontrivial irreducible representations of the
various nontrivial factor groups. In the case when A By is odd, the group G geom, 7, (4,B) i a product of
copies of SLy4,, Ag > 3, and the constituents are either the natural module for one of the SL 4, factors
or the dual of the natural module for that factor. In this case, it remains to observe that, because Ag > 2,
the natural module for a given SL 4, factor is not self-dual. m]

is a product of nontrivial groups,
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Theorem 6.3. Consider the local system F = F(A,Bi,...,B,, 1) with r > 2, subject to (4.0.1).
Suppose that, for some (not necessarily balanced) pair (A, B := B;) with2 { C = gcd(A, B), F(A, B, 1)

has infinite geometric monodromy group. Then F is Lie-irreducible (i.e., G;com’ F acts irreducibly).

Proof. Write (A, B) = (CAg, CBy). When C = 1, or when Ay = 2, or when Ag = 3 and B is odd, we
have already established the statement in Theorem 5.3 (and its proof), and in Theorem 5.4.

It remains to treat the case when C > 3 and either Ag > 2 or both AyBy is odd and Ay > 3. In these
cases, we have the direct sum decomposition

FABL= B F(AoBo ),
X €Char(C)

into pairwise non-isomorphic geometrically irreducible constituents. Precisely one of these constituents
has rank Ag — 1 (namely, F(Ag, Bo, 1)), and the other C — 1 constituents each have rank A.

(a) Let Sinf, respectively Sgn, be the set of those characters y € Char(C) for which F (A, By, x) has
infinite, respectively finite, G geom, and write

Co = #S4n.
Recall from Lemma 5.1 that either Cy = 0, or Cy is a proper divisor of C > 3, and hence,
#Sinf = C — Cp > 2.
Because F (A, B, 1) is a pullback of F, we have H < G for

G:= Ggeom,}" H := Ggeom,]—'(A,B,]l),
and hence, H° < G°. Now we can apply Theorem 5.6 and Theorem 6.1 to see that

H°=H; = G;eom’fmf(A’B). (6.3.1)
By Lemma 5.5(i) and Corollary 6.2, each of C — Cy > 2 constituents F(Ag, By, ), ¥ € Sinf, 1S
irreducible under H°, and they are pairwise non-isomorphic as representations of H®.

(b) We argue by contradiction. We know [KT5, 2.6] that F is geometrically irreducible (i.e., that
G is an irreducible subgroup of GL4_; = GL(V) with V := F5). Suppose that G° is reducible on V.
Because G° < G, the action of G° on V is completely reducible. Let

V= én} I’liWi
i=1

be the decomposition of V into isotypical components under the action of G°. Then G transitively
permutes these m isotypical components, and it must also transitively permute the isomorphism classes
of the W;. Therefore, the multiplicities n; have a common value n, and V = n(&!"  W;) under G°. Now
if n > 1, then some simple summand of V|g- has multiplicity > n, contradicting the conclusion of (a).
Hence,

n=1landm > 2, (6.3.2)

the latter because we assume V|- is reducible.

Now the summands W; are transitively permuted by G, so all have the same dimension as each other,
say common dimension M. Under the subgroup H°, each W; is a partial direct sum of the H°-components
of V. In the case Cy = 0, exactly one of these G;eom’ F(A B’ﬂ)—components has dimension Ag — 1 > 2,
and all the others have dimension Ag. So exactly one of the W; has dimension which is —1 (mod Ay),
and any other W; has dimension divisible by A. This contradicts the fact that dim(W;) = M for all i.
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Assume now that Cy > 1. By Theorem 6.1, H contains the subgroup
H{ xH°, (6.3.3)

where H{ = Hpp, unless Ag — 1 = By, in which case we take H{ = [Hfn, Hfin]. Observe that in either
case, F(AoCo, BoCo, 1) splits into a direct sum of Cp simple modules under Hf, , one of dimension
Ao — 1, and the other Cy — 1 of dimension Ay. On all of these summands, H® acts trivially; see (6.3.1).
However, the remaining C — C subsheaves F(Ag, By, ¥), ¥ € Sinf, give simple, pairwise non-
isomorphic H°-submodules, as mentioned in (a). Thus, each of these simple modules of multiplicity
1 must occur in some, and exactly one, W; upon restriction to H°. Call W; big if W;|g- is nontrivial,
equivalently, contains some F (Ag, Bo, x) With xy € Siyr, and small otherwise. As before, we have

mM =D :=dim(V) = ApC - 1=-1 (mod Ap),
and so
Ao ¥ M = dim(W;). (6.3.4)

Suppose W; is big, so its restriction to H° contains some F (A, By, x;) with y; € Sinf, and consider
any h € Hf’in. Recall that A, as any other element in G, sends W; to some W;.. Since & centralizes
H°® (see (6.3.3)), the H°-modules 4(W;) and W; are isomorphic and hence have the same H° simple
summands. But F(Ag, By, x;) occurs with multiplicity 1 in V|g-; hence, h(W;) = Wy = W;. Thus, W; is
stabilized by H ’n, and hence, itis an H, f,in X H°-submodule. Recall that all but one simple summand of the
H f’in X H°-module V has dimension A, and the remaining one, F (Ay, By, 1), has dimension Ag — 1. As
Ap > 3, condition (6.3.4) now implies that W; must contain F (Ag, By, 1), which uniquely determines W;.
We have shown that among the W;’s, there is exactly one big summand, and all others are small.

Relabeling the W;’s, we may assume W is big and W», ..., W,, are all small. As m > 2 by (6.3.2),
we have

dim(®,Wi) > D/2 = (AoC - 1)/2. (6.3.5)

However, each small W; is trivial on H° (by definition), and so must be contained in F(AoCp, BoCo, 1),
and does not contain F (Ag, By, 1) (which already occurs in the big Wy). It follows that

dim(@i’zzwi) < Ag(Co—1).
As Cy < C/2, this contradicts (6.3.5). O

In tandem with Theorem 6.3, we prove the following:

Proposition 6.4. Consider the local system F := F(A, By, ...,B,, 1) with r > 2 subject to (4.0.1).
Suppose that A > 5, that for some j, A and B; have different parity, and that G° := G;eom F acts
irreducibly on F. Then F cannot be self-dual for the action of G°.

Proof. We argue by contradiction. Assume that the underlying (A — 1)-dimensional representation space
V= .Fﬁ

for G := Ggeom,F is self-dual over G°. Then Homg-(V"Y,V) is a one-dimensional representation of
G/G?; call it £. This means precisely that V = £ ® VV as a representation of G. By pullback, we get a
geometric isomorphism

]:(A,Bj,]l) EEO@.F(A,BJ',]I)V

for £ the restriction of £ to the subgroup Ggeom,7(4,5;.1) < G.
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Now define C := gcd(A, Bj), and write (A, Bj) = (CAg, CBo). Then C is odd, and precisely one of
Ao, By is even. In the decomposition

F(AB; 1) = F(4p.Bo, )& € F(40,Bo.x)
x €Char(C), xy#1

into a direct sum of local systems which are pairwise not geometrically isomorphic, the summand
F (Ao, By, 1) is the unique one of lowest rank Ay — 1. Therefore, the isomorphism above,

F(A,Bj, 1) = Lo® F(A,B;, 1),
gives a geometric isomorphism
F(Ao, Bo, 1) = Lo,0 ® F(Ao, Bo, 1),

for Lo, the restriction of L to the image in G geom, 7(Ap.Bo.1) O G geom, F(A.B;.1)-
We now consider the local system F(Ag, Bg, 1). Up to a multiplicative translation, it is the [Ap]*
pullback

[A()] *Hsmall,Ao,BO .

Thus, F (Ao, Bo, 1) is lisse at 0, and (as Hsmair, A,, B, is hypergeometric of type (Ag—1, Bo—1))its I (o0)-
representation is the direct sum Tame @ Wild with Tame of rank By — 1 and Wild of rank Ay — By, with
all slopes Ag/(Ag — Bg). The same statements about local monodromy hold for its dual F(Ag, By, 1)".

Our Ly is a constituent of F (Ao, Bo, 1) ® F (Ao, Bo, 1), so is lisse on Al

We first treat the case when Ag is odd and By is even. Suppose first that Ag — By # 1. Because
gcd (Ao, Ao — Bo) = 1, the slope Ag/(Ao — Bo) > 1 is not an integer. But the co-slope of £y o — namely,
Swane, (Lg,0) — is an integer. So if Swane,(Lo,0) > 0, then Lo g ® F (Ao, Bo, 1) will be totally wild at
o0, so cannot be geometrically isomorphic to F(Ag, By, 1), which at co has a tame part of dimension
Bo—1 > 1 (> 1 because By is odd). Therefore, Lo must be tame at co; hence, is geometrically
trivial. But then we have a geometric isomorphism of F (A, By, 1) with its dual, contradicting (ii-bis)
of Lemma 5.5.

Suppose next that Ay — By = 1 but that Ag — By # Bp — 1 > 1. Then F (A, By, 1) at co has a wild
part of dimension 1 with slope Ao and a tame part of dimension By — 1 > 1. So if Swans,(Lg9) > O,
then Lo,0 ® F (Ao, Bo, 1) will have a wild part of dimension > 2, and so cannot be geometrically
isomorphic to F (Ao, Bo, 1). Again, Lo ¢ must be tame at oo, hence geometrically trivial, and again a
contradiction of (ii-bis) of Lemma 5.5.

Finally, we have the case when Ag — Bp = 1 and By — 1 =1 (i.e., the case (Ag, Bg) = (3,2)). Here,
(A,B) =(3C,2C). As A > 5, we have C > 1. So in the decomposition

F(A,B;, 1) =F(Ap.Bo )& (P F(4o, Bo,x),
X €Char(C), y#1

there are C—1 > 1 distinct irreducible components F (Ag, By, ) of rank Ag. The geometric isomorphism
F(A,Bj,1) = Lo® F(A, Bj, 1)Y

then gives a geometric isomorphism

B  FAauBox) = P Lo®F(AxBox).
x€Char(C), y#1 x€Char(C), xy#1
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Matching irreducible constituents, we see that for some pair y, ¢ of (not necessarily distint) nontrivial
characters in Char(C), we have a geometric isomorphism

]:(AO’ BO’/\/) = ‘c)(,go ®]:(A09 BO» ‘10)\/

for some lisse £, , of rank one. Again in this situation, both F (Ao, Bo, x) and F (Ao, Bo, ¢) are lisse
on A!. Each is the [Ao]* pullback of a hypergeometric Hbig.Ag.Bo.py - T€SPECtively Hpig Ay.By.p, - Thus,
both of F (Ao, Bo, x) and F (Ao, Bo, ¢) at co have a wild part of dimension Ag — Bp =3 -2 =1 and
a tame part of dimension By = 2. So if £, , were not tame at oo, L, , ® F(Ao, By, ¢)" would have
a wild part of dimension > B = 2, impossible as F(Ay, By, x) has a wild part of dimension 1. Thus,
Ly, is geometrically trivial, and hence, we get

]:(AO’BO’X) = ]:(A(), BO, ‘p)\/s

contradicting either (ii) or (ii-bis) of Lemma 5.5. This concludes the proof in the case that A is odd and
By is even.

We now treat the case when A is even and By is odd. If Ap = 2, then By = 1, and hence,
(A, B) = (2C, C); in this case, we have M5 »(F) = 2 by Theorem 3.7. As Ggeom,  is infinite, we have
Ggeom,}' = SL4_1, and we are done in this Ay = 2 case.

It remains to treat the case when Ag > 4 is even and By is odd. If gcd(A, B) = 1, then G geom, 7(4,B)
is infinite, and hence has Gge om.F = SL4_1, and we are done in this case.

Suppose now that C > 1. Just as in the case (Ao, Bg) = (3, 2) discussed above, we match irreducible
constituents to see that for some pair y, ¢ of (not necessarily distint) nontrivial characters in Char(C),

we have a geometric isomorphism
F(Ao,Bo, x) = Ly, ® F(Ao, Bo, )"

Both F (A, Bo, x) and F(Ag, By, ¢)" are lisse at 0. As I(oo)-representations, each is Tame & Wild, with
Tame of rank By and Wild of rank Ay — By with all slopes Ag/(Ag — Bo).

If Ao — By # 1, then the slope Ag/(Ao — Bo) is not an integer. If £, , had Swan., > 0, then
Ly o ® F(Ao, Bo, ¢)" would be totally wild at co, impossible because F (Ao, Bo, x) has a tame part of
dimension By > 1. Thus, £, , is geometrically trivial. Then

F (Ao, Bo, x) = F(Ao, Bo, )",

contradicting either (ii) or (ii-bis) of Lemma 5.5.

It remains to treat the case when Ag — By = 1. Here, Tame has dimension By = Ag — 1 > 3, while
Wild has dimension 1. If £, , had Swan,, > 0, then £, , ® F (Ao, By, ¢)" would have a wild part of
dimension at least By > 3, impossible because F (Ao, By, x) has a wild part of dimension 1. So again
here, we get

F (Ao, Bo, x) = F(Ao, Bo, @)",
contradicting either (ii) or (ii-bis) of Lemma 5.5. ]

Remark 6.5. We exclude the case A = 3 in Proposition 6.4 because F (3, 2, 1) has rank two, and in any

characteristic, p > 5 has infinite Ggeom, and hence G g, = SLo = Sp, in any characteristic p > 5.

Now we can determine G geonm in the presence of infmono(A, B):

Theorem 6.6. Consider the local system F := F(A,By,...,B,,1) with r > 2 subject to (4.0.1).
Suppose that condition infmono (A, B) holds for some, not necessarily balanced, pair (A, B = B;) with
2 1 C = ged(A, B). Then the following statements hold for G geom, F-

https://doi.org/10.1017/fms.2025.10062 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10062

Forum of Mathematics, Sigma 37

(i) Suppose that AB is even. Then G;eom 7 =SLa-1.
(ii) Suppose that AB is odd. If 2 ABy ... B, then Ggeom, 7 = Sps_1- If 2|AB; ... B, then G;eom’}- =
SLA_.

Proof. (a) First, we assume that the pair (A, B) is balanced, and write Ag = A/C and By = B/C. In
view of Theorems 5.3 and 5.4, it suffices to treat the cases with

C >3, Ag>5if2 1 AB, and Ag > 3 if 2|AB. 6.6.1)

Recall the condition infmono(A, B) for the balanced pair (A, B) implies that G = Ggeom, 7 is infinite,
so G° is semisimple, say of rank

r = rank(G°).

By Theorem 6.3, G° acts irreducibly on the underlying representation V of dimension D = A — 1.
We aim to show that G° is a simple algebraic group. Assume the contrary:

G=G1 %Gy *...%xGy,

where n > 1, G; is a simple algebraic group of rank @; foreach 1 <i <n,anda; >ar > ... >a, > 1.
Thus,

n
r = Zai.
i=1

We will derive a contradiction when n > 2.
As G° acts irreducibly and faithfully on V, the underlying representation of G, we can write

VlGo=V1®V2®...®Vn,

where V; is an irreducible G;-module of dimension d; > 2. In fact, by [KIL2, Proposition 5.4.11], we
have

di > a; +1.

Since (x + 1)(y+ 1) > x+y+1forall x,y € Zs¢, we have

D = di >

1 i

(ai+1) = (a+1)(b+1), (6.6.2)

n
i=1

n
where
a=ay+ay+...+a,_1, b:=a,, a+b=r.
(al) First, we consider the case 2|AB. By Theorem 5.6(i), G° contains a semisimple subgroup of rank
Apg-2+(A-1D(C-1)=A-1-C,
andsor >A—-1-C.AsC=A/Ay < A/3 by (6.6.1), we have

r>2A/3-1=(2D-1)/3,
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and so
3r+1
p<2* (6.63)
2
As Ap = 3 and C > 3 by (6.6.1), we also have
r>S5. (6.6.4)
However, a, b > 1 implies that (2a — 1)(2b — 1) > 1 (i.e., 2ab > a + b). Hence, using (6.6.2), we now
have
D_ 3r+1 _D_3(a+b)+l
2 2
1
> (a+1)(b+1)—%
_2ab-a-b+1
- 2
>0,

contrary to (6.6.3).
(a2) Now suppose that 2 ¥ AB. By Theorem 5.6(ii), G° contains a semisimple subgroup H of rank

Ag—1

a0~ ST = (o= NC2= (A= O,

andsor > (A-C)/2. AsC = A/Ay < A/5 by (6.6.1), we have
r>2A/5=2D+2)/5,

and so

(6.6.5)

As Ag = 5and C > 3 by (6.6.1), we also have
r>6. (6.6.6)

Assume in addition that b > 2. Then either a,b > 3,0or b =2 buta > 4, and so (2a —3)(2b-3) > 5
(i.e., 2ab > 3a + 3b — 2). Hence, using (6.6.2), we now have

_5r—2:D_5(a+b)—2
2 2
>(a+1)(b+1) -

_2ab—3a—3b+4
- 2

D

S(a+b) -2
2

>0,
contrary to (6.6.5).
It remains to consider the case a, = b = 1. Write G° = X «Y, where X := Gy *...* G,_; and

Y := G,. Then

G°/X =XY/X=Y/(XNY)

https://doi.org/10.1017/fms.2025.10062 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10062

Forum of Mathematics, Sigma 39

is isomorphic to SL, or PSL,. Recall that each of the simple factors of the subgroup H has rank
> (Ap — 1)/2 > 2, and hence, any homomorphism from H to SL; or PSL,; is trivial. It follows that
H < X. Note that X actson V viaasumof d,, =b+1 > 2 copies of V| ® ... ® V,,_1; we see that each
simple summand of V|g has multiplicity > 2. However, the simple summand F (A, By, 1) of V|g has
multiplicity 1, again a contradiction.

(b) Continue with the assumption of (a). We have shown that G° is a simple algebraic group of rank
r > 5; see (6.6.4), (6.6.6). Furthermore, (6.6.3), respectively (6.6.5), still holds, so

D < (5r-2)/2.

In particular, D < 14ifr =6, D < 16if r =7, and D < 19 if r = 8. Applying [KIL2, Proposition
5.4.12], we see that G° is not an exceptional algebraic group, and thus, it is a classical group. Since
r > 5, we have that

5r-2

D < <min(r(r +1)/2,r(2r — 1) = 1,2"7),

and

D <

< min(r(r +1)/2,r(2r = 1) = 1,2"71,20),

when r = 5. Applying [KIL2, Proposition 5.4.11], we conclude that V|- (of dimension D = A —1) must
be the natural module or its dual for the classical group G°. In other words, G° = SLp, Spp,, or SOp,.

Suppose 2|AB. Then (6.6.3) rules out the groups Spy, and SOp since they have D > 2r. Hence, we
must have G° = SL4_; in this case.

Suppose 2 1 AB. The choice of the balanced pair (A, B) implies that A and B; are all odd, so V is
symplectic, ruling out SL, and SOp. Hence, we must have Sp, = G° < G < Sp,, andso G = Sp,_;.

(¢) It remains to consider the case 2|AB;...B,, 2 1 AB, and infmono(A, B) holds for the
(unbalanced) pair (A, B = B;). By Theorem 6.3, we still know that G° is irreducible on V.

Suppose first that gcd(A, B;) = 1. Then H := G geom, 7(4,B,1) i3 Sp4_1 by [KT6, Theorems 10.2.4(iii)
and 10.3.21(iii)]. As F (A, B) is a pullback of F, our G = G geom, 7, and hence, G° contains H = Sp,_;.
Thus

r>(A-1)/2=D/2. 6.6.7)

Assume G° is not simple. Now we can continue the analysis in (a2) to show thatr = a+b witha > b > 1
and D > (a+1)(b+1).Ifb > 2,then (a—1)(b—1) > 1,ab > a+b,andso D > 2(a+b)+1=2r+1,
contradicting (6.6.7). If b = 1, then as in (a2), we arrive at the contradiction that V|gy has simple
summands with multiplicity > 2.

‘We have shown that G° is simple of rank r. Recall that A > B; areodd, so A > 3and D > 2. Ifr = 1
or A = 3, then necessarily, D = 2, G° = SL,, and we are done. We may therefore assume

A>5r>2.

Hence, (6.6.7) implies D < (5r —2)/2. Assume in addition that » > 5. Then the same arguments as in
(b) show that G° = SLp, Spp,, or SOp. Applying Proposition 6.4, we conclude that G° = SLp.

Suppose r = 4. Then G° = SLs, SOy, Spg, SOg or Fy, and D < 8 by (6.6.7). Since V is irreducible
and faithful over G°, using [Lu], we see that (G°, D) = (SLs, 5), (Spg. 8), or (SOg, 8). The latter two
cases are impossible by Proposition 6.4, so G° = SLp.

Suppose r = 3. Then G° = SL4, SO7, or Spg, and D < 6 by (6.6.7). Since V is irreducible and
faithful over G°, using [Lu], we see that (G°, D) = (SL4, 4), (SOg, 6), or (Spg, 6). The latter two cases
are impossible by Proposition 6.4, so G° = SLp.
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Suppose r = 2. Then G° = SL3, Spy, or G2, and D < 4 by (6.6.7). Since V is irreducible and
faithful over G°, using [Lu], we see that (G°, D) = (SL3, 3), or (Spy, 6). The latter case is ruled out by
Proposition 6.4, and so G° = SLp,.

Now suppose that gcd(A, B;) = C > 1 for the unbalanced pair (A, B = B;) with infmono(A, B).
Again write (A, B) = (CAy, CBy). If Ag = 3, then By = 1, and we are done by Theorem 5.3(ii).

It now remains to treat the case Ag > 5. Exactly as in the discussion of the case when 2 { AB in the
balanced case, we prove that Gge om, F 152 simple algebraic group, and then that G° is one of the classical
groups SLa-1, Spy_; if A is odd, or SO4_1, acting on its natural module or its dual. Proposition 6.4

then shows that G;eom’ F= SLa_;. O
Our next result visibly improves Theorem 6.6:

Theorem 6.7. Consider the local system F = F(A,By,...,B,,1) with r > 2 subject to (4.0.1).
Suppose that, for some (not necessarily balanced) pair (A, B := B;) with2 1 C = gcd(A, B), F(A, B, 1)
has infinite geometric monodromy group H. Then the following statements hold.

(i) Suppose that AB is even. Then G;eom’f =SLA_;.
(ii) Suppose that AB is odd. If2 4 ABy ... By, then Ggeom, 7 = Spa_;. If 2|AB1 ... B, then Ggeom’f =
SLA_1.

Proof. (a) Since F(A, B, 1) is a pullback of 7, H < G := Ggeom, 7, and G is infinite. Hence, G° is
semisimple, say of rank

r = rank(G°).
We aim to show that G° is a simple algebraic group. Assume the contrary:
G =G *Gyx...%G,,

where n > 1, G; is a simple algebraic group of rank a; foreach 1 <i <n,anda; >ay > ... >a, > 1.
Thus,

n
r = Zai.
i=1

We will derive a contradiction when n > 2.
By Theorem 6.3, G° acts irreducibly and faithfully on V, the underlying representation of G. So we
can write

V|Gc=V1®Vz®...®Vn,

where V; is an irreducible G;-module of dimension d; > 2. In fact, by [KIL2, Proposition 5.4.11], we
have

di >a;+1.

Since (x+1)(y+1) >x+y+1forall x,y € Z5(, we have

A-1=D=]||a >

1 i=1

(ai+1) = (a+1)(b+1), 6.7.1)

n n

13

where

a=ay+a)+...+a,_1, b:=a,, a+b=r.
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Write Ag = A/C and By = B/C, and let V denote the underlying representation for G. Also, let Siy¢
denote the set of characters y € Char(C) such that F(Ag, By, x) has infinite G geom. By Theorem 6.6,
we may assume

C > 1, Sipr # Char(C), (6.7.2)

so that Sy = Char(C) \ Char(Cy) for some proper divisor Cy of C by Lemma 5.1(ii). As C is odd, we
have

Cy < C/3.
Also, in view of Theorem 5.4, it suffices to treat the cases with
Ag = 5if2 4 AB, and Ay > 3 if 2|AB. (6.7.3)

(al) First, we consider the case 2|AB. By Theorem 6.1, G° contains a semisimple subgroup H° of
rank (Ap — 1)(C — Cp) = 2C(Ap — 1)/3. Namely, H® is the product of the SL 4, factors, one for each
F(Ap, By, x) with y € Siy. By Corollary 6.2, the subsheaves F (Ag, By, y) with y € Siys are simple
summands with multiplicity 1 for the module V|g-. Thus, we have

r>2C(Ag-1)/3 > 4. (6.7.4)
In this case, C = (D +1)/Ag < (D +1)/3,s03r > 2A0C — 2C > 4(D + 1)/3, and thus,
D+1<9r/4. (6.7.5)

Suppose that b < Ag — 1. Then every homomorphism from H° to G,, of rank b is trivial. It follows
that H° < Gy * ... * G,_1, and hence, the restriction of V to H° is a sum of d,, = dim(V,,) > 2 copies
of the same module. But this contradicts the above multiplicity-one assertion.

We have therefore shown that

r/2>b>Ap-1. (6.7.6)
Together with (6.7.3) and (6.7.4), this implies that
ab=b(r-b) = (Ag—1)(r = (Ag—1)) = (Ag— D*(2C/3 = 1) = (Ag - 1)(4C/3 - 2).
Hence, by (6.7.4), we have

(a+1)(b+1)=D=(ab+r+1)—(AC-1)
>(Ap—-1)(4C/3-2+2C/3)+1—-(AeC—-1)
=(Ag—-1)R2RC-2)+1-(AC-1)
=(Ap—-2)(C-2) = 1.

This, however, contradicts (6.7.1).
(a2) Next, we consider the case 2 ¥ AB. By Theorem 6.1, G° contains a semisimple subgroup H°
of rank (Ag — 1)(C — Cp)/2 = C(Ag — 1)/3. Namely, H® is the product of the SL4, factors, one for

each F (Ao, By, x) with y € Rep(Sinf). By Corollary 6.2, the subsheaves F (A, By, x) With y € Siys
are simple summands with multiplicity 1 for the module V|g-. Thus, we have

r>=C(Ap—-1)/3 > 4. (6.7.7)
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In this case, C = (D +1)/Ayg < (D +1)/5,s03r > AgC — C > 4(D + 1)/5, and thus,
D +1 < 15r/4. (6.7.8)
Arguing as in (al), we see that (6.7.6) still holds. Together with (6.7.3) and (6.7.7), this implies that
ab=b(r-b) > (Ag—1)(r—(Ag-1)) = (Ag— D*(C/3-1) = (A9 — 1)(4C/3 - 4).
Suppose C > 9. Then

(a+1)(b+1)=D=(ab+r+1)—(A)C-1)
> (Ag—-1)4C/3-4+C/3)+1-(AC-1)
=(Ag-1(5C/3-4)+1-(AC-1)
= (2/3)(ApC —5C/2 - 6Ap) +6
=(2/3)(Ap-5/2)(C-6)-4=>1

since Ag > 5. This, however, contradicts (6.7.1).
It remains to consider the case C € {3, 5, 7}, in which case we have Cp = 1 andr > (Ag—1)(C-1)/2.
Now we have

ab =b(r —b) = (Ag—1)(r = (Ag = 1)) = (A9 — 1)*(C = 3)/2 = (Ag - 1)(2C - 6).
IfC="7,thenab > 8(Ag—1),a+b=r >3(Ayp— 1), and so
(a+1)(b+1) =D >11(Ag— 1) +1 - (TAg - 1) =4Ag -9 > 0.
IfC=5,thenab > 4(Ag—1),a+b >2(Ap— 1), and so
(a+1)(b+1)=D >6(Ag—1)+1—(540—1) = Ag—4 > 0.
If C =3,thenab > (Ag— 1) >4(Ag—1),a+b=r > (Ag— 1), and so
(a+1)(b+1)—D >=5(Ap—1)+1-(34p—-1)=24;-3>0.

In all cases, we arrive at a contradiction with (6.7.1).
(b) We have shown that G° is a simple algebraic group of rank r > 4; see (6.7.4), (6.7.7). Furthermore,
(6.7.5), respectively (6.7.8), still holds, so

D < (15r — 4)/4.

In particular, D < 14ifr =4,D <21ifr =6, D <25ifr =7,and D < 29 if r = 8. Applying [KIL2,
Proposition 5.4.12], we see that G° is not an exceptional algebraic group, and thus, it is a classical group.
Assume in addition that » > 7. Then

15r -4
D <

<min(r(r +1)/2,r(2r = 1) -=1,2"7Y).

Applying [KIL2, Proposition 5.4.11], we conclude that V|g- (of dimension D = A — 1) must be the
natural module or its dual for the classical group G°. In other words, G° = SLp, Sppy, or SOp.
Suppose 2|AB; ... B,. As A = ApC > 9, Proposition 6.4 rules out the groups Sp,, and SOp. Hence,
we must have G° = SL4_; in this case.
Suppose 2 1 AB;...B,. Then V is symplectic, ruling out SLp and SOp. Hence, we must have
Spp =G° <G < Spp,andso G = Spy_;.
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(c) Now we return to the general case, where we know only that r > 4. If » > 7, then we are done
by (b).

Suppose that A > 14 if 2|AB and A > 23 if 2 t AB. In the former case, r > 6 by (6.7.5). In the latter
case, r > 6 by (6.7.8). Thus, we have r > 7, and so are again done by (b).

The rest of the proof is to analyze the remaining cases, in which we may assume

4<r<6,3<A<13if2|AB, and3 < A <21if2¢ AB. (6.7.9)

Suppose A = 21. Then 2 + B, and C € {3,7}. By (6.7.3), we have Ay # 3, so (Ag,C) = (7,3) and
r > 6by (6.7.8). In view of (6.7.9), we now have r = 6,but G° > H° = SL;. Soin fact, G° = H° = Hi‘;f,
and hence, G° is reducible on V by (6.7.2), a contradiction.

Suppose A € {3,5,7,11,13,17,19} U{2,4, 8}. Since C is an odd proper divisor of A, in these cases,
we must have C = 1, violating (6.7.2).

Suppose A = 15. Then G° is a simple classical group of rank 4 < r < 6 acting irreducibly on
V = C!%, This is impossible by [Lu].

Suppose A = 12. Then (Ap,C) = (4,3) and r = 6 by (6.7.5), whence r = 6. Now G° is a simple
classical group of rank 6 acting irreducibly on V = C!!. This is impossible by [Lu].

If A =10, then C =5 and A( = 2, violating (6.7.3).

Suppose A = 9. Then (Ap, C) = (3,3) by (6.7.3), so 2|AB. Now G° is a simple classical group of
rank 4 < r < 6 acting irreducibly on V = C3, whence G° = Spg or SOg by [Lu]. In either case, this
contradicts Proposition 6.4.

Finally, if A = 6, then C = 3 and Ag = 2, violating (6.7.3). O

Next, we prove the following extension of [KT6, Theorem 11.1.3]:

Theorem 6.8. Let V = CP with D > 6, and let G < GL(V) be a Zariski closed, irreducible subgroup,
with G° # 1 being semisimple. Suppose that G contains a subgroup G| which is one of the following
groups.

(a) G istheimage of Sp,,,(q) in anontrivial subrepresentation of degree D of a total Weil representation
of degree q" for some odd prime power q = p! and some n > 1. Furthermore, if D = q", assume
that g™ > 13.

(b) G is the image of SU,,(q) in a nontrivial subrepresentation of degree D of the total Weil repre-
sentation of degree q" for some prime power q = pf and some odd n > 3 with (n,q) # (3,2).
Furthermore, if Gy is reducible on V, assume that V|g, contains a simple summand of dimension
(q" — q)/ (g + 1), and, in addition, (n,q) #+ (3, 3).

(c) G is the image of 2 - I, in an irreducible representation of degree D = 6.

(d) G| is the image of 61 - PSU4(3) in an irreducible representation of degree D = 6.

(e) G is the image of 2 - G2(4) in an irreducible representation of degree D = 12.

Then G° is a simple algebraic group acting irreducibly on V and G° > G,. Moreover, one of the
following conclusions holds.

(i) G° = SL(V), Sp(V), or SO(V).
(ii) D =32, Gy = SUs(2), and G° = Spy,.
(iii) (G°, D) = (Ga,7), and G1 = PSL,(13) or SU3(3).
(iv) (G°, D) = (Es,27) and G, = SL,(27).
) (G°, D) = (E7,56) and G, = PSU3(8).

Proof. (A) By assumption, ¢" > D > 6in(a)and (n, ¢) # (3,2) in(b), so G is quasisimple. According
to [KIL2, Table 5.2.A] and [Atlas], for the smallest index P(G) of proper subgroups of G; we have
P(G1) = ¢"+1 > D incase (a), unless (n, g) = (1, 11), for which we have D < (g"+1)/2 by hypothesis,
and P(G1) = (¢" +3)/2 > D. Similarly, P(G) > ¢" + 1 > D in case (b), unless (n,q) # (3,5), in

https://doi.org/10.1017/fms.2025.10062 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10062

44 N. M. Katz and P. H. Tiep

which case P(G) = 50. Furthermore, P(G;) = 100 > D in case (c), P(G) = 112 > D in case (d),
and P(G) =416 > D in case (e). Thus, in all cases, we have

P(Gy) > D or (S, P(Gy),D) = (PSU3(5), 50, > 50), (6.8.1)
where S := G /Z(G) is simple.
By [KIL1, Theorem 3], the smallest degree ¢(G ) of any nontrivial projective representation of G

(over C) is at least the smallest degree e(S) of any nontrivial projective representation of S (over C).
According to [KIL2, Table 5.3.A],

e(S)=(¢g"-1)/2> (D -1)/2 > max(6,411D/4) (6.8.2)
in case (a), unless D < 12.If 6 < D < 12 but Vg, is irreducible, then ¢" > 11 (as D > 6) and
e(S)=(¢g"-1)/2 2D -1 = max(5, V4D). (6.8.3)

If6 < D < 12but V|g, is reducible, then D = ¢ < 11, which is excluded by our hypothesis. Similarly,

e(S)=(q"—q)/(g+1) > max(6, V3D) (6.8.4)
in case (b), and
e(S)=D > V6D > 6 (6.8.5)

in cases (c)—(e). Moreover, in all cases, the smallest nontrivial projective representation of S is also a
projective representation of G, so in fact, we have

e(G1) =e(S) > 11D/4 > 4. (6.8.6)

(A1) By assumption, G acts irreducibly on V := CP, and G| is quasisimple. Suppose that G fixes an
imprimitive decomposition

V=VieV,e...®0V,

with m > 1. Then 1 < m|D and dim(V;) = D /m for all i.

Suppose we are in the case P(G1) > D of (6.8.1). Then every homomorphism G|, — S,,, is trivial,
and so the action of G| on the m summands V; is trivial. In other words, G stabilizes every V;. If in
addition V|g, is irreducible, then Vi, being fixed by G, is equal to V, contrary to m > 1. So V|g, is
reducible. In particular, we are either in (a) with D = ¢", in which case Vg, is a sum W; & W, of two
simple summands, W, of dimension d := (¢" — 1) /2 and W, of dimension d + 1 = (¢" +1)/2, or in (b),
in which case V|G, is a sum &;_, of s > 1 simple summands, W) of dimension d := (¢" —¢q)/(q+1) and
Wa, ..., Wy all of dimension d + 1 = (¢ + 1) /(g + 1). In either case, because W) is a simple summand
of multiplicity one in V|g,, we may assume that W; occurs in V; (and only in V;). Since each W; with
i > 1 has dimension d + 1, we see that

dim(V)) = -1 (modd+1), dim(V,) =0 (modd+1).

Thus, dim(V}) # dim(V3), a contradiction.

Suppose now that we are in the case P(G1) < D of (6.8.1), so that G/Z(G) = PSU3(5). The same
arguments as above show that G| cannot act trivially on the set {V},...,V,,}. As P(G) = 50, we must
have that m > 50, and so dim(V;) < 2 as D < 5°. But the simple summands of V|g, has dimension 20
or 21, so no V; can be fixed by G. Using [Atlas] we can check that every proper subgroup of G; has
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index 50 or > 126 > m. It follows that every G-orbit on {V1, ..., V,,} is of length 50, and hence, 50|D.
However, by (6.8.1) and hypothesis, D € {62, 83, 104, 125}, a contradiction.

(A2) We have shown that G acts primitively on V. Let @ denote the representation of G on V. Next
suppose that G fixes a tensor decomposition

V=vVieW

with 1 < dim(V;) < dim(V,). Then the quasisimple group G, admits a projective representation on
Vi, of dimension < VD, whose image is either trivial, or a quasisimple cover of the simple group
S := G1/Z(G)). By (6.8.6), every composition factor of the projective representation of G; on Vj is
trivial, and so the corresponding image of G in PGL(V}) is contained in a Borel subgroup which
is solvable. As G is quasisimple, this image is trivial (i.e., G| acts via scalars on V}). Pulling the
constants to the action of G| on V,, for every g € G, we can write

D(g) = Iddim(v;) ® ¥(g)

for a unique matrix ¥(g) € GL(V,). Since ®@|g, is a linear representation, it follows that ¥ is a linear
representation G; — GL(V3). Thus, ®@|g, is the sum of dim(V;) > 1 copies of the representation V. In
particular, every simple summand of V|g, occurs with multiplicity > dim(V;) > 1. But this contradicts
our hypothesis on V|g,.

(A3) We have shown that G| cannot fix any tensor decomposition of V. Finally, suppose G fixes a
tensor induced decomposition

V=Vi®...®V, = V"
with m > 2 and dim(V;) > 2. Then
m < log, D < P(Gy),

the latter inequality because of (6.8.1). In such a case, G| must fix every tensor factor V;, and hence,
V|, is tensor decomposable, contrary to the preceding result.

Note that Z(G)° < Z(G°) is finite since G° is semisimple. Thus, Z(G) is finite. We have shown that
(V, G) satisfies condition (S+). By [KT3, Lemma 1.1], G° is a simple algebraic group acting irreducibly
onV.

(B) By Schur’s lemma, C(G°) = Z(G) is cyclic. Furthermore, Out(G®) is a subgroup of Sz, and
hence solvable. It follows that G /G*® is solvable. But G is perfect, so G; < G°.

Let r denote the rank of the simple algebraic group G°. We will now analyze each of the possibilities
for G°.

(B1) Suppose G° is of type A,. In this case, G° admits an irreducible projective complex repre-
sentation ® of dimension r + 1 with finite cyclic kernel. Thus, ®|g, is now a nontrivial projective
representation, and, arguing as in (A), we see that

r+1>e(Gy) > +11D/4,

by (6.8.6). It follows that 7 > 4 and D < 4(r+1)?/11 < r(r+1)/2. Applying [KIL2, Proposition 5.4.11],
we conclude that the D-dimensional module V of G° is the natural module, or its dual, and so G° = SLp.

(B2) Suppose G° is of type B, with r > 2. In this case, G° admits an irreducible projective complex
representation ® of dimension 2r + 1 with finite cyclic kernel and with image contained in PSOy, ;.
Thus, B|g, is now a nontrivial projective representation, and hence,

2r+1>e(Gy) > +11D/4 6.8.7)
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by (6.8.6). Now, if r = 2, then e(G) = 5, and so by (6.8.2)—(6.8.5), we must have that G| /Z(G) =
PSL,(11). Since SL,(11) is the universal cover of PSL,(11), O lifts to a 5-dimensional orthogonal
representation of SL,(11), which is impossible. So

r>3and D <42r + 1)?/11 < r(2r +1).

Applying [KIL2, Proposition 5.4.11], we see that either the D-dimensional module V of G° is the natural
module of dimension 2r + 1 and so G° = SOp,or3 < r < 5and D = 2". It remains to look at the latter
possibilities.

Note that if D = 8, then G| = SL,(17) and V|g, is irreducible of symplectic type. (Indeed, if we are
in case (a), then, as g" # 8, we have

(¢"+1)/2=D =8,

whence (n,q) = (1,17) and so G| = SL(17) in an irreducible Weil representation. If we are in case
(b),then 8 = D > (¢" — q)/(q + 1), which is at least 10 if n > 5, and at least 12 if n = 3 but ¢ > 4.
So (n, q) = (3, 3), and we quickly reach a contradiction.) However, in this case, we have ¢(G) = 8 and
r = 3, contrary to (6.8.7).

Similarly, if D = 16, 32, or 64, then either (D, G) = (16,SL,(31)), (64,SL,(127)) and V|g, is
irreducible,or D = 32and G| = SUs(2),0or D = 64and G| = SU3(4). (Indeed, if we are in case (a), then,
asq" # 16,32,64, wehave (¢""+1)/2 = D = 16,32, 0or 64, whence (D, n, q) = (16,1,31) or (64, 1, 127)
and G acts in an irreducible Weil representation. If we are in case (b), then D > (¢" — q)/(q + 1),
which is at least 72 if n > 9, orn = 7but g > 3,orn =5butg >4, orn =3 butg > 9. If
(n,q) =(7,2), then D € {42,43, > 85}.1If (n, q) = (5, 3), then D € {60, 61, > 121}.If (n, q) = (5,2),
then D € {10, 11,21,32} by hypothesis, so D = 32. If (n,q) = (3,8), then D € {56,57,> 113}.
If (n,q) = (3,7), then D € {42,43,> 85}. If (n,q) = (3,5), then D € {20,21,41,62,> 83}
by hypothesis. If (n,q) = (3,4), then by hypothesis D € {12,13,25,38,51,64}, so D = 64. If
(n,q) = (3,3), then D = 6,7 by hypothesis.)

Now, in the case D = 16 and G| = SL,(31), we have e(G) = 15 and r = 4, contrary to (6.8.7).

In the case D = 32 and G| = SU5(2), we have G° = Spin ;. The projection G° — SOy, has kernel of
order 2 which must then intersect G trivially since G is simple. It follows that G| embeds in SO;;. But
this is a contradiction, since every nontrivial complex representation of degree 11 of SU5(2) is either
irreducible non-self-dual, or a direct sum of a trivial representation and an irreducible representation of
symplectic type (of degree 10) see [Atlas].

(B3) Suppose G° is of type D, with r > 4. In this case, G° admits an irreducible projective complex
representation ® of dimension 2r with finite cyclic kernel and with image contained in PSO,,.. Thus,
0|, is now a nontrivial projective representation, and hence,

2r > e(Gy) 2 /11D /4 (6.8.8)
by (6.8.6), so
D < 16/2/11 < r(2r - 1).

Applying [KIL2, Proposition 5.4.11], we see that either the D-dimensional module V of G° is (quasi-
equivalent in the case r = 4 to) the natural module of dimension 2r and so G° = SOp,or4 <r <7
and D = 2"~!. It remains to look at the latter possibilities.

If (r,D) = (4,8), then G; = SL,(17) and V|g, is of symplectic type, as shown in (B2). However,
V|- is quasi-equivalent to the natural module, so it is of orthogonal type, a contradiction.

If (r, D) = (5,16), then G| = SL,(31) as shown in (B2). However, in this case, ¢(G{) = 15 and
r =5, contrary to (6.8.8).
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If (r,D) = (6,32),then G; = SUs5(2) as shown in (B2),and G° = Spin,. The projection G° — SOy,
has kernel of order 2 which must then intersect G trivially since G is simple. It follows that G
embeds in SOj,. But this is a contradiction, since every nontrivial complex representation of degree 12
of SUs5(2) is either a sum of of a trivial representation and a non-self-dual irreducible representation
(of degree 11), or a sum of two copies of the trivial representation and an irreducible representation of
symplectic type (of degree 10); see [Atlas].

If (r, D) = (7,64), then G| = SU3(4) as shown in (B2), and G° = Spin . The projection G° — SOy4
has kernel of order 2 which must then intersect G trivially since G is simple. It follows that G
embeds in SO14. But this is a contradiction, since every nontrivial complex representation of degree 14
of SU3(4) is either a sum of of a trivial representation and a non-self-dual irreducible representation
(of degree 13), or a sum of two copies of the trivial representation and an irreducible representation of
symplectic type (of degree 12), see [Atlas].

(B4) Suppose G° is of type C, with r > 3. In this case, G° admits an irreducible projective complex
representation ® of dimension 2r with finite cyclic kernel and with image contained in PSp,,.. Thus,
O|g, is now a nontrivial projective representation, and hence, (6.8.8) holds by (6.8.6), and so

D <16:2/11 <r(2r-1) - 1.

Applying [KIL2, Proposition 5.4.11], we see that either the D-dimensional module V of G° is the natural
module of dimension 2r and so G° = Spp,,or3 <r <5and D =2", or (r, D) = (3, 14). It remains to
look at the latter possibilities.

If D =8, then G| = SL,(17) as shown in (B2). Howeyver, in this case, we have ¢(G) = 8 and r = 3,
contrary to (6.8.8).

If D = 16, then G| = SL;(31) as shown in (B2). However, in this case, we have ¢(G) = 15 and
r = 4, contrary to (6.8.8).

If D = 32, then G| = SU5(2) as shown in (B2), and this is recorded in conclusion (ii).

If (r, D) = (3, 14), then this violates (6.8.8).

(BS5) Suppose G° = G». Then G° < SL7, and so

e(Gy) <7, (6.8.9)

whence D < 17 by (6.8.6). Since V|- is irreducible, we must have D = 7 or 14 by [Lu].

Suppose D = 7. In case (a), (since ¢ > 13 when D = ¢"), we have (¢" + 1)/2 = D =7, and so
(n,q) = (1,13) and G; = PSL,(13). In case (b), since D > (¢" — q)/(g + 1) is at least 10 whenn > 5
orn =3but g > 4, we have (n,q) = (3,3) and G| = SU3(3). These two possibilities are recorded in
conclusion (iii).

Suppose D = 14.Incase (a), we have (¢"+1)/2 = D = 14,andso (n, ¢) = (1,27) and G| = SL,(27).
This violates (6.8.9) since e(G1) = 13. In case (b), D > (¢" — q)/(gq + 1) is at least 20 when n > 7, or
n=5butg >3,orn=3butg > 5. Now if (n,q) = (5,2), then D € {10, 11, > 21}. If (n,q) = (3,4),
then D € {12,13, > 25}. If (n, q) = (3,3), then D € {6, 7} by hypothesis.

(B6) Suppose G° = F4. Then G° < SLyg, and so

e(Gy) < 26, (6.8.10)

whence D < 245 by (6.8.6). Since V|g- is irreducible, we must have D = 26 or 52 by [Lu].

Suppose D = 26. In case (a), we have (¢" = 1)/2 = D = 26, and so G| = SL,(53). But SL,(53)
cannot be embedded in F4 by [GrR]. In case (b), D > (¢"—¢q)/(q+1) isatleast42 whenn > 7,orn =5
butg > 3,orn=3butg > 7. Now if (n,q) = (5,2), then D € {10, 11,21,32}.If (n,q) = (3,5), then
D € {20,21,> 41}. If (n,q) = (3,4), then D € {12,13,25, > 38}. If (n,q) = (3,3), then D € {6,7}
by hypothesis.

Suppose D = 52. In case (a), we have (¢" + 1)/2 = D =52, and so G| = SL,(103). But SL,(103)
cannot be embedded in Fy by [GrR]. In case (b), D > (¢" —q)/(q + 1) is atleast 56 if n > 9, orn =7
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butg > 3,orn=5butqg > 3,orn =3butqg > 8. If (n,q) = (7,2), then D € {42,43,> 85}. If
(n,q) =(5,2) or (3,3),then D < 32.1f (n,q) = (3,7),then D € {42,43,> 85}.1f (n, q) = (3,5), then
D € {20,21,41, > 62} by hypothesis. If (n, g) = (3, 4), then by hypothesis, D € {12, 13,25,38,51, 64}.

(B7) Suppose G° = E¢. Then G° admits an irreducible projective representation of degree 27, and so

e(Gy) <27

whence D < 265 by (6.8.6). Since V|g- is irreducible, we must have D = 27 or 78 by [Lu].

In case (a), D = ¢" or (¢" + 1)/2, so G| = SL,(27) as recorded in (iv), or SL,(53), which cannot
be projectively embedded in Eg by [GrR]. So we are in case (b). Since no PSU, (¢) with n > 5, or
n =3but g > 9, can be embedded in Eg by [GrR], we have n = 3 and ¢ < 8. If (n,¢q) = (3, 8), then
by hypothesis, D € {56,57} or D > 113} or 170 < D < 512. If (n,q) = (3,7), then by hypothesis,
D € {42,43,> 85}.If (n,q) = (3,5), then D € {20, 21,41, 62, > 83} by hypothesis. If (n,q) = (3,4),
then by hypothesis, D € {12,13,25} or 38 < D < 64.

(B8) Suppose G° = E;. Then G° admits an irreducible projective representation of degree 56, and so

e(Gp) <56,

whence D < 1140 by (6.8.6). Since V|g- is irreducible, we must have D = 56, 133, or 912 by [Lu].

In case (a), D = q¢" or (¢" = 1)/2, so G| = SLy(113) or SL,(1813), neither of which can be
projectively embedded in E7 by [GrR]. So we are in case (b). Since no PSU,,(¢g) withn > 5,orn =3
but ¢ > 9, can be embedded in Eg by [GrR], we have n = 3 and ¢ < 8. If (n,q9) = (3,8), then by
hypothesis, D € {56,57,113} or 170 < D < 512, s0 D = 56 and G| = PSU3(8) as recorded in (v). If
(n,q) = (3,7), then by hypothesis, D € {42,43,85,128} or 171 < D < 343.1f (n,q) = (3,5), then
D <41 or62 < D < 125 by hypothesis. If (n, g) = (3,4), then by hypothesis, D < 51 or D = 64.

(B9) Finally, suppose G° = Eg. Then G° < SLy43, and so

e(Gy) <248,

whence D < 22365 by (6.8.6). Since V|- is irreducible, we must have D = 248 or 3875 by [Lu].

In case (a), D = ¢" or (¢" = 1)/2, which is impossible. So we are in case (b). Since no PSU,,(g) with
n > 5,orn=3butg > 9, can be embedded in Eg by [GrR], we have n =3 and g < 8. Now if g < 5,
then D < 125.1f (n, g¢) = (3, 8), then by hypothesis, D < 227 or284 < D < 512.1f (n, q) = (3,7), then
by hypothesis, D < 214 or 257 < D < 343. None of these values can fit the values 248 or 3875. O

Now we can prove the main result of this section. Recall that the systems F(A, By, ..., B, 1) with
finite Ggeom are already classified in Theorem 11.2.4 of [KT6].

Theorem 6.9. Consider the local system F = F(A,By,...,B,,1) with r > 1 subject to (4.0.1).
Suppose that A > T and that G geom, F is infinite. Then the following statements hold.

(i) Suppose that AB, ... B, is even. Then G;eom’]_. =SLA-_;.

(ii) Suppose that AB ...B, is odd. Then G geom, 7 = Sp_1-

Proof. If r = 1, then the result follows from Theorems 10.2.4 of 10.3.21 of [KT6]. Hence, we will
assume r > 2. Since gcd(A, By, . .., B,) = 1, there must be some i such that

2t C :=gcd(A, B;).
Now if F (A, B;, 1) has infinite monodromy group, then we are done by Theorem 6.7.
It remains to consider the case in which F (A, B;, 1) has finite geometric monodromy group G . By

Theorem 5.4(ii), we may assume that

(A/C,B;/C) # (3,1). (6.9.1)
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(b) Let the prime p be the characteristic of F, and consider the case where (A, B,) = (p" + 1, 1) for
some n € Zs1. Then F is the system of Theorem 2.4, with its f(x) taken to be x4, and its by, ..., b,
taken to be {By,...,B,_1, B, = 1}, and F has

Iy I #X(L)
2,2 = limsup .
#L—oo (#L)?

where X isthelocus X1 =Xy =2%p, =... =25, , =0.

According to [KT6, Theorem 11.2.3], when A = p" + 1, the local system F(A, By,...,B;,1) in
characteristic p ¥ AB; ... B, can have finite G geom only in the ‘van-der-Geer-van-der-Vlugt® situations,
that is, when B; = p" + 1 for 1 < j <r -1, and either B, = p" + 1 withm, > 0, or B, = 1.

We apply Proposition 3.5 to F. Suppose p = 2; in particular, 2 ¥ ABj ... B,. In the case of 3.5(b),
we have M5 > = 3 and hence (because Ggeom, 7 is infinite and F is symplectically self dual), G = Sp,_;.
In the case of 3.5(d), which is ‘vdG-vdV’, G is finite.

Suppose p > 2. In the case of 3.5(a), we have M> » = 2, and hence (again because G geom, 7 is infinite),
G° = SLy4-;. In the case of 3.5(c), which is again ‘vdG-vdV’, G is finite.

(c) In the rest of the proof, we will assume that

If A —1isa p-power then B, # 1. (6.9.2)

Moreover, using [KT6, Theorem 11.2.3], we may assume that some B is neither 1 nor a 2-power plus
one when p = 2. Replacing B; by this B, we may furthermore assume that

If p=2and A — 1 is a 2-power then B; — 1 is not a 2-power. (6.9.3)

Let V denote the underlying representation of G, and apply Theorems 10.3.14 and 11.2.4 of [KT6] to G.

Suppose C > 1. Then, since C is odd, we are in case (iii) of [KT6, Theorem 11.2.4]. In particular, V|g,
is a submodule of the total Weil module of SU,,(g) that contains the submodule F(A/C, B;/C, 1) of
dimension (¢"—¢)/(g+1), for an odd integer n > 3 and a power g = p/ . Furthermore, C|(g+1) by [KT6,
Theorem 11.2.4(iii)], and this rules out the possibility (n, ¢) = (3, 3). If, moreover, (n, ¢) = (3,2), then
we have (A/C, B;/C) = (3, 1), contrary to (6.9.1). Hence, (n, g) # (3,2). Thus, we fulfill hypothesis
(b) of Theorem 6.8.

Suppose C = 1. Then [KT6, Theorem 11.2.4] implies that 7 (A, B;, 1) is as described in Theorems
10.2.6 and 10.3.13 of [KT6]. Next, assumption (6.9.2) rules out possibility (iv) of [KT6, Theorem
10.2.6], and assumption (6.9.3) rules out possibility (iii) of [KT6, Theorem 10.3.13]. Furthermore, in
case (ii) of [KT6, Theorem 10.2.6], we have (n,q) # (3,2) because A > 7. Thus, G, satisfies the
hypothesis of Theorem 6.8 when C = 1 as well, by [KT6, Theorems 10.2.7 and 10.3.13].

It follows that the semisimple group G° = G;e om,F Satisfies one of the conclusions of Theorem 6.8.
In particular, G° > G acts irreducibly on V. Hence, by Proposition 6.4, V|g- is not self-dual in
case (i). Next, we observe that none of the possibilities (ii) and (iv) of Theorem 6.8 cannot occur.
Indeed, in the case of 6.8(ii), we have (D, p,G1,C) = (32,2,SUs(2),3). In such a case, by [KT6,
Theorem 11.2.4], A = 33 and B; € {3,9}, which is forbidden by (6.9.3). In the case of 6.8(iv), we have
(D, p,G1,C) =(27,3,SL,(27), 2), which is ruled out since C is odd.

Suppose G° satisfies Theorem 6.8(i), that is, G° = SL(V), Sp(V), or = SO(V). In case (i), V|ge is
not self-dual, so we must have G° = SLp. In case (b), V is symplectic self-dual, so G° = Sp,.

Suppose G° satisfies Theorem 6.8(iii). Here, A = 8, so V|g- is not self-dual, contradicting the fact
that the 7-dimensional module of G is self-dual.

Finally, we consider the case when G° satisfies Theorem 6.8(v). Then we have A = 57, C =1,
G = PSU;(8), and Theorems 10.2.4 and 10.3.21 of [KT6] imply that p =2 and B; = 1 (and so i = r).
As p = 2,all Bj are odd, and hence, G < Spsq. We will derive a contradiction by showing that G = Spsg¢
in this case. Indeed, recalling > 2, we have that B; > 1 = B; and gcd(A, B}) is odd. Replacing (A, B;)
by (A, By), we have G° = Sps4 by the already established result. O
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Finally, we remove the restriction A > 7 in Theorem 6.9:

Theorem 6.10. Consider the local system F = F(A,Bi,...,B,,1) with r > 1 subject to (4.0.1).
Suppose that 3 < A < 6 and that G geom, F is infinite. Then the following statements hold.

(i) Suppose that AB; ... B, is even. Then G;eom’}- =SL4_;.
(ii) Suppose that AB ... B, is odd. Then Ggeom, 7 = Sps_;-

Proof. Denote G := Ggeom, . If ¥ = 1, then the result follows from Theorems 10.2.4 and 10.3.21 of
[KT6]. Also, if A = 3, then G° < GL, is a semisimple algebraic group, whence G° = SL,. Henceforth,
we assume

r>2, 4<A<e6. (6.10.1)

Suppose that for some i, we have A = 2B; or A = 3B;. In the latter case, we have A = 6 because
of (6.10.1). Hence, Theorem 3.7 implies that M > = 2 in both cases, when G° = SL4_; by Larsen’s
Alternative.

Next, suppose that B = A—1; in particular, 2|AB,. If (A, B, 1) has infinite geometric monodromy
group H, then H° = SL4_; by [KT6, Theorem 10.3.21(i)]. As F (A, By, 1) is a pullback of F, it follows
that G° = SL 4. If F(A, By, 1) has finite geometric monodromy group, then (A, By, p) = (5,4, 3) by
[KT6, Theorem 10.3.13]. In this case, we have {B,, ..., B, } C {1,2}, and G is finite by [KT6, Theorem
11.2.3(vii)].

We now assume that

Bi+A—-1,A4/2,A/3

and analyze the remaining cases.

(a) Suppose A = 4. Then B; # 2,3 and so k < 2, contrary to (6.10.1).

(b) Suppose A = 5. First, we consider the case that B; = 2 for some 7, and let H denote the geometric
monodromy group of F (A, B;,1). If H is infinite, then H° = SL4_; by [KT6, Theorem 10.3.21(i)],
whence G° = SLa_;. If H is finite, then (H, p) = (Sp4(3),3) or (2A7,7) by [KT6, Theorem 10.3.13].
In both cases, we have M, »(H) = 2, whence M> »(F) =2 and G° = SL4.

In the remaining case, B; # 2,4, so k > 2 forces (A, By,...,B,) =(5,3,1) and p # 3,5. If p = 2,
then G is finite by [KT6, Theorem 11.2.3(ii)]. If p > 5, then F (5,3, 1) has Spy as its Ggeom by [KT6,
Lemma 10.3.20]. As F is symplectic self-dual, we conclude that G = Sp,.

(c) Finally, assume A = 6. Then B; # 2, 3, 5, so the inequality k > 2 forces (A, By, ...,B;) = (6,4,1)
and p > 5. Let H denote the geometric monodromy group of F (6, 1, 1). If in addition, p # 5, 11, then H
is infinite by [K'T6, Theorem 10.2.6], whence H = SLs by [KT6, Theorem 10.2.4(i)], and we conclude
that G° = SLs.

Suppose p = 5. Then M, > = 2 by Proposition 3.5, whence G° = SLs.

In the remaining case, we have p = 11. Recall that G acts irreducibly on the underlying representation
V = C, of prime dimension D = 5. Since G° # 1 is semisimple — in particular, non-abelian — it must
have some simple submodule of dimension > 1 on V, and so Clifford’s theorem implies that G° is
irreducible on V as well. Now D = 5 being prime forces G° to be simple, of rank < 4. An inspection of
[Lu] or use of Gabber’s theorem [Ka2, 1.8] shows that either G° = SLs, or G° = SL,, or G° = SOs. In
the latter two cases, V|g- is self-dual. Note that G/Cg5(G°) — Out(G°) = 1 and Cs(G®) is abelian
by Schur’s lemma. So G/G° is abelian, and hence, the simple H = PSL;(11) must embed in G°. But
this is a contradiction since V|g is non-self-dual. Hence, we conclude that G° = SLs. (Alternatively, by
considering the pullback F (6,4, 1) of F and its decomposition as F(3,2,1) & F (3,2, x2), we see by
that G;eom’ F6.4.1) projects onto SL3. This rules out the possibilities SL, and SOs for G°). O
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7. Multiparameter local systems with infinite monodromy. II

In this section, we are given a (possibly trivial) multiplicative character y of (the multiplicative group of)
a finite extension L/FF,,. We consider a local system JF, on A" /L defined as follows. We are given a list
of integers

A>By>...>B, 21, ptA[|Bi, ged(A,By,....B,) = 1.
as in (4.0.1). For E/L a finite extension, and (¢{,...,t,) € E",

-1 r
Trace(Frob,,,...,).elFy) = — > we(x* + ) tx®) ye (x).
TIIEES)

x€eL i=

Here, we make a choice of 4/p € @, and define V#L = \/ﬁdeg(” Fo) We adopt the usual convention
that y(0) = 0if y # 1, but 1(0) = 1. We will name this F, as

.F(A,B],...,Br,)()

when confusion about which F, 7’ is possible. Recall from [KT5, 2.6] that such an F, is geometrically
irreducible.
In the previous sections, we determined G

geom, F
the same for any F) with y # 1 whose Ggeom, 7, is infinite.

We begin with the ‘easy’ case.

for any Fy whose Ggeon is infinite. We now do

Theorem 7.1. Let y be nontrivial. Suppose that for given data

A>B >...>B, >1, p)(AHB,-, gcd(A,By,...,B,) =1,
i

with A > 3, r > 2, and both Fy, F, have infinite G geom. Then we have the following results.

(i) If AT1; B; is even, then GZeom,}‘X =SL4.
(ii) If ATl; Bi is odd, p # 2, and y is the quadratic character, then we have G geom, 7, =S0a.
(iii) If AT1; B; is odd, and x* # 1, then Geeom 7, = SLa.

Proof. 1f AT]; B; is even and Ggeom, 7, is infinite, then G;eom’ﬁ = SL4—-1 by Theorems 6.9 and 6.10.
Therefore, M5 »(F1) = 2. By Theorem 2.4, we have M;»(F,) < M, »(F1). But for any local system
of rank > 1, My, > 2. Therefore, M>(F,) = 2. Given that Ggeom, F, 18 infinite, we must have
G;eom’ = SL 4 by Larsen’s Alternative [Ka3, 1.1.6].

If ATI; Bi is odd and Ggeom,7; is infinite, then Ggeom,7; = Spu_i. Therefore, M>»(F1) = 3.
Therefore, M5 »(F,) < 3, so either M ,(F,) =2 or M>»(F,) = 3.1f pis odd and y is the quadratic
character, then F, is orthogonally self-dual (being self-dual because its traces are real, and being
geometrically irreducible of odd rank). Thus, we have an a priori inclusion G geom, 7 < O4. Given that

Ggeom, F, 18 infinite, we must have G ;eom’ F= SO4 by Larsen’s Alternative [Ka3, 1.1.6]. Thus, we have

SOp < G < Op. But det(F) is lisse on A¥ of order dividing 2, and so must be geometrically trivial as
p#2

Finally, we must treat the case when A [, B; is 0dd, G geom, 7, = Spa_1» and x? # 1. When x? # 1
and A and all B; are odd, we have M, >(F,) < M, >(F1) by Theorem 2.4. Therefore, M>>(F,) =2 in
this case, and we have Gge om.F, = SL4 by Larsen’s Alternative [Ka3, 1.1.6]. O

It remains to treat cases with y nontrivial in which F7 has finite Ggeom but F, has infinite G geom.
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Theorem 7.2. Consider the case of p arbitrary, q = p for some f > 1,r > 2,
n>m;>...>my_1 >0
integers with gcd(n,my,...,m,_1) = L and F,, x # 1, formed with
(A,By,....,B,)=(¢"+1, g™ +1,...,4™ " +1,1).
Then Ggeom’}.}( = SL4.

Proof. The only purpose of the ged hypothesis is to ensure that our choice of g is correct. The fact
that B, = 1 ensures the geometric irreducibility. We compute M5 >(F7) as the number of geometrically
irreducible components of dimension 2 of the intersection X4 g, ... g, of the Fermat surfaces

Tyixlayd -z —wl=0
as d runs over the exponents (A, By, ..., B,). We have the obvious inclusion

2ABi,...B, © ZAB, = Zl4gn,1-

Using the equation X1 = x +y — z — w = 0, we may solve for w as w = x +y — z, and rewrite Zj,4n 1 as
the locus in the A of x, y, z of

B A}
Let us temporarily write
Q:=q".
According to [KT6, Lemma 12.3.2], we have the following factorization in F2 [x, y, z]:

A4y _ Oy y )l = —(y—2) 1_[ (x+ Ay — (A+1)2).
AcF ), AC=-A

In the special case p = 2, we get the identity in Fp[x, y, ]

Wyt 0 (xay )= (y—2) [ | (x+ Ay - (A +1)2). (7.2.1)
AE]FQ

Going back to x, y, z, w, these linear factors give the following Q + 1 affine planes in A%

(y=z,w=x), (x=z,w=1y) (7.2.2)
together with the Q — 1 planes P4, one for each A € F with A2~! = —1, of equation
Pp:(x=-Ay+(A+1)z,w=—-(A-1)y+ Az). (7.2.3)

By [KT6, Theorem 11.2.3], Ggeom, 7, is infinite, so it suffices to show that M;>(F)) = 2. The
geometrically irreducible components of X4 g, ... p, are then among the planes above. So it suffices to
show that for each A € ]FQz with AC~1 = —1, the limsup over extensions E of L dies:

1
limsup > x(xy/zw) =0. (7.2.4)
E/L #E—e (FE) (S epae)
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We readily calculate on P4, with coordinates y, z,

xy/zw = (=Ay* + (A + 1)yz) /(=(A = 1)yz + AZ®)
= (=A+(A+1z/y)/(=(A=1Dz/y + A(z/y)?)
=(-A+(A+1Dz/y)/((z/y)(=(A - 1)+ A(z/y)).

This is an expression in the quantity

T :=z/y,
namely,
(=A+(A+DT)/(T(=(A - 1) + AT)).
Thus,
Z X (xy/zw) = (#E — 1) Z X(=A+ A+ DT} (T(-(A - 1) + AT)).
(x,y,2,w) P (E) TelL

So it suffices to show that for every A € F2 with AC~! = 1, this sum is O(V#E).
Suppose first that p is odd. Then Q + 1 is even, and hence, A is neither 1 nor —1. Then the local system

Ly (-a+(a+1)T) ® LT (—(A-1)+AT))
is lisse of rank one on P! \ {0, 00, A/(A +1), (A — 1)/A}, extended by direct image across the missing
points, at each of which the ramification is tame but nontrivial. Then by the usual Weil estimate, this
sum has absolute value at most 2V#E.

Suppose next that p = 2. Then for A # 1, the above argument gives the same bound 2V#E. In the
case A = 1, local system is just [:/?(Tz) = E)?z(T), But y, being nontrivial in characteristic 2, has odd

order, so )(2 # 1, and in this case, the sum vanishes. O
Theorem 7.3. Suppose given r > 2 and integers
n>m;>...>m, >0

with ged(n, my, . ..,m,) = 1 and 2|n [1; m;. Let p be a prime, q = p¥ with f > 1, x := ged(p — 1,2),
and form the data

(A,By,....,B,) =(("+ 1)/, (g™ + D /k,..., (g™ +1)/x).

If p = 2, make the further assumption that m, > 1. Then for F := F(A,By,...,B,) and any y with

x“ # 1, we have G;eom,]—')( = SL 4.
Proof. Because ged(n,my,...,m,) =1and 2|n[]; m;, there is some m; whose parity is different from

that of n: that is, if n is even the gcd condition forces some m; to be odd, and if » is odd, the evenness
condition forces some m; to be even. Pick one such m := m; such that n and m have opposite parities.
Next, we show that

d:=gcd((g"+ 1)/, (¢ +1)/k) = 1. (7.3.1)
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Indeed, e := gcd(n, m) is odd as n and m have different parities. Let k € {n, m} be the one that is even.
Then ¢g¥ =1 (mod 4) when p > 2, and so (¢g* + 1)/« is always odd, and hence, 2 { d. Suppose d > 1,
and let £ > 2 be any prime divisor of d. Then ¢ divides

gcd(qz" _ 1’q2m _ 1) — qu _ 1’

and so £|(g° — 1) or £|(g° + 1). In the former case, as e|n and £ > 2, we have £|(¢" — 1)/k, and so
(g"+1)/x = 2/k (mod ¢), a contradiction. In the latter case, as 2 { e and 2|k, we have k = 2[e for
some [ € Zs1. Now £](g* — 1) and (g% — 1)|(¢%'¢ — 1), so we again have (¢* + 1)/« = 2/x (mod ¢),
a contradiction.

By [KT6, Theorem 11.2.3], G geom, F(4,B;,y) is infinite. Using (7.3.1) and applying Theorems 10.2.4

and 10.3.21 of [KT6], we obtain G;eom,]-"(A,B,-,)() = SL4. Since F(A, By, x) is a pullback of F,, we
conclude that G° = SL4. O
geom, Fy

We now begin preparation for the SU case. We begin with an ‘axiomatic’ result, which reveals the
simple underlying mechanism.

Theorem 7.4. Let p be a prime A > B > 1 a pair of odd, prime to p integers, C := gcd(A, B). Write
(A, B);= (AoC, BoC). Suppose that y is a multiplicative character with x> # 1, with the following
property: For every multiplicative character p with p€ = y, the local system F(Aq, Bo, p) has infinite
Ggeom. [Indeed, it has Ggeom = SLa,, in view of Theorems 10.2.4 and 10.3.21 of [KT6]. Notice that
Ag, By are both odd, so Ay — By > 2.] Then the local system

f(AvB7/\/): @ ‘F(AOaBO7p)

ppC=x
has
G geom, F(A,B.x) = 1_[ SLa,-
ppC=x
Proof. For each p, pick a multiplicative character o, with

0';,4 " =p.
Then P ipCay T (Ao, By, p) is geometrically isomorphic to the Kummer [Ag]* pullback of the direct
sum of hypergeometric sheaves

@ 7-lbig,Ao,Bo,G'p :

pipC=x

Each constituent hypergeometric sheaf is of type (Ag, By), of odd rank Ay > 3. As Kummer pullback
does not change G g¢op,, We see that each constituent hypergeometric sheaf has its G;eom’% = SL4,. So
it suffices to show that

G° =[] sta.
geom,@p:pc:)( Hbig,Ay.Bg.0p c 0
ppC=x

For this, we apply Goursat-Kolchin-Ribet in the form [Ka2, 8.11.7.2]. We must show that for p; # p2,
there is no Kummer sheaf £, such that the sheaf L ® Hpig, 4,, By, is geometrically isomorphic to
either Hpig, 49,By,0,, OF to its dual. [Notice that because Ao — By is even, the dual of Hpig,4,,8,0,,, 18
(with the same ) geometrically isomorphic to Hp;g, a,, 30,0_72.]
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We argue by contradiction. Suppose that

‘C/\ ® Hb[g,A(),B(),(Tp] = Hbig,A(),B(),O'pz .
Looking at the 7(0)-representations of the two hypergeometrics, which are each Char(Ag), we first
conclude that A4 = 1. From the definition of Hbig,Ao,Bo,frp, (cf. [KT4, §3]), we see that

LA @ Hbig,Ao.By,0p, = Hpig g,y |A0-

So if the purported isomorphism holds, then o, /AB® = o,,. But their Ay powers are p; and p,
respectively, (because A% =1). But pP1 # p2, the desired contradiction.
If instead we have

La® Hbig,Ao,Boyf"pl = /Hbig,Ao,Bo,O'pz ’

then we get the equality o, /AB® = T,,. But their Ay powers are p; and p. These cannot be equal
because their C powers are y and ¥, respectively, which are not equal, precisely because y> # 1. O

With this ‘axiomatic’ result in hand, we now turn to the SU case directly. In preparation, observe
that for any prime power ¢ > 1 and any odd integer n > 1, the ratio (¢" + 1) /(g + 1) is odd; indeed for
n > 3,itis 1 mod g(g — 1).

Proposition 7.5. Let p be a prime, g = p/ with f > 1, r > 2, and

n>mp>...>m,y >1

a sequence of odd integers with gcd(n,my, ...,m,) = 1. Define
(A,Bi1,....,By) = ((¢"+1)/(qg+1),(¢" +1)/(g+1),....,(¢" +1)/(g +1)).
Consider F .= F(A, By, ..., By, x) where )(‘1+1 # 1. We have the following results.

(i) If ged(n,m;) = 1 for some i, then Ggeom’f = SL 4.
(ii) In general, with c := gcd(n,m;) and C = (¢€ + 1)/(q + 1), we have

Ggeom,]:(A,Bi,/\/) = l_[ SLA/C~
p:pC=x
In particular, Ggeom, 7(A,B;,y) acts on F with C simple summands, none of which is self-dual and
any two of which are neither isomorphic nor dual to each other.

Proof. The first assertion is easy since gcd(A, B;) = 1, and so already the pullback F (A, B;, x) has
Ggcom = SL4 by Theorems 10.2.4 and 10.3.21 of [KT6]. For the second assertion, with ¢ = ged(n, m;)
and Q = g€, we have

C =ged(A, B;) = (Q+1)/(g +1), (A, B;) = (A¢C,ByC),
where
Ao = (0" + 1)/(Q+1), By = (Q™/° +1)/(Q +1).

It remains only to remark that if y9*! # 1 and p€ = y, then p@*! = p€(@*D £ 1. Hence, F (Ao, Bo, p)
indeed has infinite G geom. Now if p > 2, then 2|(g + 1) and so x? # 1,andif p = 2, then y # 1 implies
x? # 1. The formula for G geom, F(A,B;,y) then follows from Theorem 7.4. The last statement also follows
since each of the C simple summands F (Ao, Bo, p) is acted on by exactly one of the C simple factors
SL 4, as on its natural module (or its dual), and Ap > 02-0+12>3. ]
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Now we can complete the SU case:

Theorem 7.6. Let p be a prime, g = p/ with f > 1, r > 2, and

n>my>...>my =1
a sequence of odd integers with gcd(n,my, ..., m,) = 1. Define
(A,By,....B;) =((¢"+D/(g+1),(¢" +1)/(qg+1),....(¢" +1)/(g +1)).

Consider F := F(A, By, ..., B,, x) with any xy where y9*' # 1. Then F has Gzeom,]_. = SL4.

Proof. (a) Let G := Ggeom, 7. If there is some i such that ged(n,m;) = 1, then we are done by
Proposition 7.5(i). Hence, we may assume that

¢;:=ged(n,m;) > 1 (7.6.1)
for all i. Since r > 2 and 2 t nm; .. .m,, this implies that
n>15 n/c>3 (7.6.2)

for ¢ := c,. (Indeed, if n < 15, then either n is a prime or n = 9. In the former case, gcd(n,m;) = 1, and
in the latter case, gcd(n, my) = 1, both violating (7.6.1).)

We know by [KTS5, 2.6] that F is geometrically irreducible (i.e., that G is an irreducible subgroup
of GL4 = GL(V) with V := F3;). By Proposition 7.5(ii), for each 1 < i < r, G contains a semisimple
subgroup

- (¢5i+1)/(q+1)
H; = (SLgnsy/geisn))

of rank

n _ ,Ci 4] n _ 4Ci
R =9 4" 4 _4'-q"

g +1 qg+1 qg+1

In particular,

n_ ,c n_ . n/3 24
-4 -9 479 A (7.6.3)
qg+1 g+1 3

r

Furthermore, the H;-module V is a direct sum of (g + 1)/(g + 1) pairwise non-isomorphic simple
summands, all of dimension

(b) Because G° < G, by Clifford’s theorem, we may express V|ge = e(ea;.":le) as the sum of e
copies each of pairwise non-isomorphic simple summands Wy, ..., W,,. Note that G° > H; for all i.
Now if e > 1, then some simple summand of V|g, has multiplicity > e, contradicting the discussion in
(a). Hence, e = 1.

Next, the summands W; are transitively permuted by G, so all have the same dimension

M= (q"+1)/m(q+1).
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Since G° > H; and all simple summands of V|, have the same dimension D;, we must have that D;|M;
equivalently, (¢ + 1)/m(q + 1) € Z for all i. In turn, this implies that m(q + 1) divides

ged (¢ +1,¢%+ 1, ..., +1) =¢° +1,

where e := ged(cy, ¢, ..., cr). Asedivides ¢; = ged(n, m;), we have e divides n and each m;, and thus,
elged(n,my,...,m,) =1.Thus, e = 1 and so m = 1. We have shown that G° acts irreducibly on V.

(c) Recall from (7.6.3) that the semisimple group G° has rank R > R, > 2A/3. As shown in (b), G°
acts irreducibly on V of dimension A < 3R /2, and

A=(g"+1/(g+1) > (2% +1)/3

by (7.6.2). Arguing as in part (al) of the proof of Theorem 6.6, we conclude that G° is simple. Arguing
as in part (b) of the proof of Theorem 6.6, we then see that G° = SL(V), Sp(V), or SO(V). In the two
latter cases, the G°-module V is self-dual. Restricting to H,, we see that some simple summand of the
H,-module V is either self-dual, or dual to another simple summand. This is, however, impossible by
Proposition 7.5(ii). Hence, G° = SL4. m]

Now we consider the remaining cases of an ), on A" /E with finite Ggeom,7; and with 7 > 2. These
remaining cases are listed in [KT6, Theorem 11.2.3]. They are

i) p=2,r=2,A=13,B1=3,B,=1,and G =2 - G,(4).
(i) p=3,r=2,3,A=7,{By,...,B,} C{4,2,1},and G = 6; - PSU4(3).
Gii) p=3,r=2,3,A=5,{By1,...,B,} € {4,2,1}. Furthermore, G = Sp,(3) x 3 if some B; is 4, and
G = Sp,4(3) otherwise.
(iv) p=5,A=3,B1=2,B;=1,and G = SL,(5) X 5.

C
-

Each of these cases, with the exception of F(5,2,1) in characteristic p = 3, has the following
property: for any y # 1, F, has infinite Ggeom. This is immediate from [KT6, Theorem 11.2.3], which
lists all cases of an F, with finite Ggeom. In the exceptional case of F := F(5,2, 1) in characteristic
p = 3, we have a Weil representation of degree 4 of Sp,(3). In this case, F,, yields a Weil representation
of degree 5 of PSp,(3).

Theorem 7.7. For any of the F listed above other than F(5,2,1) in characteristic p = 3, and any

x#1 G;eom’]_.)( = SL4. In the exceptional case of F (5,2, 1) in characteristic p = 3, the same is true

for any x with y* # 1.

Proof. In cases (ii)—(iv), Ggeom, 7, has M, = 2, whence the same holds for F,. As Ggeom, F, 18
infinite by the discussion preceding the theorem, we conclude G; com. F = SL 4. In case (i), the pullback

F (13,3, x) has SL;3 as its G geom by Theorems 10.3.13 and 10.3.21 of [KT6], so we are done again. O

Now we can prove the first main result of the paper. Recall that local systems F (A, By, ..., By, x)
with finite G geom (and the corresponding G geom) have been determined in [KT6, Theorem 11.2.3].

Theorem 7.8. Consider the local system F, = F(A,Bi,...,B,, x) over A" /E with r > 1 subject
to (4.0.1), of dimension D = A — 1 if x = 1, and D = A otherwise. Suppose that D > 2 and that
G = Ggeom, 7, Is infinite. Then the following statements hold.

(i) IfAB; ... B, is even, then G° = SLp.
(i) IfAB,...B, isodd and y # 1, x>, then G° = SLp.
(iii) If ABy ... B, isodd and y =1, then G = Spp,.
(iv) Suppose AB|...B, isodd, p # 2, and y = x». Then G = SOp, unless (r, A, B,) = (1,7,1), in
which case we have G = G».

Proof. If r =1 and A > 3, then the result follows from Theorems 10.2.4 of 10.3.21 of [KT6]. If A =2,
then F = F(2,1, x), and 1 # G° < GL; is semisimple, so G° = SL,.
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We next treat the cases r > 2 when F (A, By, ..., B,, 1) has infinite Ggeom. These cases result from
Theorem 7.1.

Finally, assume that r > 2 and F(A, By,..., B,,1) has finite Ggeom. Applying [KT6, Theorem
11.2.3], we arrive at one of the possibilities considered in Theorems 7.2, 7.3, 7.6, and 7.7. O

We now consider the following variant. Given a finite field L of characteristic p, a multiplicative
character y of L*, and data (A, By, ..., B,) subject to (4.0.1), we denote by ]-"ﬁ(A, By,...,By, x) the
local system on (G,, X A")/L whose trace function is given as follows:

For E/L a finite extension, and (s,7y,...,%,) € EX X E",

Trace(Frob,, .., ,r),El]-'n(A, Bi,...,Br,x)) = (-1/V#E) Z(sxA + Z tixBi).

xeE i

Theorem 7.9. Consider ]-')5 = ]-'ﬁ(A,Bl, .., Br,x) with r > 1 subject to (4.0.1), of dimension
D =A-1ify =1, and D = A otherwise. Suppose that D > 2 and that G := Ggeom b IS infinite. Then
X

the following statements hold.

(i) IfAB ... B, is even, then G° = SLp.
(ii) IfAB;...B, isodd and y # 1, x», then G° = SLp.
(iii) IfAB;...B, isodd and y =1, then G = Spp,.
(iv) Suppose AB|...B, is odd, p # 2, and xy = x;. Then G = Op, unless (r,A,B,) = (1,7,1), in
which case we have G = {1} X G».

Proof. We follow the idea behind [KT6, 8.5.1]. After the partial Kummer covering of G,,, X A" by itself,
[A’ Id] : (S, tla e -,tr) = (SA7 tla L ’tr),

the change of variable x — x/s, and the reparameterization s +— s,#; +> t;sP, this pullback is
just (the restriction to G,,, X A" of) the external tensor product Ly (s) ® F(A, By,...,B,, x). Finite
pullback does not change G°, nor does tensoring with a Kummer sheaf of finite order. In the case when
x = 1 and AB; ... B, is odd, ]-')’i is symplectic. So on the one hand, its G° = Sp,,, while we also
its G° = SOp, while we also have G < Op. However, after the partial Kummer pullback [A,Id]*,
we obtain £, (s) ® F(A, By, ...,By, x2). Here, F,, has odd rank A and trivial determinant, so this

[A, Id]*]-'}i2 pullback has nontrivial determinant. Therefore, ]-')gz must have nontrivial determinant. O

have G < Spp. In the case when p # 2, ¥y = x2 and AB;...B, is odd, ]-')g is orthogonal. So

8. M, and finite symplectic and special unitary groups

In this section, we will determine the subgroups of G = Sp,,(¢) with 2 1 ¢, and G = SU,(g) with
2 1 n, which have the same M, ; on an irreducible Weil representation of G. These results will allow us
to determine Ggeom for F(f, A, B), as defined in (1.0.4), in §11.

Let p be any odd prime and g = p/ . Then G = Sp,,,(q) has two total Weil representations of degree
q", with characters & + 1, and £ + n*, where ¢ € Irr(G) has degree (¢ + 1)/2, n € Irr(G) has degree
(g™ —1)/2, and * denotes the action of the outer automorphism of G,, induced by the conjugation by an
element in CSp,,,(q) \ Sp,,(¢)Z(CSp,,,(q)); cf. [TZ2], [KT1].

Theorem 8.1. [KT7, Theorem 2.1] Assume (n, q) # (1,3). Then the following statements hold for any
irreducible Weil character 6 = £,£%,n,1m" of G = Sp,,,(q).

(1) Ifn=20orifn=1butf e {£ &}, then

_[(g+7)/4, g=1 (mod4),
M (0) = { (g+5)/4, g=3 (mod4).
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(ii) Ifn=1but 6 € {n,n*}, then M, > drops by one; that is,

[(qg+3)/4, g=1 (mod4),
M2(6) = { (g+1)/4, g=3 (mod4).

Theorem 8.2. Let g = p/ be a power of an odd prime p, n > 1, and (n, q) # (1,3). Let H be a subgroup
of G = Sp,,,(q) and 6 be an irreducible Weil character of G, and suppose that

M>>(H,0) = M>,(G,0).

Then either H = G, or one of the following cases occurs.

(i) (G,H,0(1)) = (Sp,(3),2** - As,4).

Proof. We argue by contradiction. If H < G, there exists a subgroup M with H < M < G and M a
maximal subgroup of G. We will show that this leads to a contradiction except in the two specified
exceptional cases. For brevity, in this proof, (@) (or {a); with some subscript /) will denote an irreducible
character of G of degree a € Z>1. We will freely use the fact that the equality

M>o(H,0) = M>5(G,0)

implies that H, and so M, is irreducible on any irreducible constituent a of the G-character #9. Moreover,
M1 (H,0) =M;,1(G,0) =1by [GT2, Lemma 3.1], so 6 is irreducible over H and M as well.
(a) Here, we consider the case n = 1. First, suppose that ¢ = 5. If 6 € {£,£*}, then

66 = (1) + (3) + (5)

as one can check using [GAP]. This implies that (5) is irreducible over M, and so |M| > 26, which is
impossible by [Atlas]. If 8 € {5, 7"}, then 686 = (1) + (3) by [GAP]. Then (3) is irreducible on G, and
s0 |G| > 10 and 3 divides |G|, whence G = SL,(3) by [Atlas], as stated in (i).

Assume now that 9 < g =1 (mod 4). Using the character table of G [Do], one can check that

i g1 O ) g+l O3
=+ 5+ D (a+ D M=+ 5+ D) (g + D
i=1 i=1

Similarly, if 7 < ¢ =3 (mod 4), then

(g-3)/4 (g-4)/4

=+ + Y (g+1 mi=(y+ Y. (g+1)

i=1 i=1

In both cases, some (g + 1) is irreducible over M, and so |[M| > (g + 1)?, which is impossible by [BHR,
Tables 8.1, 8.2].
(b) From now on, we will assume n > 2. According to [KT7, formulas (2.1.7) and (2.1.11)], we have

- @ -D@"+q), g -1, P

=M+ T Z] o »
@ +D(q"-q), -1, D - ®2D

i = (1) +¢ y+< Y+ >« )i

2(g-1) 2(g-1) ~ T q-1
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when ¢ =1 (mod 4), and

EE=(1) +(

@ - +q> S
2(q - Z (
(¢" +D(g" —61)> e " -1

2a-n T 24 Y

(8.2.2)

iy = (1) +( )i

when g =3 (mod 4). In particular, there exist (not necessarily distinct) characters v, § € Irr(G) such
that

n

1
divides y(1),

(q" +€)(q" — €q)
2(q-1)
and y|ar, 6|y € Irr(M).

(8.2.3)

5(1) =

for some € = =+,

Indeed, if 6 € {n,n*}, then we can choose
y()=6(1) =(¢"+D(¢" —q)/2(¢ - 1).
Suppose 6 € {£,£%}. Then we can choose y = 6 and
6(1) =(¢" - D(q" +q)/2(qg - D).

Assume in addition that n = 2. Then (8.2.3) implies that g(¢* + 1)/2 divides |M|. Using [BHR,
Tables 8.12, 8.13], we now see that either M = Sp,(g?) = Cs, or ¢ = 3 and M = 2!** . As. In the former
case, the degree of any irreducible character of M has p-part equal to 1 or g, contrary to the existence
of § in (8.2.3). In the latter case, suppose 6 = £. Then (8.2.2) shows that (24) is irreducible on the image
2% . As of M in G/Ker(6). Hence, 24 divides |As| = 60 by Ito’s theorem [Is, (6.15)], a contradiction.
Thus, (1) = (1) = 4, and using [GAP], we can check that M, »(M,0) = 3 = M»,(G,6). Now, as
0, (M)H is irreducible on (15), O2(M)H /O,(M) is a subgroup of As of order divisible by 15, whence
HO;(M) = M. Working in M/Z where Z := Z(0,(M)) = C, and noting that As is irreducible on
0,(M)/Z = F?, we see that either ZH = M or |ZH| = 2|As| = 120. The latter is, however, impossible
as H is irreducible on (15). So ZH = M, whence H > [ZH,ZH] > [02(M),0,(M)] = Z. Thus,
H =Z7H = M, and we arrive at (ii).

Next, we consider the case G = Sp(5). By the choice of y in (8.2.3), |M]| is divisible by 7 - 31.
Inspecting [BHR, Tables 8.28, 8.29], we see that M = Sp,(5°) > Cs. In this case, the degree of any
irreducible character of M has p-part equal to 1 or ¢>, contrary to the existence of § in (8.2.3).

Assume now that G = Spy(3). As noted in the proof of (8.2.3) for ¢ = 3, both 6 and 66 — 1 are
irreducible over M. This implies that |M| is divisible by 7 - 13 and Irr(M) contains a character of degree
> 168. Inspecting [BHR, Tables 8.28, 8.29], we arrive at a contradiction.

(c) In the rest of the proof, we may assume that

n >3 and (n,q) # (3,3), (3,5). (8.2.4)
Then p?*/ — 1 admits a large primitive prime divisor € in the sense of [F]. Note that Q = (¢** — 1),
divides (¢" + 1)/2, and so Q divides |M| by (8.2.3). Now we can apply [KT1, Theorem 4.6] to the
subgroup M < GL;,(q). If in addition

L:=0"(M)
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is abelian, then again by Ito’s theorem the irreducibility of |y, implies that y(1) divides |M/L|, and
hence, £ 1 y(1) = (¢" + 1) /2, a contradiction. Hence, by [KT1, Theorem 4.6], there is a divisor j < 2n
of 2n such that we are in one of the following cases for L.

(c1)j <2n/3and L = SLy,/;(q’). Note thatif g/ = 3,then2n/j > 6by (8.2.4),and so L 2 PSL4(3).
Hence, the smallest degree d(L) of nontrivial irreducible complex characters of L satisfies

d(L) = (¢ -q)/(¢’ = 1) > ¢*" 7 > (¢"+1)/2 > (1)

by [TZ1, Theorem 1.1]. This forces the quasisimple subgroup L of G to be in the kernel of the Weil
character n7, which is absurd since Ker(n) < Z(G) = C».
(c2) jln, j <n/2,and L = an/j(qj). Now if j < n/4, then

d(L) > ¢/CMi=) = g0 5 (" +1)/2 > (1)

by [TZ1, Theorem 1.1], which leads to the contradiction L < Ker(n) < C; asin (cl).
Suppose j = n/3. Then (2n/j,q’) # (6,3) by (8.2.4). Hence, L = Qg(qj) is a cover of PSUy(g7) %
PSU,4(3), and so

B2 = (/2> n()

Ny
dr) =4
q’/ +1

by [TZ1, Theorem 1.1]. This again yields the contradiction L < Ker(n7) < C; as in (cl).

In the remaining case j = n/2, we have L = Q (¢"?) = PSL,(¢"); see [KIL2, Proposition 2.9.1(v)].
Now, d(PSLy(g")) = (¢"+1)/2 > n(1) (as ¢" > 27 by (8.2.4)), and this again forces L < Ker(n) < C»,
a contradiction.

(c3) jln, L = Sp2n/j(qj), and L 9 M < Ng(L) = L>C;. Then we look at the character ¢ in (8.2.3).
First, suppose that € = —. As n > 3 by (8.2.4), p(>»=2/ _ 1 has a primitive prime divisor £; by [Zs],
and then ¢; divides both §(1) and |M|. Note that £; > 2n — 1 > j, so in fact £, divides |L|. Hence, we
can find some 1 < i < n/j such that £;|(¢g*/ — 1). The primitivity of £; implies that (n — 1)]ij, but
ij<n<2m-1).Thus,ij =n-1,and so j|gcd(n,n—1) = 1. We conclude that j =1 and L =G, a
contradiction.

Next, we consider the case € = +. As before, L < G implies that j > 1. Suppose first that j = n.
Then Sp,(¢™) = L <M < L - C,. It follows that the maximum degree of any a € Irr(M) is at most

(¢"+1)(g" - q)

n(g"+1) < -1

=6(1),

contrary to (8.2.3). So we have j < n; in particular, n > 4. Hence, p"~1/ — I has a primitive prime
divisor £, by [Zs]. Now ¢, divides both §(1) and |M|. Note that £, > n > j, so in fact, £, divides
|L|. Hence, we can find some 1 < i < n/j such that £,|(¢g*/ — 1). The primitivity of £, implies that
(n=1)]2ij,but2ij <2n <3(n-1). Thus,ij = (n—1)/2 or n — 1. It follows that j| gcd(n,n—-1) =1,
and so j = 1, again a contradiction.

(c4) j=2jo€2Z,n/jy=>3isodd, L = SU,,/jO(qu), and

L<M <Ng(L) < GU,y;,(¢%) = C;.

First, suppose that #(1) = £(1), and so € = — in (8.2.3). Asn > 3 by (8.2.4), p@®2f — 1 has a
primitive prime divisor £; by [Zs], and then ¢, divides both §(1) and |M|. Note that £{; > 2n—1 > j,
so in fact, £; divides |L|. Hence, we can find some 1 < i < n/jo such that £;|(g"/° — (=1)"). The
primitivity of £; implies that 2(n — 1)|2ijo (i.e., (n — 1)]ijg). Butijo < n <2(n-1),s0ijo=n—-1,
and jo| gcd(n,n — 1) = 1. In this case, jo = 1, and i = n — 1 is even. Hence, £{|(¢"/* — 1), and so 2n — 2
divides ijo = n — 1, a contradiction.

https://doi.org/10.1017/fms.2025.10062 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10062

62 N. M. Katz and P. H. Tiep

In the remaining case, we have 6(1) = n(1). Since L < Sp,,,;, (¢7°), 61, is the restriction to L of a
Weil character of degree (¢" —1)/2 of Sp,,; (g%), and so it is a sum of the unipotent Weil character of
degree (¢" —q’°)/(¢’°+1) and (g/° — 1) /2 irreducible Weil characters, each of degree (¢" +1)/(g’* +1).
Since these characters are not of the same degree, 0|y, cannot be irreducible, a contradiction.

(c5) (p,nf) = (3,9) and L/Z(L) = PSL,(37). Here, since the smallest degree of nontrivial
irreducible representations of L over F3 is > 18, we must have that G = Sp15(3), L = SL,(37) = M.
But then M cannot be irreducible on 6 of degree > (3% — 1)/2.

(c6) (p,nf) = (17,6) and L/Z(L) = PSL,(13). Here, since the smallest degree of nontrivial
irreducible representations of L over Fy7 is > 6, we must have that G = Spe(17), L = SLp(13) = M.
But then M cannot be irreducible on 6 of degree > (173 — 1)/2. O

Now let p be any prime, g = p/,and 2 { n > 5. Then G = SU,,(q) has a total Weil representation of
degree ¢", with character w,, = Z?:o Lin, where {; ,, € Irr(G) has degree (¢" + q(—1)")/(g + 1) when
i=0and (¢" - (-1)")/(g+ 1) when 1 <i < g see, for example, [TZ2] and [KT?2].

Theorem 8.3 [KT7, Theorem 3.4]. Assume 2 ¥ n and n > 5. Then for the irreducible Weil character
0 =i 0of SU,(q), of degree (¢" —q)/(g+ 1) ifi=0and (¢" +1)/(qg+ 1) if 1 <i < gq, we have

| q+1,i=0,0r2%qandi=(q+1)/2,
M>2(0) = {q, otherwise.
Theorem 8.4. Let ¢ = p/ be a power of a prime p, 2 & n > 3 odd, and (n,q) # (3,2). Let H be a
subgroup of G = SU,,(q) and 0 be an irreducible Weil character of G, and suppose that

M>,(H,0) = M>5(G,0).

Then H = G.

Proof. As in the proof of Theorem 8.2, we will assume that H < G and let H < M < G for a maximal
subgroup M of G. We will also use the fact that M» »(H, 0) = M»2(G, 6) implies that H, and so M, is
irreducible on any irreducible constituent « of the G-characters 6% and 66, as well as on @ itself.

(a) Here, we consider the case n = 3. First, suppose that g = 3, respectively g = 4. Using [GAP], we
can check that 84 has an irreducible constituent & with a(1) > 21, respectively a(1) = 65. However,
M| < 216, respectively |[M| < 960 by [Atlas], so @[y, is reducible, a contradiction.

Assume now that g > 5. First, we consider the case 8(1) = g> — g + 1. Then 6(1) is divisible by
¢, a primitive prime divisor of p®/ — 1 by [Zs]. Using [BHR, Tables 8.5, 8.6], we see that |M| can
be divisible by £ only when M = Cgcq3,(g+1) X PSL2(7),3 - As, 3 - Ag-23,0rg=5and M =3 - A;.
The first three cases are, however, impossible because M cannot have an irreducible character of odd
degree q2 —q+1 > 21. In the last case, 08 contains an irreducible constituent @ of degree 126, and
hence, « is reducible over M by [Atlas].

It remains to consider the case #(1) = g*>—g. Then 6| is irreducible; in particular, |[M| > ¢%(g—1)>.
Again using [BHR, Tables 8.5, 8.6], we can check that M must be a Borel subgroup of G. Note that the
degree of any irreducible character of M is then equal to 1 or divisible by a fixed prime divisor r of
(g — 1)/ged(3, g — 1) [Geck]. However, any irreducible constituent of 89 — 15 has degree > 1, and at
least one of them, say 3, has degree coprime to r. Thus, S|5s is reducible, again a contradiction.

(b) From now on, we may assume n > 5, and write § = {; , with O < i < q. Then the proof of
Theorem 8.3 in [KT7] shows that #% has an irreducible constituent

") (g -1
y =C°, of degree (4 )(512 ),
X (g+1D(g*-1)
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when i # 0, and

o (¢"+1(¢" "' -1
=C , of d
R PR E

when i = 0. As |, is irreducible, we always have
v(1) divides |M]|. 8.4.1)

Asn > 5, p*f —1 admits a large primitive prime divisor € in the sense of [F]. Note that Q := (¢** — 1),
divides y(1), and so Q divides |M| by (8.4.1). Now we can apply [KT1, Theorem 4.6] to the subgroup
M < Sp,,(g). If, in addition,

L:=0"(M)

is abelian, then again by Ito’s theorem, the irreducibility of y|y, implies that y(1) divides |M /L, and
hence, ¢ 1 y(1), a contradiction. Hence, by [KT1, Theorem 4.6], there is a divisor j < 2n of 2n such
that we are in one of the following cases for L.

(bl) j <2n/3 and L = SLy,;;(¢”). Note that if g/ = 3, then 2n/j = 2n > 10, and so L 2 PSL4(3).
Hence, as in the proof of Theorem 8.2, we have

d(L) = (¢ = g))/(qg' = 1) > g™ > (¢"+ 1)/(g+1) 2 6(1)

by [TZ1, Theorem 1.1]. This forces the quasisimple subgroup L of G to be in the kernel of the Weil
character 6, which is absurd since Ker(8) < Z(G).

(b2) jln and L = Sp2n/j(qf). Here, j # n/2 as 2 1 n; furthermore, ¢/ > 2° if j = n, and ¢/ > 23 if
j=n/3(as2 ¢t n>5). Hence,

d(L) > (¢"-1/2> (¢"+D/(g+1) 2 6(1)

by [TZ1, Theorem 1.1], which leads to the contradiction L < Ker(8) < Z(G) as in (b1).
(b3) j|n, j < n/2 (recall 2 { n), and L = Q q’). Now if j < n/4, then

gn/j(
d(L) > g/ =) = "3 > (¢" + 1) /(g +1) > 6(1)
by [TZ1, Theorem 1.1], which again leads to the contradiction that

L < Ker(6) < Z(G).

Suppose j = n/3.Theng’ > 2*as2 4 n > 5. Hence, L = Q,(¢/) is acover of PSU4(¢’)  PSU4(3),
and so

q4j_qj 3j n
d(L)Z—qJ.+1 > (g7 +1)/2>(q@"+1)/(g+1)>06(1)

by [TZ1, Theorem 1.1]. This again yields the contradiction L < Ker(6) < Z(G).
(b4) j =2jo € 2Z,n/jo > 3is 0dd, L = SU,,/;,(¢”), and

L <M <Ng(L) < GU,y;,(¢”) = C;.
As M < G = SU,(q), we have jy > 1. In particular, n is not prime, and so we may assume n > 9. It

follows that p("~Df — 1 has a primitive prime divisor £; [Zs], which then divides |M| by (8.4.1). As
{1 = n> j,{ divides |GUn/j0(qj°)|. Hence, we can find some 1 < i < n/jo such that £1](g™/o — (=1)7).
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The primitivity of ¢; implies that (n — 1)|2ijo. But 2ijo < 2n < 3(n—1),s0ijo=n—1or (n—1)/2,
and thus, jo| gcd(n,n — 1) = 1, a contradiction.

b5) (p,nf) =(3,9) and L/Z(L) = PSL,(37). This case cannot, however, occur since the smallest
degree of nontrivial irreducible representations of L over ]1?3 is > 18, and hence, L cannot embed in
G = SU9(3). O

9. M, and intersections of Fermat hypersurfaces

In this section, we fix a set S = {By, By, ..., B, } of integers
By > By > ...> B, withr > 2 and gcd(S) := gcd(Bg, By,...,B,) =1. 9.0.1)
We will sometimes write
A =By

when we wish to emphasize the largest B;. We work in characteristic p 1 [[; B; and choose a prime
¢ # p so that we can speak of {-adic local systems. [For example, one might take for £ a prime which
divides []; B;.]

In [KT6, 11.2.6], given a multiplicative character y of k* for E /T, afinite extension, we introduced
the local system

F¥A,Bi,....Brx)

on (G,, x A")/E whose trace function is

(s,1,...,4,) E L XL — \/—_ ZwL(sxA+t|xB' +...+t,xB’))((x).

xelL

‘We will denote this
F¥S, x) .= FY(A,By,...,B,, x).

The pullback of F' # to s = 1 is the local system F (A, By, ..., By, x) on A" /E whose trace function is

L) EL - \/—_ Z lﬁL(xA 1B+ tprr))((x).
xeL

(t1,..
We will denote this
F(S,x) =F(A,By,...,B, x).

As shown in §2, there is an intimate relationship between the M; > i F(S, x) and the number
N(S, p) of geometrically irreducible components Z of dimension 2 of the F,,-locus

Z(S) = m:":()ZBi ,

where X p, is the Fermat hypersurface x5 + y5i = z8i + w5i in A*(x,y,z,w). As an application of the
results of the preceding sections, we will be able to completely determine this invariant N (S, p).

In fact, N(S, p) is related to M, > of a more general kind of multi-parameter local system. Consider
a partition of S as

S=SoUT,#T =2, T = {a,b}, a < b.
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and a polynomial f(x) = 3; ¢;x' € E[x] for which
{ile: # 0} = So
In a more cumbersome expression, we assume that

fx) = Z cpxBi, all e, #0.

BieSy

We now consider the two-parameter family

F(f,a,b,x)

on A?/E if A := By € Sy, respectively on (G,, x Al)/E if a < b = A := By, whose trace function at
L-valued points is

(5,8) > = > (s + x4 f(2))x (%),

The following theorem is a recapitulation of Theorems 2.3 and 2.6; see also Corollary 2.5. Remember
that #S > 3 in this section.

Theorem 9.1. For any y, any partition S = Sy U T as above and any f whose set of exponents is Sy, the
following three local systems

FHS, x), F(S,x), F(f,a,b,x)

have the same geometric M as each other. This common M 5 is the number N (S, x) of geometrically
irreducible components Z of dimension 2 of the E-locus X(S) with the property that on the dense open
set xyzw # 0 of Z, the rank one local system L, (xy)y(zw) is geometrically trivial. In particular, when
x =1, the common My is N(S, 1) = N(S, p) of geometrically irreducible components Z of dimension
2 of the E—locus 2(S).

Recall the definitions 4.1 and 4.2 of a data S = {By, ..., B} to be p-finite, respectively strongly
p-finite.

Theorem 9.2. Given a set S = {By, By, . .., B, } subject to (9.0.1) and a prime p { Hf:o B;. The follow-
ing statements holds for the number N (S, p) of geometrically irreducible components Z of dimension 2
of the F,-locus %(S).

(i) Suppose that S is either strongly p-finite or not p-finite. Then N(S, p) is 2 if 2| H{'C:O B;, and 3
otherwise.

(ii) Suppose that S is p-finite, but not strongly p-finite, that is, we are in 4.1(i) with q > 7, 4.1(ii) with
q > 2 and furthermore 2 ¥ nmy ...m,_y if p > 2, 4.1(iii) with q > 2, or 4.1(iv) with g > 2. In the
case of 4.1(i), N(S, p) equals (q+7)/4ifqg =1 (mod 4) and (q+5)/4ifg =3 (mod 4). In the
cases of 4.1(ii)-4.1(iv), N(S,p) = g + 1.

Proof. By Theorem 9.1, N(S, p) is just the M3 » of the local system F (S, 1) of rank D = By — 1. Now
the statements follow from Theorem 4.3 if S is strongly p-finite.

Suppose next that S is not p-finite. By Theorem 4.3, 7 (S, 1) has infinite G geom, Whence Ggeom =SLp
if 2| HLO B; and Ggeom = Spp otherwise (note that in the latter case, Bp > 5 as k > 2, and hence,
D > 4). It follows that the conclusion of (i) holds.

Finally, we consider the case where S is p-finite, but not strongly p-finite. By Theorem 4.3, 7 (S, 1) has
finite G geom, Which is determined in [KT6, Theorem 11.2.3]. In the case of 4.1(i), we have By = (¢"+1)/2
with n > 2, and Ggeom is the image of Sp,,(¢g) in a Weil representation of degree D = (¢" — 1)/2 by
[KT6, Theorem 11.2.3(i)], so the conclusion of (ii) follows from Theorem &.1. In the case of 4.1(iv),
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we have By = (¢"+1)/(g+1) with2  n > 5, and G geom is the image of SU,,(¢) in a Weil representation
of degree D = (¢" — q)/(g + 1) by [KT6, Theorem 11.2.3(iii)], whence N(S,p) = Ma» = g+ 1 by
Theorem 8.3. In the case of 4.1(ii), we have By = ¢" +1,B; =¢™ +1for1 <i<r-1,B, =1, and
furthermore, 2 t nmy ...m,_; if p > 2. In this case, N(S, p) = g + 1 by Corollary 3.6. In the case of
4.1(iii), we have By = ¢" + 1 and B; = ¢" + 1 for 1 <i < k with g =2/ > 2 and n > 2. In this case,
Ggeom = 272" - Q3 (¢) by [KT6, Theorem 11.2.3(ii)], and the proof of [GT2, Lemma 5.1] shows that
N(S,p) = My = g + 1, the number of Q3 (g) orbits on the vectors of its natural module F?I”. O

10. Two-parameter specializations of multi-parameter local systems

In this and the next sections, we will use our results on M5 > to determine the geometric monodromy
groups of the two-parameter families F(f,a, b), 1 < a < b < deg(f), with f monic and Artin-Schreier
reduced, obtained as the specializations of the multi-parameter local systems F (A, By,...,B;), as
defined in (1.0.4) given the data (1.0.2).

Theorem 10.1. Let p = 2. Consider the data (1.0.2) withr > 3, ged(n,my,...,m;) =1, and

A=2"+1 B;=2"+1,1<i<r-1,
and either B, = 2" + 1 withm, > 1 or (B,,m,) = (1,0).

Then the following statements hold for the geometric monodromy group G = G geom of the local system
F =F(f,a,b) defined in (1.0.4), witha = B; < b = B;.

(i) Either G =2*2" . Q7 (2) or G = 21*2" . SU,(2).
(i) IfB, = 1and2 t nmy ...m,_y, then G = 212" . SU,,(2).
(iti) If2[n, then G = 212" . Q7 (2).

Proof. Note that F is a pullback of the local system F=F (A, By,...,B,); furthermore,

Eithern > 4, or (A, By,...,B;) =(9,5,3,1). (10.1.1)

By Theorems 9.1 and 9.2, both F ang F have M, > = 3; moreover, G embeds in the (finite) geometric
monodromy group G < Sp,. (C) of F. Now we can apply [GT2, Theorem 1.5] and use the assumption
n > 3 to conclude that

E=2"2"9G <Ns,, (0 (E) =E -05,(2); (10.1.2)
furthermore, G/E < O(V) is transitive on the set of 271 (2" + 1) (nonzero) isotropic vectors and the
set of (2" + 1)(2"~! — 1) anisotropic vectors of the natural module V = F%” of O, (2). In particular,

|G /E]| is divisible by 2"~! - lem(2" + 1,2 — 1). (10.1.3)

Moreover, the semidirect product V < (G/E) acts on the point set of V as a rank 3 affine permutation
group with point stabilizer G/E. By [Li, Theorem], we arrive at one of the following possibilities for
G/E.

(a) G/E is in one of the ‘exceptional’ cases listed in [Li, Theorem, part (C)]. Here, n = 3, 4 or 6, so
the lengths of the orbits of G/E on V \ {0}, which are the so-called subdegrees for V = (G/E), must
be 27,36, or 119, 136, or 2015, 2080, respectively. But those subdegrees do not match the subdegrees
listed in [Li, Table 14].

(b) G/E is in one of the ‘extraspecial’ cases listed in [Li, Theorem, part (B)]. Here, we have n = 3, so
(A,By,...,B;) =(9,5,3,1) by (10.1.1). Furthermore, G/ E is a subgroup of Oy (2) that normalizes an
extraspecial 3-group 31*?; in particular, G/ E cannot contain Q. (2). Using the list of maximal subgroups
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of Og (2) [Atlas] and the fact that |G /E| is divisible by 27, we now see that G/E is solvable, and hence,
G is solvable. Next, since F is a pullback of the local system Fgs3;, by Theorem 4.4(ii), we have

G <G=E; Q2),

where E3 = E = 2!*% and Z(E;) = Z(E) acts via 1 in the underlying representation. Since G is
solvable, E3G is a solvable subgroup of Sp,. (C), for which we have

3 =M>2(Spyn(C)) < My 2(E3G) < My 2(G) =3, (10.1.4)

and hence, M>1(E3G) = 3. Now the arguments in part (d) of the proof of Theorem 4.4, with G
replaced by G and E replaced by Es, show that, first, E3G = E3 - SU3(2), and, secondly, either
E3; NG =Z(E3) =Z(E) or G > Ej. In the former case,

|G| = |[E3 NG| - |E3G/E5| =2|SU3(2)| = 3* - 2%,

which is a contradiction since G contains E of order 2’. So G > E3, and hence, G = E3 - SU3(2).
(c) G/E is in one of the infinite families listed in [Li, Theorem, part (A)]. First, we may have that

G/E <T1(2*") = Cyon_; - Cons

in particular, 4 1 |G/E| if 2 1 n. This rules out the case 2 { n > 3 since 2"~! divides |G/E| by (10.1.3).
Assume now that 2|n > 4. By [Zs], 2"~! — 1 admits a primitive prime divisor ¢, for which we have
£ > n, £ divides |G/E| by (10.1.3), but not 2n(2>" — 1), a contradiction.

In the imprimitive case, by [Li, Table 12], the subdegrees are (2" — 1)2 and 2(2" — 1), none of which
is divisible by 4, whereas one of the subdegrees of G /E is divisible by 2"

In the tensor product case, according to [Li, Table 12], the subdegrees are (¢ + 1)(g™ — 1) and
q(g™ ' = 1)(g™ — 1) with ¢ = 2". Since the even subdegree of G /E has 2-part equal to 2!, we get
271 = g. As n > 3, we have ¢*" = 22" < 23("=1) = 43 whence m = 1 = ¢, a contradiction.

In all the remaining cases, we again match up the subdegrees listed in [Li, Table 12] to the ones of
G /E and compare the 2-part of the even subdegree. First, in the case G/E > SL,(g), we either have
¢** = 22" and g = 2"!, which is impossible as shown in the preceding case, or a = 2, ¢® = 22", and
g =2""!, which is also impossible, or a = 5, ¢'® = 2%, and ¢ = 2"~!, which is absurd.

In the case G/E > 2B (q), we have g* = 22" and g = 2!, which is impossible since n > 3.

In the case G/E > Q},(q), we have g'® = 2%" and ¢ = 2!, which is impossible.

Suppose G/E>Spg(q). Then g® = 22" and ¢ = 2"~!, whence (n, ) = (4,2). But then the subdegrees
are 135, 120 but not 136, 119.

Suppose G/E > Q5 (g). Then ¢** = 22" and ¢“~' = 2"~!, in which case (a,q) = (n,2). Now the
even subdegree is 2! (2" — €),s0 € = —.

Suppose G/E > SU,(q). Then ¢g*>* = 22" and ¢~' = 27!, in which case (a, q) = (n,2). Now the
even subdegree is 271 (2" — (1)), s02 1 n.

To summarize, with replacing E by E3 in the case (A, By, ..., By) =(9,5,3, 1) if necessary, we have
shown that

Either G/E > Q5 (2), or2 {nand G/E > SU, (2). (10.1.5)
Now, suppose that we have the first possibility in (10.1.5). Then
Q. (2)<G/E £ 0;,(2)

by (10.1.2). However, G injects in the geometric monodromy group G of F, which is isomorphic to a
subgroup of 2l+2n an(Z) by [KT6, Theorem 11.2.3(ii)] when n > 4 and Theorem 4.4(ii) when n = 3.

https://doi.org/10.1017/fms.2025.10062 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10062

68 N. M. Katz and P. H. Tiep

Comparing the orders of G and G, we conclude that G/E = Q3 (2) and that G =21+, Q) (2). The
latter conclusion implies by by [KT6, Theorem 11.2.3(ii)] when n > 4 and Theorem 4.4(ii) when n = 3
that either B, > 1, or B, = 1 but 2|nm; ... m,.

Next, suppose that 2 ¥ nm; ...m,_1 and B, = 1; in particular, n > 4 since n,» > 3. Then G injects
in the geometric monodromy group G of F, which is isomorphic to 2*>* . SU,,(2), by [KT6, Theorem
11.2.3(ii)]. Again comparing the orders of G and G, we see that G/E = SU,,(2) in (10.1.5), and hence,
(ii) follows.

Finally, assume that we have the second possibility in (10.1.5), so 2 { n, and, in addition, either
B, > 1,0r B, = 1but 2|my...m,_;. Then G injects in the geometric monodromy group G of F,
which is E3 - S by [KT6, Theorem 11.2.3(ii)] when n > 4 and Theorem 4.4(ii) when n = 3, where
E3; = E =2""and § = Q) (2). Certainly, E3G < G < Spy.(C) still has M5 = 3; see (10.1.4). So
the preceding arguments but applied to E3G show that (10.1.5) also holds for E3G:

Either E5G/E3 > an(Z), or E3G/E3 > SU, (2).

In the former case, we have E3G = G, and so the composition factors of G are an(Z) and C», all
present. But this contradicts the fact that G/E > SU,(2) (which yields a composition factor PSU,,(2)
when n > 4 and C3 when n = 3). So we must have that

E3;G/E3>SU,(2). (10.1.6)
Recall that E3G /E3 is a subgroup of S = Q(W), where W := E3/Z(E3) = ]F%" carries the quadratic form
xZ(E3) — x*
and symplectic form

(XZ(E3), yL(E3)) = [x,y],

both invariant under the normal subgroup G; := SU,(2) of E3G/E3. Assuming n > 3 and applying
[KT6, Proposition 8.4.1], we obtain that

E3G/E3 < Now)(G1) = GU(Wp) = Gal(F4/F»),

where W := F}. Working from a standard basis for the Hermitian form on W; (over [F4) back to a Witt
basis of W (over [F»), one can readily check that the Galois automorphism « — @? of Fy induces (in that
standard basis) an element of O(W) which is a product of n reflections. Since 2 1 n, this element is not
in S = Q(W). However, since O(W) has index 2 over S and 2 1 n > 5, GU(W;) < S. It follows that
E3G/E3 < Ng(G1) = GU,(2). Now we can use the fact that G = 0% (G) to conclude that

EsG/Es = SU,(2). (10.1.7)

Suppose now that n = 3. Then, using (10.1.6) and the fact that E3G/ E3 is transitive on both the nonzero
singular vectors and the non-singular vectors of the quadratic space FS, and arguing as in part (b)
(recalling that O3(SU3(2)) = 31*2), we see that (10.1.7) holds in this case as well.

We have therefore shown that |G| < |E3G| = |E3| - |SU,(2)| = |E| - |SU,(2)|. But G/E > SU,,(2)
by (10.1.5), so in fact, G/E = SU,,(2). O

In some special instances of the case where 2|m; ... m, but 2 1 n of Theorem 10.1, we can also
prove that F(f,a, b) has Ggeom = E - €2, (2). [Also see Theorem 11.7 about the ‘generic’ situation.]

To do this, we first prove a general statement.
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Proposition 10.2. Let k/F,, be an finite extension, f(x) € k[x] a polynomial of degree A with p 1 A,
and a an integer

l<a<A, pta.

Denote by Fy 4 the lisse sheaf on Al whose trace function at a point t € L, for L]k a finite extension, is

N AUTEES
xelL

Then the following statements hold for its G geom.

(i) Ggeom, indeed its 1(0), contains elements of order a. In particular, G geom is not a finite p-group.
(ii) Assume in addition that gcd(A, a) = 1. Then G geom contains a subquotient of order (A — a)p.

Proof. (i) Up to a Tate twist (1/2), Ff , is the Fourier transform of the Kummer direct image
lal«(Ly(r)):

Fr.a=FTy(G) for G := [alx(Lyr))-

The sheaf G is lisse of rank a on Gy, its I(0)-representation is @,.,a-1 L, and its I (co)-representation
has all slopes A/a > 1. By Laumon’s theory of local Fourier Transform (cf. [Ka2, 7.4.2, 7.4.4(2)]), the
I(co)-representation of F , is the direct sum

FTyloc(0, 0)(Gj1(0)/Qe) ® FTyloc(c0, 00)(Gj1 (wo))-

The first factor is @,y a=1,,#1L,. Thus, the subgroup /(c0) < Ggeom contains elements of order a.

(ii) The I(co)-representation of G has rank a, and all slopes A/a. By Laumon’s result [Ka2,
7.4.1(1)],the second factor FT,loc(co, )(G|s(e)) has rank A — a and all slopes A/(A — a). If
gcd(A, a) = 1, one knows [Kal, 1.1.4] that the second factor is /(co)-irreducible, and one knows further
that denoting by (A —a), the p’ part of A —a, the second factor is the Kummer induction [(A —a), ]« W
of an irreducible /(c0)-representation of dimension the p part of A — a. This description of the second
factor makes visible the group (a-q), as a quotient of the wild part of the J (o0)-representation of
F f.a- [m}

Corollary 10.3. Suppose that we are in the case 2 { n of Theorem 10.1 and some m € {m;,m;} is even
and strictly positive. Then the local system F(f,a, b) has G geom = pl+2n . Q) (2).

Proof. For definiteness, we will assume m = m;, so that @ = 2" + 1. By Theorem 10.1, it suffices to
prove that |G geom| is divisible by some odd prime which does not divide [SU,,(2)].

First, consider the case m > n/2. Applying Proposition 10.2(i) to the pullback ¢t = 1 of F(f,a,b),
we see that |Ggeom| is divisible by 2 + 1. Since 2m; # 6, 22m _ | has a primitive prime divisor £
by [Zs]. Then £ certainly divides both 2 + 1 and |G geom|. Suppose ¢ divides |SU,(2)|. Then there is
some 1 < k < n such that £ divides 2F — (=1)¥. In particular, £|(2%* — 1). The primitivity of £ implies
that 2m divides 2k. But 2m > n and 2k < 2n, so k = m. It follows that ¢ divides 2% — (—1)" =2Mm_1,
contradicting the choice of €. Thus ¢ does not divide |SU, (2)|, as desired.

Assume now that 2 < m < n/2. Suppose that some prime r divides both 2" + 1 and 2" + 1. Then r
divides ged(22" — 1,2%™ — 1) = 2%¢ — 1 for e := ged(n, m). As 2 { n, e is odd, and so 2e divides m. But
in this case, r divides 2™ — 1 and so cannot divide 2™ + 1, a contradiction. Thus, 2" + 1 and 2" + 1 are
coprime. Hence, by Proposition 10.2(ii) applied to the pullback t = 1 of F(f, a, b), |G geom| is divisible
by 27" — 1. Note that n > 3 and n —m > n/2 is odd, so n —m > 3. By [Zs], 2" — 1 admits a
primitive prime divisor €;. Suppose ¢; divides |SU,(2)|. Then there is some 1 < k < n such that |
divides 2X — (=1)¥. In particular, £;|(2% — 1). The primitivity of £, implies that n — m divides 2k, and
hence, n —m divides k since n —m is odd. But 2(n —m) > n > k, so k = n—m. It follows that £; divides
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2k — (=1)k = 2"7™ 4 1, contradicting the choice of ¢;. Thus, £; does not divide |SU,(2)|, and we are
done in this case as well. O

11. Semicontinuity

First, we recall some results from [Ka2, 8.17, 8.18].

The situation we consider is the following. We are given a normal connected affine noetherian scheme
S = Spec (A) with A a noetherian normal integral domain with fraction field K, and a chosen algebraic
closure K of K. Thus, Spec (K) is a generic point 57 of S, and Spec (K) is a geometric point 77 of S. We
are given X /S a smooth S-scheme of relative dimension D, with geometrically connected fibres, and
¢ € X(S) a section of X/S. Then ¢(77) is a geometric point of X. We are given a finite group G and a
surjective homomorphism

(X, () > G.

For each geometric point s of S, ¢(s) is a geometric point of X (and also of X). We have a continuous
group homomorphism

m1(Xs, ¢(s5)) = m (X, ¢(s)) = m1(X, ¢(7)).

This last isomorphism is only canonical up to inner automorphism of the target group 71 (X, ¢(77)). By
composition, we get a group homomorphism

(X5, ¢(s)) = G

which is well defined up to inner automorphism of G. This applies in particular with s taken to be 7.
We are interested in how the image of 71 (Xj, ¢(s)) in G compares with the image of 71 (X7, #(77)) in
G: when are these two subgroups of G conjugate in G? Let us denote these image groups G and G.

Theorem 11.1. There exists a dense open set U C S such that for any geometric point s € U, G5 and G
are conjugate subgroups of G. Moreover, for any geometric point s € S, G is conjugate to a subgroup

Of Gﬁ

Proof. We first reduce to the case when G3 = G.

Consider the scheme X,,, a smooth K-scheme, and compare it to the smooth K-scheme X57. We have
the 7 short exact sequence

1= 71 (X, $(7) = 71(X,y, 6(7)) — Gal(K/K) — 1.
The scheme X, has the same function field as X, so the canonical map is surjective:

m1(Xy, ¢(M) > 711 (X, ¢(77).
Thus, the image of 711 (X,,, #(77)) is G, while the image of 71 (X7, ¢(77)) is a normal subgroup H of G,
with G/H the Galois group of some finite Galois extension L/K. View X5 as X ®x K. Then for the
finite Galois extension L/K, m1 (X3, ¢(77)) and 1 (X ®4 L, ¢(77)) have the same image H.

Now replace S by T:=the normalization of S in L (i.e., the Spec of the integral closure of A in L),
replace X by X7 := X Xs T, and replace ¢ by the section ¢7 (in terms of the finite map f : T — S, ¢r
is (¢ o f) Xidr as map to X Xg T). In this new situation, the image H of { ((X1 )4, (7, ¢1 (7)) is equal
to the image of 7y (X7, ¢7(77)). Because L/K is separable (being Galois), one knows that f : T — S is
both finite and surjective. Being finite, it is proper. Thus, f is closed. Hence, the image of a dense open
set V. =T\ Z of T contains the dense open set U := S\ f(Z) of S.
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Returning to the original notation (X, S, ¢, G), this completes reduction to the case when G5 = G,
for G the image of 71 (X, #(77)). In this case, every G is visibly (conjugate to) a subgroup of G, by the
homomorphism

71 (X, ¢(5)) = mi(X, ¢(s)) = m (X, (7).

Let E — X denote the finite etale G-covering classified by the surjection

(X, ¢(1) > G.

Precisely because this is a surjection, E is connected. Being finite etale over X, which is in turn smooth
over the normal scheme S, we see that E is itself smooth over S, of relative dimension d. Let us denote by

g:E—S

the structural morphism.

Then Ej is a finite etale G-covering of X, but it may not be connected. One has G, = G if and
only if Eg, which is smooth over s of dimension d, is itself connected ( or equivalently geometrically
irreducible, being smooth over s). [Indeed, the index of G5 in G is the number of geometrically irreducible
components of Ej.]

For any prime ¢ invertible on S, the F,-rank of the stalk at s of R*? g, (F;) is the number of geometrically
irreducible components of E,. By general constructibility theorems, R*?g,(F,) is a constructible sheaf
on S, so on a dense open set has constant rank. But at the generic point 7, the rank is one (precisely
because G7; = G). Therefore, the rank is one on some dense open set U. Thus, for every s € U, we have
G = G. [If there is no prime ¢ invertible on S, pick any two distinct primes, say 2, 3, and work separately
on S[1/2] and on S[1/3].] For a more direct proof, see [EGA, 9.7.8] or [StPr, Lemma 37.27.5]. )

Corollary 11.2. Hypotheses and notations as in Theorem 11.1, suppose that for some geometric point
so € S, Ggy = G. Then G5 = G, = G, and hence, there exists a dense open set U of S such that we
have G = G for every geometric point s € S.

Proof. We have the inclusion, up to conjugation, G5, C G. We also have the inclusion G5 C G,
simply via the map 71 (X7, ¢(77)) — m1(X, ¢(77)). Thus, G = G4, C G5; C G, whence G5 = G, and we
apply Theorem 11.1. O

Here is a particular instance of Corollary 11.2.

Proposition 11.3. Let p be a prime, q = p*, x a (possibly trivial) multiplicative character of FX, r > 2
an integer, andlet A > B) > ... > B, > 1 be integers with gcd(A, By, ...,B,) =1landp 1 AB; ...B,.
Consider the local system F (A, By, ..., B, x) on A" [E, with trace function for any finite extension
L/E,

1
(tt,....ty) €L > ——— ZM/L(xA+t1xB‘ +o o+ B p(x),

V#L xeL

in characteristic p, of rank D = A—11if x = 1 and D = A otherwise, with geometric monodromy group
G = Ggeom- Given a choice iy € [1,r] and a polynomial f(x) € F,[x] of the form

o= ), ax™

1<i<r,i#i
denote by F(A, Bjy, f, x) the local system on Al /Ky with

K¢ =F,(all coefficients of f)
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whose trace function, for any finite extension L/K, is

telLw —\/% ;wL(xA +1xBio + () x (%),

and by F(A, Bj,, f = 0, x), the local system on Al /Fy whose trace function, for any finite extension
L/Fg, is

1
teL ——= ) yp(x®+xBo)y(x).
Wi 2

Suppose that F(A, By, ..., B, x) has finite geometric monodromy group G and that the specialized
local system F (A, B;,, f = 0, x) has the same geometric monodromy group G. Then in the A1) F, of
possible f. there is an open dense set U C A"~ such that for any f € U, the specialized local system
F(A, Biy, f =0, x) has the same geometric monodromy group G.

Here are some examples. In the first two of these examples, we are given r + 1 integers
n>m;>...>m, >0

with 2|nm, ...m,, gcd(n,my,...,m;) = 1.

@) p=2,q:2f,A=q"+1,r22,Bi=qmi+lforl <1 < r,and either (m, >0, B, = g™ +1)
or (B, =1, my =0, and 2|nm;...m,_;). Suppose that 2|nm;, and ged(n,m;,) = 1. Then
F(A, Bjy, f = 0,1) has the same geometric monodromy group G as does F(A, By, ..., B, 1) -
namely, the group 2!*2"/ . Q7 (g). Simplest example: iy = 1 and m; = n — 1. The calculations of
the monodromy groups are Theorem 11.2.3 (ii) and Theorem 10.3.13(iii) of [KT6] for ¢ > 8 and
Theorem 4.4 for ¢g" = 4, 8.

(i) p > 2, q = p/, x is either 1 or the quadratic character y», A = (¢" + 1)/2, B; = (¢ +1)/2,

1 <i<k,wheren >my > ...>m, > 0are integers with 2|nm; ...m,, gcd(n,my,...,m,;) =1,
and y = 1 or y = x». Suppose that 2|nm;, and ged(n, m;,) = 1. Then F (A, B;,, f = 0, x) has the
same geometric monodromy group G as does F(A, By, ..., By, x), namely the image of Sp,,,(q)

in one of its irreducible Weil representations of degree D, with D = A —1for y =1l and D = A
for y = x». Simplest example: iy = 1 and m| = n — 1. The calculations of the monodromy groups
are Theorem 11.2.3 (i) and Theorem 10.3.13(i) of [KT6].

(iii) p arbitrary, ¢ = p/. In this third example, n > m; > ... > m, > 1 are all odd,

and ged(n,my,...,m,) = 1, y is a character of Fzz of order dividing ¢ + 1. Suppose that
ged(n, m;,) = 1. Then F(A, By, f = 0, x) has the same geometric monodromy group G as does
F(A,By,...,B,, x), namely the image of SU,(g) in a Weil representation of degree D, with
D=A-1for y =1and D = A for y # 1. Simplest example: ip = 1 and m; = n — 2. The
calculations of the monodromy groups are Theorem 11.2.3 (iii) and Theorem 10.3.13(ii) of [KT6].

Remark 11.4. In the above examples, we need the existence of an index i such that gcd(n, m;,) = 1. So
we have nothing to say about one-parameter specializations in cases such as (n,my,...m;) = (6,3,2)
or (15,6,5,3) or (30,5,3,2).

A second problem is that in the examples, although we know G geom for an open dense set U of fs,
we do not know which subgroups of Ggeom can occur for f°s not in U, nor for which f these smaller
groups occur.

Next, we consider some one- and two-parameter systems in characteristic p = 2. We begin with a
lemma on generalized Pink—Sawin sheaves.
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Lemma 11.5. Let p be a prime, n > 1 an integer, k [F, a finite extension, and f(x) € k[x] a polynomial
of the form

n
flx) = Zaixlﬂ’l, a, € k*.

i=1

Denote by F ¢ the lisse sheaf on Al/k whose trace function at a point t € L, for L]k a finite extension, is

te (<1/VEL) 3w (f(x) + 1x);

x€eL

that is, Fy is, up to the Tate twist (1/2) which makes it pure of weight zero, the Fourier Transform
FTy(Ly(r))- Then there exists an explicit finite extension Lo/k such that for every finite extension
Li/Lo and every t € Ly, |Trace(Frob, 1, |F)| is either 0 or p".

Proof. This is an instance of the argument of [vG-vV, Section 5]. Write
f(x) =xR(x)

for R(x) the additive polynomial " a;xP". Then

[Trace (Froby, 1, |F7)1? = (1/#L1) Y ¥1, (xR() +1x = yR(y) = 1y) =
x,yeLy

(substituting (x,y) — (x + y, y) and remembering that R(x + y) = R(x) + R(y)),

= (1/#L1) D" i, ((x+y)R(x+y) +tx+1y = yR(y) — 1y) =
x,yeL;

= (1/#L1) D i, (xR(x) +1x) D" i, (YR(X) + xR ().

xel yeL;

For the inner sum, the Tracey, /g, of YR(x) + xR(y) is equal to the Tracey, /B, of

y(z_ aix?") + y(Z(mx)f"").

Let us denote by

Wi (L1) := {x € L) an) + (D (am) ™) = 0}.

Equivalently, Wg (L) is the set of zeroes in L; of the additive polynomial
n ) n > P
PR(.X) ::Zalp xp"r+t+ZalI.j xpn,z.
i=1 i=1

The sum

(1/#L1) )" w1, (VR(x) +XR()) = (1/#L1) " i, (yPr(x)),

yeL yeLy

which is 1 if Pr(x) = 0, and zero otherwise.
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Take for L a field containing F > and each of the p*" zeroes of Pr(x). [Notice that the highest-

. no oo . . . e
degree term of Pr(x) is ab xP™" and its lowest-degree term is a,x, so its derivative is the nonzero
constant a,,, and hence, Pg(x) has p2" distinct zeroes over IF,]. Then

| Trace(Froby 1, |]—'f)|2 = Z Y, (xR(x) +tx).
xeWR(Ly)

One checks that the map x +— ¥, (xR(x) + tx) is a up-valued character of the finite abelian group
WRr(Ly), so the sum % ey, (r,) Y1, (xR (x) +1x) is either 0, if the character is nontrivial, or is #Wg (L1).
But over any extension L /Lo, Wg(L1) = Wg(Lo), whose cardinality is pz". O

Corollary 11.6. Keep the notation and assumption of Lemma 11.5. For every finite extension L /Ly
and every t € Ly, Trace(Frob, 1,|Fy) is either O or £p™{ for some { € .

Proof. The trace lies in Z[{,] and divides p** in that ring, so is a unit at all places outside p, while
at the unique place over p of Q({,), it and its complex conjugate each have absolute value p". By the
product formula, this trace, divided by p”, is an element of Z[{,] all of whose absolute values (at all
places) are 1, and hence is a root of unity in Z[{,]. O

Theorem 11.7. Let p = 2, g = p/, r > 2,n > m; > ... > m, > 0, ged(n,my,...,m,) = 1,
2lnmy ...m,, andset A=q"+1, B;=q"™ +1,1 <i <r—1, and either B, = ¢" + 1 withm, > 1 or
(By,m;) = (1,0). Recall (see [KT6, Theorem 11.2.3(ii)] and Theorem 4.4) that the local system

fup = .F(A,Bl,...,Br)

has G geom,7,, = Gup equal to 21%2nf 5 SU,(q) if B, = 1 and 2 t nmy . ..m,_y, and 212" . Q) (q)
otherwise. Assume in addition that (q,r,n,my,mp) # (2,2,3,1,0). Fix a choice of 1 <i < j <r. If
i=j,setd :=1.Ifi < j, setd := 2 and assume r > 3. For f in the space A"~ of all polynomials

flx)= Z crxBr,

1<k<r,k#i,j

denote by F (A, B;, B}, f) the local system on A9 whose trace function is

teLm _TIL ZwL(xA+thi + f(x))

xeL
when i = j and

(s,1) € > > \/_TiLéwL(xA-i-tXBi +5xB + f(x))

when i < j. Then one of the following statements holds.

(i) There is an open dense set U ¢ A" such that for any f € U, F(A, B;, Bj, f) has G geom the group
Guyp.
(ii) i = j, and for all f € G'~', F(A, B;, B, f) has G geom the extraspecial 2-group alnf

In particular, conclusion (i) holds ifi < j. Moreover, conclusion (ii) holds if and only ifi = j and B; = 1.

Proof. We first note that each F (A, B;, B}, f) is a pullback of Fy, so its geometric monodromy group
G geom, F(A,B;,B;.£) is a subgroup of Gyp, well defined up to conjugacy in Gyp = E - S, where E = 2l+2nf
and § = SU, (q), respectively S = Q (g). We further note that, so long as all coefficients of f are
nonzero, the group Ggeom, 7(4,B;,B;,f) is an irreducible subgroup of Sp,» (C); cf. [KT4, Prop. 2.4]. By
the specialization Theorem 11.1, there is a subgroup Gy < G, well defined up to conjugacy in Gp,
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and a dense open set U C A" such that for every f € U, Ggeom, F(A,B;, B;.f) Is conjugate to Go.

Concretely, there is a nonzero polynomial P(xx | 1 < k <r, k #1i,j) in r — d variables over }FTI such
that any f(x) = Xi<i<m, iz, js cixBi with P(cx | 1 < k <r, k #1i,j) # 0 lies in U. Let us denote
Uyp C A" (with coordinates (si, ..., s,)) the dense open set on which P(sx | 1 <k <r, k #i,j) #0.
Replacing P by P [];; ; Xk, we reduce to the case when every f € U has all coeflicients nonzero, and
hence, for every f € U, Ggeom,7(A,B:.8;.f) is an irreducible subgroup of Sp . (C). In particular, the
group Gy is an irreducible subgroup of Sp . (C).

Because Uy, C A" is a dense open set, Fp, on A” and Fyply, » on Uyp have the same G geom — namely,
Gyp. Both Gy and the arithmetic group Garim, 7,,,F, are finite, with Gup < Garith, 7, < Spyn (C), with
the quotient Garith, 7,,.F /G p a finite cyclic group. In the case § = Q7 (g), one knows that

Nqun (C)(Gup) <E- OE,,(Q) : Cf

contains G, with index dividing 2 f. In the case S = SU,,(g), our assumptions imply that (n, ¢) # (3,2),
whence S is simple and

Nsp, (©)(Gup) < E - GUy(q) - Coy

contains G, with index dividing 2 f (n+1); see [KT6, Proposition 8.4.1(b2)]. [For completeness, we note
that when S = SU,,(¢) with (n, q) = (3,2), Garith, 7,,.F, has index 2 over G geom, 7,, by Theorem 4.4(iii).]

Thus, over any extension L/]qumz, Garith, Fyp.L. = Gup- By the finite group version [KaS, Theorem
9.7.13] of Deligne’s equidistribution theorem, applied to Fyply,,, over any sufficiently large finite
extension L/qun+z, every element y € Gy, is conjugate to some Frobenius Frob(, . )1 with
(s15...,87) € Uyp(L). Such a Frobenius is Froby, s, 1. on F(A, B;, B, ) for

flx) = Z spxBr.

1<k<m, k#i,j

Now view Ggeom, 7(A.B;,B,.f) 8 @ subgroup of Gyp. Then Frobs,,,sj, L lies in Guim, 7 (4,B;, Bj.f)» SO
normalizes Ggeom’}-(A’B,.,Bj’f). But Ggeom,]—'(A,B,-,Bj,f) is conjugate in G, to Gy, and hence, every
conjugacy class in Gy, contains an element that normalizes Go. Thus, the normalizer NGUP(GO) of Gy
in Gyp meets every conjugacy class in Gyp. Therefore,

NG, (Go) = Gup,
whence
G() < Gup~

In particular, EGo/E is a normal subgroup of the simple group G,/E = S, whence EG( = E or
EGo = Gyp. Note that any proper subgroup of E has order < ¢*" and so cannot be irreducible on C4",
and thus, the only irreducible subgroup of E is E itself. Furthermore, M> »(E) = g*"* > g + 1, whereas
Ggeom, 7 (A,B:.B;.f) with i < j has the same M> > as that of Gp, which is equal to g + 1, by Theorems
9.1 and 9.2. Hence, in the former case, we must have that Gy = E, i = j, and furthermore, B; = 1 by
Proposition 10.2, and thus, conclusion (ii) holds by Theorem 11.1.

In the latter case, (E N Z(E)Gy)/Z(E) is a normal subgroup of

Gu/Z(E) = (E/L(E) - S
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that is contained in E/Z(E). But S acts irreducibly on E/Z(E) = Fi"f, so either ENZ(E)Gy = Z(E)
or Z(E)G > E. However, since EGg = Gyp and G < Gyp, the first possibility leads to Gy /Z(E) =
E/Z(E) x S, which is impossible. So Z(E)G > E, in which case we have

Go = [Go, Gol = [Z(E)Go, Z(E)Go] = [E, E] = Z(E)

(since Z(E) = Z(Gyp)), whence Go = Z(E)Gy = EG = G and (i) holds.

Assume now that i = j and B; = 1. By Corollary 11.6, ¢(x) € {x¢",0} for all x € G, where ¢
denotes the character of the underlying representation. It follows that [¢, ¢]G, = ¢**|Z(Go)|/|Gol. As
Z(Go) = Z(E) = C; and ¢ € Irr(Gy), we conclude that |Go| = 2¢** = |E|, and hence, Gy = E. O

Here is the odd-p analogue of the above result:

Theorem 11.8. Let p > 2, g = pf, r>2,n>m>...>mp_; >0, gcd(n,my,...,m-_1) =1, and
A=q"+1,B;=q" +1,1 <i<r-—1,and B, = 1. Recall (see [KT6, Theorem 11.2.3(i-bis)]) that the
local system

Fup = F(A,By,....B,)

has G geom, Fup = Gup equal to

Py < SUL(g)

if24nmy...my_1, and

14+2n
Py 58p,,(9)

otherwise. Fix a choice of 1 <i < j <r.Ifi=j, setd :=1.Ifi < j, set d :=2 and assume r > 3. For
fin the space A™¢ of all polynomials

fy= Y ex®
1<k<r, k#i,j

denote by F (A, B;, B}, f) the local system on A9 whose trace function is

telL—

\/_TLL DLl + x4 ()
x€eL

wheni = j and

(s,1) € L* > \/_TLL);LwL(xA-i-tXBi +5xB + f(x)

when i < j. Then one of the following statements holds.

(i) There is an open dense set U C A"~ such that for any f € U, F(A, B;, Bj, f) has G geom the group
Guyp.

(i) i = j, and forall f € G'7', F(A, B;, By, f) has G geom the extraspecial p-group pi+2"f.

In particular, conclusion (i) holds ifi < j. Moreover, conclusion (ii) holds if and only ifi = j and B; = 1.

Proof. We can follow the proof of Theorem 11.7 almost verbatim. Note that since n > 2, S = Sp,,,(¢),

respectively SU,,(¢g) with 2 { n, is quasisimple. We also use the fact that Ggeom, 7 (4, B;, B;.f) has no

1+2nf

nontrivial p’-quotient to show that if G is contained in EZ(S), then Gy < E for E = p, O
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We can be much more precise in the quasisimple case:
Theorem 11.9. Let p be a prime, q = pf, r > 2. Suppose that either

@ p>2,n>m >...>m > 0with2lnmy...m,, gcd(n,my,...,m;) =1, A = (¢" +1)/2,
Bi=(g"+1)/2,1<i<r,and xy =1 or y»; or

®n>m >...>m =2 1with2 { nmy...m,, ged(n,my,...,m;) =1, A =(qg"+1)/(qg+1),
Bi=(qm +1)/(g+1),1<i<r, and y9*" = 1.

Recall (see [KT6, Theorem 11.2.3(i), (iii)]) that the local system
Fup =F(A,B1,...,Br, x)

has Ggeom, 7,, =@ Gup equal to the image of S := Sp,,,(q) in case (a) and S := SU,(q) in case (D), in
a Weil representation of degree D = rank(Fyp). Fix a choice of 1 <i < j <r. Ifi=j, setd := 1. If
i < j, setd :=2andassumer > 3. For f in the space A" of all polynomials

fy= Y ax®,
I<k<r, k#i,j

denote by F (A, B;, B, f, x) the local system on A4 whose trace function is

reLim —= 3wl i+ )

xeL

wheni = j and

(s,1) € L* —

\/_TLL Z wr (e + B 4 sx B+ f(x0) x (x)
x€eL

when i < j. Then we have the following results.

() Ifi = j, there is an open dense set U C A"~ such that for any f € U, F(A, B;, Bj, f, x) has G geom
the group Gp.

(ii) In the case i < j, for any f € (Gn)"% (ie., for any f having all coefficients nonzero),
F(A, B, Bj, f, x) has Ggeom the group Gyp.

Proof. To prove (i), we follow the proof of Theorem 11.7 almost verbatim. In the Sp case, we have
n>m >my 2 0,s0n > 2, and Sp,,(g) is quasisimple for any odd ¢. In the SU case, we have
n>m > m 1 are all odd, so n > 5, and SU,(q) is again quasisimple. We also use the fact
that Ggeom, 7(A.B:.B;.f ,v) 18 irreducible on F(A, B;, B, f, x) of rank D > 1 to see that G cannot be
contained in the image of Z(S).

To prove (ii), we use the fact that when i < j, for any f all of whose coefficients are nonzero,
F(A,B;, Bj, f, x) has the same M, > as Fyp; cf. Theorem 2.3 and Corollary 2.5. The result is then
immediate from Theorem 8.2 in the Sp case (since r > 3 implies n > 3 here), and from Theorem 8.4 in
the SU case (since r > 3 implies n > 7 here). m]

=
>
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